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Gauss an Olbers, September 1805 (Schering, Festrodo). 



PREFACE. 

r I IHE present volume consists of two parts ; the first of these 
deals with the theory of hyperelliptic functions of two 
variables, the second with the reduction of the theory of general 
multiply-periodic functions to the theory of algebraic functions ; 
taken together they furnish what is intended to he an elementary 
and self-contained introduction to many of the leading ideas of 
the theory of multiply-periodic functions, with the incidental aim 
of aiding the comprehension of the importance of this theory in 
analytical geometry. 

The first part is centred round some remarkable differential 
equations satisfied by the functions, which appear to be equally 
illuminative both of the analytical and geometrical aspects of the 
theory ; it was in fact to explain this that the book was originally 
entered upon. The account has no pretensions to completeness: 
being anxious to explain the properties of the functions from 
the beginning, I have been debarred froin following Humbert’s 
brilliant monograph, which assumes from the first Poincare’s 
theorem as to the number of zeros common to two theta functions ; 
this theorem is reached in this volume, certainly in a generalised 
form, only in the last chapter of Part ii. : being anxious to render 
the geometrical portions of the volume quite elementary, I have 
not been able to utilise the theory of quadratic complexes, which 
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has proved so powerful in this connexion in the hands of Kummer 
and Klein ; and, for both these reasons, the account given here, 
and that given in the remai’kable book from the pen of R. W. H. T. 
Hudson, will, I believe, only be regarded by readers as comple- 
mentary. The theory of Kummer’s surface, and of the theta 
functions, has been much studied since the year (1847 or before) in 
which Gopel first obtained the biquadratic relation connecting 
four theta functions ; and Wirtinger has shewn, in his Unter- 
suchungen uher Thetafunctionen, which has helped me in several 
ways in the second part of this volume, that the theory is capable 
of generalisation, in many of its results, to space of 2^—1 
dimensions ; but even in the case of two variables there is a 
certain inducement, not to come to too close quarters with 
the details, in the fact of the existence of sixteen theta functions 
connected together by many relations, at least in the minds 
of beginners. I hope therefore that the treatment here followed, 
which reduces the theory, in a very practical way, to that of 
one theta function and three periodic functions connected by 
an algebraic equation, may recommend itself to others, and, 
in a humble way, serve the pui’pose of the earlier books on 
elliptic functions, of encouraging a wider use of the functions 
in other branches of mathematics. The slightest examination 
will shew that, even for the functions of two variables, many 
of the problems entered upon demand further study ; while, 
for the hyperelliptic functions of 'p variables, for which the forms 
of the corresponding differential equations are known, there 
exist constructs, of p dimensions, in space of ip (p+l) dimen- 
sions, which await similar investigation. 

The problem studied in the second part of the volume was 
one of the life problems of Weierstrass, but, so far as I know, 
he did not himself publish during his lifetime anything more 
than several brief indications of the lines to be followed to eftect 
a solution. The account given here is based upon a memoir in 
the third volume of the Gesammelte Werhe, published in 1903 ; 
notwithstanding other publications dealing with the matter, as 
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for example by Poincar^ and Picard, and particularly by 
Wirtinger, it appears to me that Weierstrass’s paper is of 
fundamental importance, for its precision and clearness in 
regard to the problem in hand, and for the insight it allows 
into what is peculiarly Weierstrass’s own point of view in the 
general Theory of Functions ; at the same time, perhaps for 
this reason, some points in the course of the argument, and 
particularly the conclusion of it, seem, to me at least, to admit 
of further analysis, or to he capable of greater definiteness. In 
making this exposition I have therefore ventured to add such 
things as the explanation in § 53, the limitation to a monogenic 
portion of the construct and the argument of § 60, an examination 
of simple cases of curves possessing defective integrals and 
the argument of Chapter ix. These are doubtless capable 
of much improvement. But the whole matter is of singular 
fascination, both because of the great generality and breadth of 
view of the results achieved and because of the promise of 
development which it offers ; I hope that the very obvious need 
for further investigation, suggested constantly throughout this 
part of the volume, may encourage a wider cultivation of the 
subject, and a more thorough study of the original papers 
referred to in the text, of which I have in no case attempted 
to give a complete reproduction, though I have endeavoured in 
all cases to acknowledge my obligations. 

I may not conclude without expressing my gratitude, amply 
called for in the case of any intricate piece of mathematical 
printing, for the carefulness and courtesy of the staff of the 
University Press. 

H. F. BAKER 


Cambridge, 

19 Avgust 1907. 
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THE HYPERELLIPTIC FUNCTIONS OP TWO VARIABLES 
AND THE ASSOCIATED GEOMETRY. 

CHAPTER T. 

INTRODUCTORY. 

1. Let be a complex variable represented upon an infinite plane; 
regarded in the ordinary way as closed at infinity, and let 

f (X) =\q + \^CO + . . . + Xgfl?® + Xs^ 

be any sextic polynomial. The pairs of values (x, y), (x, — y), which satisfy 
the equation y'^=f{oc\ may be represented by the points of a two-sheeted 
surface lying upon the plane of x, the sheets crossing one another along 
three lines joining respectively the first and second roots of f(x) = 0, the 
third and fourth roots, and the fifth and sixth roots, where the order in 
which the roots are taken is indifferent ; thus a closed line on this two- 
sheeted surface, drawn about and near to the point representing one of these 
roots, will make two circuits before returning on itself, and each of these 
roots is represented by a winding place — or branch place — of the surface; 
if X8 = 0 one of the six branch places is at infinity. We may represent 
any place of the surface, corresponding to a single pair (x, y), by a single 
symbol (x), or simply by x. If (a) be such a place, for which x is finite, and 
not a root of f(x) = 0, and (x) be any sufficiently near place, we can solve 
the equation y^=f(x) hj x— a + t, y = P{t\ where P{t) is a series of positive 
integral powers of the parameter t, and every place in the immediate 
neighbourhood of (a) is given by one value of t If (a) be a branch place, 
for which both x and y are finite, say a finite branch place, we can similarly 
solve by ^ = y=P(t), an increment of 27r in the phase of t corre- 

sponding in this case to an increment of ^tt in the phase of x-— a, that is to 
a path on the surface which closes itself only after containing points of both 
sheets. If X6=t=^ we can similarly represent all points of the surface for 
which X is sufficiently large by two pairs of formulae of the forms x~'^ = 

= t^P(t), and x"’^ = t, 2/“^= —fP(t), corresponding to the two superimposed 
but distinct places of the surface ; while if Xg = 0, all points in the immediate 
neighbourhood of the single place at infinity are represented by a single 

B, 1 
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pair of formulae a?—' = y~^ = iPPit). In fact these various power series 

converge within a circular range about the place considered which excludes 
the nearest branch place; but it is sufficient for our purpose to assume the 
convergence for sufficiently small values of t. This quantity we call the 
parameter of the place. 

It is manifest that any rational function of a> and y, say H{x, y), is 
representable about any place in terms of the parameter of the place in 
a form y) = r^P{f), where m is an integer, positive, negative, or zero, 
and F(i) does not vanish for i = 0 ; the number m, if positive, is then called 
the order of infinity of the function at the place ; if m is negative, the 
number — m is the order of the zero of the function at the place. And any 

integral f H (x, y) dx, ivhieh is supposed to be integi’ated along a path on 

‘ 0 ) 

th6 surfaco from the place (ct) to the place (x\ is, in the neighbourhood of 
any place, of a form + Glogt, where (7 is a constant. It will appeal 

that there are forms of H (w, y) such that the constant G is zero at every 
place, finite or infinite, and the integer m everywhere zero or negative ; the 
corresponding integrals are then said to be of the first kind : there are also 
forms of H{x, y) such that the constant G is everywhere zero, the integer m 
being positive for a finite number of places j the corresponding integrals, 
with a finite number of algebraic infinities, are said to be of the second kind ; 
but, whatever form H (^, y) have, there can only be a finite number of places 
where tti is positive or 0 other than zero, and the sum of the values of C 
which arise at different places for the same integral is necessarily zero, as 
will be proved below ; thus there can be no integral having only one place 
where G is not zero : integrals for which there are two or more places at 
which the logarithmic term is present, while m is never positive, are called 
integrals of the third kind. 

Let us restrict ourselves now, for a little, to the consideration of integrals 
of the first or second kind. In the immediate neighbourhood of any place, 
even an infinity of the integral, the integral is single-valued; but this is not 
the case for any path ; for instance a closed path passing entirely on one 
sheet of the surface round two only of the branch places will give a value 
for the integral not generally zero. In order then to deal only with single- 
valued functions we restrict the paths along which integration can take place 
by supposing the surface cut along certain curves. First let any closed curve 
be drawn on the surface of such a kind as could not be continuously deformed 
to a point without passing over branch places, and let the surface bo cut 
along this curve ; if a definite direction be assigned to the closed curve, 
either of the two possibilities being taken, we can appropriately speak of the 
left side, and of the right side, of the cut : we call this out the first cut, 
or (.di), and speak of the edges of the cut as period-loops ; taking now an 
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arbitrary point on the left side of the cut (ili), it will be found that a con- 
tinuous curve can be drawn on the surface, not passing through any branch 
place, to the opposite point on the right side of the cut (^j); let the surface 
be now cut along this curve, the edge of the cut which is on the left when 
the curve is described being called the left edge ; the new cut will be called 
(As). The surface now has a continuous boundary, consisting of the left side 
of (^i), followed by the left side of (^3), then the right side of (-dj), described 
however in the direction opposite to that of the curve from which (-di) was 
constructed, and then the right side of (^3), also in the negative direction of 
the curve from which (^3) was constructed; this boundary may then be 
denoted by (AiAsA{~^As~^). Upon the surface with this boundary it is 
possible to make another couplet of cuts, (^2) and (^4), related to one 
another as are and (As)j in such a way that neither (^2) '^or (^4) 
intersects (^1) or (- 4 3), while the surface does not break up into separate 
pieces. And upon the surface as now cut, with two continuous non-inter- 
secting boundary lines (AiAsAf^Af^), (A^A4^Af'^Af^), every integral 

I B:(x, y)dx, 

J a, 

of the first or second kind, can be shewn to be single-valued. The value of 
this integral at any point on the left side of (A^) will exceed its value at the 
opposite point on the right side of (Ai) by a quantity which is the same 
all along (Ai) ; similarly its value at any point of the left side of (A3) exceeds 
its value at the opposite point on the right side of (Ag) by a constant 12/ ; 
and there are similar constants Xls, for (Ag) and (A4). Tliese four 
constants are called the periods of the integral, and the general value of 
which the integral is capable on the original surface, before this is cut, can be 
shewn to be of the form 

f II (Xy y) dx -+• -j- ^2^22 + i 2 i^-|- ^ 

J a 

where hi, hi, h^ are integers. 

The statement for an integral with logarithmic infinities is analogous to 
the foregoing, but there is the modification that a closed path about a place 
where the expansion of the integral involves the logarithmic term (7 log 35 
leads to an increment ^ttiG in the value of the integral ; in the simplest 
case that arises, to which in fact all others can be reduced, where there are 
two logarithmic places with equal and opposite values of G, the integral is 
rendered single- valued if, in addition to the cuts already made, a cut, not 
intersecting these, be made between the two logarithmic places. 

2 . That, as remarked above, the sum of the logarithmic coefficients C, 
for a given integral, at all the places where they exist, is zero, may be seen in 
either of the two following ways. 


1—2 
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First, if in the neighbourhood of a place x=^a, y — h, of logarithmic 
infinity for the particular integral under consideration, both x and y be 
expressed in terms of the parameter t belonging to the place, the logarithmic 
coefficient G is clearly the coefficient of in the expansion, in terms 
of t, of 

Hi., y)% 

there roay, or may not, be a term in in the expansion of the same ex- 
pression for the neighbourhood of the conjugate place (a, —6); in any case 
where a is finite, the sum of the logarithmic coefficients for these two places, 
or the unique logarithmic coefficient if they are the same (branch) place, is 
at once seen to be the coefficient of {x — a)“^ in the function 

H{x, y) + H{x, -y), 

which is rational in x only ; similarly if {a, h) be at infinity, the sum of the 
coefficients G for the two places a = oo , or the one coefficient when this is 
a branch place, is the negative of the coefficient of x~^ in the same rational 
function of a; ; by expressing this rational function of x in partial fractions it 
is at once evident thence that the sum of all existing coefficients G, for places 
where H {x, y) dxjdt has a term in is zero. 

This result follows also from the fact that the closed curves 

form a complete boundary of the surface ; this shews that the sum of the 
values of the integral j H {x, y) dx, taken once positively round these 

curves, is equal to the sum of the values of this integral taken, along small 
closed curves, once round every place of logarithmic infinity, the value of the 
integral round any other point being zero. The contribution from such 
a logarithmic infinity is 27rf times the logarithmic coefficient ; on the other 

hand, the value of the integral [ H(x, y) dx round the perimeter 

(-4 1.4 3.4 ') 

is zero, the contribution, for instance, from (4.i) and (4.r‘) being fljjd*, taken 
once positively along (41 1 ), namely zero, since x has the same value at the two 
sides of (ils). 


3. The most general form of an integi-al of the first kind can be shewn 
to be 

[* ^ = 4 .M 1 *' “ + say, 

J a y 

where A and B are arbitrary constants. If we put 


(*, x^) -- 
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where {x, y), yi) are two arbitrary finite places, of which one or both may 
be branch places, it can be verified that 

P“’ “ =1 [(®> ^i) - (®> *2^] ^ 

is an integral of the third kind with logarithmic coefficients + 1 and - 1 
respectively at the two arbitrary finite places y^, (x^, ya), having no 
infinities but these. The case where one or both of (xi, yj), {x^, y^ is at 
infinity can be derived from this by a transformation of the form x = {xf-c)~'^, 
with the appropriate corresponding change for y. The function 

wherein 0, and are constants, has the same infinities as denoting 

the periods of at (^i), (^3), (2^2), respectively by fli, O/, Cl^, flj', 

and the periods of Wi®> “, w/’ “, similarly, by 



(Ai) 

(A.) 

(^b) 

(A,) 


(On 

®12 

OOn 

Ct)i2 


®21 

Ct)22 

0021 

CO 22 


the periods of this new integral of the third kind, at (.dj), (jla), will be 

fll + GiCOii + C^2®21> '^2 "b GiCOi^ + OiCCoz ; 

it will presently be shewn that the determinant WnWaa - a^iCCii is not zero ; 
thus the constants G^, G,_ can be chosen so that these two periods are zero; 
when this is done the integral of the third kind will be denoted by 
jj®’ , and called the normal elementary integral of the third kind, the 
forrner epithet referring to the fact that it has vanishing periods at (2I1) and 
(^s), the latter to the fact that it has only two logarithmic infinities {xi),{x^, 
of respective coefficients 1 and — 1. 

4 . To obtain the theorem just quoted in regard to the determinant 
®ii«22 - ®2i®i2, and at the same time some other results necessary for our 
purpose, let U=JH{x,y)dx, V=JK {x, y)dx, be any two algebraic integrals, 
the functions H {x, y), K («, y) being rational in x and y, and consider 
the contour integral ^UdV, taken in succession along the closed curves 
(A^AiA{-^Aa-^), (A^A^Af-^Af^); denoting the periods of U for (2I1), (J-a), 
(^3), (2I4) respectively by flj, fla, ils. and l>y ^3, Vi the corre- 

sponding periods of F, the contribution to the integral from (2I1) and 
is J{U+ni- U)dV, extended once along (J-i) only, from the right side to 
the left side of (J.,), namely is Oi V, ; so the contribution from (Ag) and 
(As"*) is Oa/dF, extended once along (Ai) only* from the left side to the right 
side of (J-i), namely is -XlsF, ; the sum of the two contour integrals is thus 
XljFa — fiaFi + flaFa — fi^Fa ; 
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the formation of this quantity from the scheme of periods 

TJ fla Os O4 
V V, V, r, V, 

is evident, and the remark assists the memory in writing it down. 


Let now in particular, U be an integral of the first kind, and V be an 
elementary integral of the third kind with logarithmic infinities of coefficients 
respectively 1 and ~ 1 at (^1) and ; then the previously described contour 
integral is equal to the counterclockwise integral along a closed curve con- 
taining the cut previously explained which goes from (^1) to (z ^) ; near (zi), 


however, UdV is of the form Z 7 ^, where t is the parameter for the neigh- 

t 


bourhood of (Zi), and a counterclockwise integration round (^i) gives 
where is the value of U at (^1); so the integration round {z.^ gives 

— the two sides of the cut, between (^i) and {Z2), taken together, give 

no contribution. We thus have, in this case. 


a K - = 27ri ( 


In a precisely similar way, if U be also an elementary integral of the 
third kind with logarithmic coefficients 1 and — 1 respectively at and 
we infer, since UdV— cZ(£/'F)— VdU, that the right side must be increased 
by - 27ni — F^^) ; while if U and F be both integrals of the first kind, the 
right side is to be replaced by zero. 

We may apply a similar procedure when U and F are the real and 
imaginary parts of an algebraic integral U of periods fij + ^Fi, etc. ; in 
case the integral J 7 +iF is of the first kind, say e(iual to 


the contour integral J UdV, or J U dt, or j (jU 


aF ..aF , 


where 


^ q- is equal to a sum of area integrals of the form 



each one of these is necessarily powsitivo, and has a lower limiting value 
greater than zero, since U and F and their differential cocfficiontB are con- 
tinuous functions of f and tj, and U and F ai^e not constant over any two- 
dimensional portion of the surface ; there are as many of these integrals as is 
necessary to cover the whole surface (and it can be shewn that this number 
is finite). In this case wo infer therefore that 


n,v,^a,v,+a2V,^a,V2 

is positive, and not indefinitely near to zero. 

From these general considerations various results follow : — 

(1) The determinant WnCOaa — is not zero. For then — con'^2*’^ 

would be an integral of the first kind having zero periods at (-4i) and ( J.2) ; 
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calling this U + iV, as in the last of the general considerations just given, we 
should have ni=Fi = 0, n2=F2=0, contrary to the necessarily positive 
character of the expression AFa — O3F1 + 031^4 — I14F2. And by the same 
proof it follows that no function, other than a constant, exists, which is single- 
valued on the surface save that its values on the two sides of each of two 
non-intersecting curves differ by a quantity constant along the curve, which 
is expressible about every point of the surface by a series of positive integral 
powers of the parameter, 

(2) Hence we can form two integrals of the first kind 


where 

A = 


^*>12 ^21 ? 


which have a period scheme 

(Ax) 

(A.) 

(A3) 

(Ax) 


1 

0 

'7-11 

'^12 


0 

1 

T21 

T22 


then the theorem that the integral round (A1A3J.1 and 

{A2A4,A2~^Af^) gives zero, leads to 

1 . '3-21 - Tn . 0 + 0 . T22 Ti2 . 1 == 0, 

or Ti 2= T21. These integrals are called the normal integrals of the first kind, 
being unique, save for additive constants, when the period-loops are once 
drawn, as follows from the concluding remark of (1). 

(8) If rLjyTiQ be real quantities, and 4- = ?7-l-^F, the con- 
sideration of the contour integral jUdV gives, if + the result 

Uj (Ui ail 4- %o-2i) — 4- ^ 2 ^ 21 ) . 0 4“ ^^2 <^12 4 - ^2cr22) ~ ( 3 ^ 1^12 -H ^^ 2 ^ 22 ) • 0 > 0, 

so that the real part of the quadratic form 

i 4- 2Tl2^^I^i2 4" 

is necessarily negative and not indefinitely near to zero. 

(4) The consideration of the contour integral 

for whicli, respectively, 

/fli O 2 fls 'fiA = A 0 Til TisN , 

Ux V, F, vj [0 0 F, vj 

gives Fs = 27 ri (ui*'’ “ - 'Ui®“' “) = 27 n Ui*‘’ , 

so that the periods of the elementary normal integral at (^s) and 

(^4) are respectively and 
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Integral of second Mnd deduced 

(5) The consideration of the contour integral 


/ 


dn®’* - 

aJi, .Ta Zx-, z<i 


for which fli = O 2 = Fj = Fa = 0, gives 

T-r"ij^ \ A 

a’a ^■^£Ui,ara \^^Zi, z^ 2?2 / 


or 


»2 XT**' 


(6) We have already remarked that there is no other integral of the 
first kind than ^ having periods 1, 0 at (Ai\ (A ^) ; it follows similarly 
that there is no other normal elementary integral of the third kind than 

Two integrals of the third kind, having the same two infinities and 
the same multipliers at these, have a difference which is expressible about 
every point by a series of positive integral powers of the parameter for the 
point ; this difference will have periods at (^i), {A^y {A^, (^4) ; denoting 
the integrals of the third kind by P and P\ and tbe periods of the difference 
P' — P at (^1) and (^2) ky and Pg, the function 

F -P 

has periods only at (^.3) and (-44). Hence, by the remark made at the con- 
clusion of (1), this function is a constant. 


5 . From an elementary integral of the third kind we can form an 
algebraic integral whose expansion in terms of the parameter, in the neigh- 
bourhood of any place of the surface, contains only positive integral powers, 
there being exception at only one place, for whi(‘h the expansion contains the 
single term - and the integral can be taken so that this pole is at an 
arbitrary place. Such an integral is called an elementary integral of the 
second kind. Consider for instance 

“ f ^ 1 ) ” dx ; 

J 

lot (/) be an arbitrary finite place, and t the parameter for the neighbourhood 
of (^) ; let (i»i) be in the neighbourhood of {z) ; let (a;, Wi) be expressed in 
terms of t, and let (a?, Xi)t denote the coefficient of t in the expression ; this 
will be a function of {x\ and of (z); the integral 

I (Xy Xj)t dx 
J a 

is then a function of (a?), infinite only when (x) approaches z, and then like 
— This statement caii easily bo verified from the form 

y+yi 

*‘ 1'U ( x ~- x ^) ’ 


(«, aJi) = 
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For, when {z) is not a branch place, we find, putting oe-^ = z ->rt and 
y^ = s + s't + ^s"t^+ ... , 

and putting herein = z + — s + we find 

(^} ^i)t ~ 71 + + • • • ; 

Ox 

while, when (s) is a branch place, putting a^i = z + f and yi = s't + ^ s'" f + . . . 
we have 

and putting herein cc — z + tx^, y — s'tx + is'"tx^ ^ we obtain 
(^; ^i)t ^ ^ -h -S + B^tx + . . . . 


There exists, therefore, a function of the form 

f (^, iTi )i dx + ^ + Og ^ 

J a 

where Ci, Og are suitable constants, which is infinite at the arbitrary finite 
place {z), like — and not elsewhere, which has vanishing periods at the 
period-loops {A^) This function is called the normal elementary 

integral of the second kind, and will be denoted here by There exists 

such a function also when (z) is at infinity, whose form can be obtained by 
making, in the integral of the third kind used above, a previous transforma- 
tion of the form x — (x— The integral can be obtained by differentia- 
tion from the integral Ifor when (^) and (xj) are both in the 

neighbourhood of (^), if x^^z+tx^, x—z + tx or a)i = z^txi, ^ = ^ + i^a.^the 
latter when (z) is a branch place, we can put 

^ ^ "■ A A Ai{tx — tx^ 4- . . . ; 

now let this expression be differentiated in regard to tx^^y and, afterwards, put 
= 0 ; let this operation be denoted by ; we have then 

Ox 


and this is the integral denoted by F^'^; the formula shews 

that it does not depend upon {x^. The periods of F^’^ at the loops {A^, 
(Az), (J-s), (JI4) are 0, 0, 2'7ri 2m where denotes the 

coefficient of t in the expansion of in terms of the parameter at (z), 

when (^1) approaches to this place. 
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6. Consider now the two integrals 

~^Ja % ^ " Ja 

It is clear that neither integral is infinite for finite positions of (oo ) ; 
considering the neighbourhood of = oo , the work depends upon whether 
X,} is zero or not. When Xg is not zero, there are two places at infinity; 
the neighbourhood of either of these is represented by a pair of equations 
such as 

']c = t~‘^, ==Xo Alt + AQt“+ 


where VXg has one of two signs ; by substitution we find 


VXg , Xs 1 


r a — —IIS 4- 


1= ± + 
u 




Vxg 

2t 


+ Pii+ 


the terms not written involving positive integral powers of t Thus each 
integral is algebraically, but not logarithmically, infinite at infinity, in each 
sheet, the first integral to the second order, and the second integral to the 
first order, and it is not possible to find a linear aggregate 
which does not become infinite. When X,}= 0, and Xn = 4, we find, by substi- 
tuting 

X = 2/“^ = [I 4“ 4 • * • + i “ » 

that 


i».«=i + ^" + jEri+ 
' i? 8t 


XjX.O, _ _ ^ ^ -I- . . . , 


so that the integrals are again algebraically, but not logarithmically, infinite, 
to different orders, at the single place at infinity. 

It can now be verifi.ed, by differentiation in regard to so and z, that 

rx , V. r P F ix,z) + 2m dx dz 

[(X, z) - (x, c)] dx + + «./■« Z/-' = j I ^ , 


where 


and 


f{x) = \ + XiX + X.x‘^+... + 'K>i>f‘, y'^=f{x), s''=/(A 

, . y+s 1 -ft xdx 


F(x,s) = 2\i, + Xi (x + s) + xz [2\j + Xa (« + z)} + [ 2 X 4 + X^® + z)] + 2X« x?z^. 


We shall put 


jR 


a%a 

z,c 


„ Jc 4(x-zy y s ’ 


then the form of the left side in the identity shews that ^ ^ function 
of (x), is an elementary integral of the third kind with logarithmic infinities 
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of coefBcients 1 and — 1 respectively at {z) and (c) ; and its own form shews 
that 


we have seen however (§ 4), that two elementary integrals of the third kind, 
having the same logarithmic infinities and multipliers, differ by a linear 
aggregate of integrals of the first kind; there must therefore exist an 
equation 


r=ls=l 


■^r,s ‘ 


wherein the constant coefficients an, Oia, <^22 are subject to the relation 
^12 = 0 ^ 21 ? this leads to 


'Jo 






Now let {£) be in the neighbourhood of a particular place and express 
z and s in terms of the parameter of this place, and equate coefficients of the 
first power of this parameter; from we obtain an expression which is 

1 SjZ 

the limit oi when t — 0\ this we denote by {z ^ ; from we obtain 

8 div 

the limit of ^ which we denote by from we obtain from 


j we obtain the limit for t = 0 of [(z, oo) — {z, a)] ^ , which 

is a certain rational function of (x ) ; replacing now again (^o) by {z), we may 
write the resulting equation 


(z) + /xa (-s^) + 2 22 a^, g fig (^) * 




7 . Before passing on it seems necessary to make a few introductory 
remarks relative to a notation which will be found of great use in the 
sequel. 

A rectangular arrangement of mn elements, in m rows and n columns, 
may be added to, or subtracted from, another such array or matrix, of the 
same number of rows and columns, the meaning being that the (r, 5)th 
element of the resulting array, namely the element in the r-th row and 5-th 
column, is the sum, or difference, in the respective cases, of the corresponding 
elements a^.g, aV,g, of the two original arrays; and, the whole matrix being 
denoted by a, and N being any number, the notation Na may be used for the 
matrix of m rows and n columns whose general element is Or the 

matrix of type (m, n), that is, of m rows and n columns, with general element 
dr ^8, may be multiplied into another matrix of type (n, p), of general 
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element meaning being that the result is a matrix of type (m, p) 

whose general element is given by 

n 

^=1 

namely given by combining the 7'-th row of the first matrix, ci, with the i-th 
column of the second matrix, h. The result may be written c = ab\ this is 
by no means the same as c = hQ. In a somewhat similar way, if ^ denote the 
set of n quantities we may denote by ax the set of m quantities 

such as 

1 + . . . + Xqi , 1 , . . . , Wl) , 

then, if y denote a set of m quantities we may denote by axy the 

single quantity 

m 

2 1 /Tj 4“ . . . + n Xji) y,Y , 

5 ' = 1 

which is the same as 

m n 

2 2 aY^s^sVr' 

r=l .9=1 

It is usual to call the matrix of type 0 ?, m), obtained by changing the rows, 
of the matrix a, into columns, the transposed matrix of a ; we shall denote it 
by a ; it is manifest that axy == ayx. It each denote a set of m quantities, 
z-^,,,,Zrr!y we ofteii denote by zz\ or z'z, the single quantity 
z^Zi + particular if a, a be two matrices, both of type {niyU)^ 

we may have 2; = ax, z = ax\ where x, od each denote a set of % quantities ; 
then zz* = ax . z = az'x = 'Oia^odx 5 and z' z ~ a x z "=■ a zx = a axx 5 in the 
form ax . a'x' = da'x'x = a'axx, this result occurs very often in the sequel ; 
it is in accordance with the easily verified fact that the transposed of the 
matrix ab is bd, obtained by reversing the order of the matrices and 
transposing both; the notation da'x'x, meaning (da'af)x, is not found by 
experience liable to confusion with (Jla')(xx), which, if used, would mean the 
matrix obtained by multiplying every element of the matrix aa' by the single 
quantity x'x. Very often the matrices used arc square, of type (n, n) ; for 
such, the determinant of the product ah, usually written \ab\, is equal to the 
product of the individual determinants |e^l, |i|; of such square matrices, the 
simplest is that having every element zero save those in the diagonal, all 
these being unities; this, so-called unit matrix, when multiplied into, or by, 
any other matrix of the same number of rows and columns, say a, gives a as 
result ; the unit matrix is, thus, often denoted simply by 1 ; and the matrix 
of which every element is zero save those in the diagonal, all of which are 
equal to a number iV, is denoted simply by K A square matrix a, of 
non-vanishing determinant, has an inverse, denoted by a“b with the 
properties aa”^== = J?, where E is the unit matrix of the proper order; 

in fact, if ar,s be the (r, s)th element of a, and the minor determinant 
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of the (r, 5)th element of the determinant, \a\, of a, it is easy to prove that 
the (?', s)th element of a~^ is namely is the minor of the (5, r)th 

element of |a|, divided by \a\. 

8. Returning now to our theory, denote the periods of at 

(Aj), (J.2), (^3), (^4). as follows: 



(.^l) 

(-4.) 

(^a) 

(-4.) 


2G)ri 

26)re 

2c()'„ 

2 £o'„ 


l-2^n 

-2i;„ 

- 217V1 



the normal elementary integrals of the first kind are necessarily 

linear functions of let the expressions be given by 

then, comparing periods at (A^ we have the four equations given by 

fm 0 \ = -f 2 Ai2Ci)21 2AiiCi) 32 + 2Ai2Ct)22\ , 

V 0 TTV V^A.^iCOii “I" 2A22<S^21 2A2iCtJi2 "h 

which is the same as 

iri / 1 0\ = 2 / Axi Ai2\ / ^11 ^ 12 ^ > 

\0 1/ \^21 ^22/ \®21 ^22-' 

and is expressed by 

iri = 2A<i). 

The product of the determinants jAj, |ft)| is thus, numerically, (7r/2)^ and 
neither of these determinants is zero. 

Similarly, comparing periods at (J.3), (^44), and denoting by t the 
symmetrical matrix of the periods of at (.4 3), (A.4), we have four 

equations all expressed by 

TTiT = iha>\ 

and as the determinant of g) is not zero we may write 

h = •|7ria)”h T = G>~^ a>. 

The periods of at (^1), (^2) are both zero; at (J.3), (JL4), they are, as 
has been remarked, %iri times the values, at {z\ of the integrands of and 
that is, in a notation explained above (§ 6), respectively 

2 "h ^ E^2 i/^i (•^) d" (■^)1 j 

hence the equation, which we previously had, ^ 

/ja (z) + /is (^) + 222a,., 3/i-. {2) - [(^, x) - {zy a)] , 

gives, by taking the periods at {Ai) and (.^s+O* 

— 2/ii (^) 7 )ji — 2/i2 Vid d" 422a^3/i-3 (.s^) = 0 

— 2/ii (.S') — 2/^2 (-2^) d“ ^iSXctraP's {^) <^^ri = 2 {z) + Ai2/i2 (-2^)] J 
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from these, since there exists no equation A^ijb^{z) 0, in which 

Ai, A^ are quantities independent of (^), we derive 

Vd ” ^ {,^18^1% "h ^2S^2?0 j ” ^ + Cis2^2l)y 


since ars^ctsr] ^nd the four equations contained in this are capable of the 
form 


hn 

Vu\ 

11 

^12\ 

/cOn «i2\ 

\V21 

vJ 

\^'21 

^ 22 / 

\«21 <>>22/ 


which we write 

7) = 2aco ; 

from the same identities we also, similarly, derive four equations of the form 

V 81“ ^ li "h 2i) ^^18 

which we write __ 

rj' = 2act)' h, 

where h is the matrix obtained from h by transposition of rows and columns. 


The equations 

iri = 2/i<s), Trir = 2]i(o\ tj = 2ac», rj' = 2ao}' — h 

are sixteen relations connecting the quantities ; on elimination of the 3 + 3 + 4 
quantities in the matrices r, a and h, they lead to six relations connecting the 
periods co, co\ rj, 7j\ as we proceed to shew. The equations give 

go' = ^7rih~^T = (S)T, 

and hence 

Go'w = GOT^ = a>TW = OOGo'f 


which is equivalent to one equation ; also they give 

h = ^ 7riG0~'^ , Goh = ^ 7 ri, 

and thus 

— 7753 ' = 2a {go' CO — COO)') ~ Ao) = — Goh = — 


which is equivalent to four equations ; and they give, thence, 

coy' — Go'y = — ^Trif 


and so 
because 

and this equation 
is equivalent to one relation. 


yy = 2aGoy = 2a (co'y ■— -J-tti) = (y' + h) y — iria = y'y^ 
= 2/i«a = 7ria = 7rfa, 
yy' — y'y = 0, 


These relations can be written together, as follows : lot 

A “ fGO <i)'\ 

denote the matrix of four rows and columns, of which the elements are those of 
the four matrices 00 , o)', y, y ; if a, 6, c, d, a\ o', d' nqiomentarily denote any 
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matrices each of two rows and columns, it is at once evident on consideration 
that the product 

(a h\ fa! b '\ , 

U d) U' d'J 

of two matrices each of type (4, 4), may he written as 

faa' + he, ah' + bd'\ , 

\ca' + dc', cV + ddy 

where aa' denotes the product of two matrices, and is a matrix of type (2, 2), 
of which the elements are to be separately added each to the corresponding 
element of be, to give the matrix aa' + bo' of type (2, 2) ; this form is the 
same as if a, b, c, d were single quantities. Now let 



be the matrix of type (4, 4), of which every element is zero, save the elements 
(1, 3) and (2, 4), each of which is — 1, and the elements (3, 1), (4, 2), each of 
which is 1, so that, as is easily seen, 


^4 1> ^4 ^ ^4”“ ^4j 

consider the product 

A€4,A = /CD co'\ /O - 1\ = fa>' — Ct)\ /O) 

\V v) \1 Vf W ^ v) Vf 

= f co' c5 — coco' co'rj — co^'\\ 

\r)'co-‘ rjm rj'^ — 'rjr) J 

by the relations established above we thus have 

A €4 A = — •|■7^^e4 ; 

and this includes all the relations connecting the periods. It shews too that 
the determinant of the matrix J. is a square root of {'irjTf, and not zero. 

Taking then the inverse of both sides we have 


- A-^e^A-^ = A €4, 
m 


and hence 




7^^e4, 


fco V\ — IWcw co'\ , = /^ —co\/co caV= / tjco -‘Corj rjeo' — corj \ , 
\w' ^'J VI 0/ \7] 7)') V^' —<o) \q 7)'} yrj'co'-'^'r] ^'co' — B'tj'J 

= --|7ri€4, 

so that the relations among the periods may also be written 

^ 0 ) = W7J, ^co' — W7)' = \*n%, co' = ; 

these are of different form from those originally obtained, but may also be 
deduced directly from the equations 

= hco, ^iTiT = hco', 7j = 2aco, rj' = 2aco' — h. 
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Let PiiPi, qii be any four variables; write 

(-Pij -Psj QiJ $2) “ v\ iPi> P 2 > ?i> ffaX 

namely 

Tl — ^uPl +<»2iJP2 +Vliqi +'^21?2j 
P^-^l^Pl +<»22JP2 +^12^1 +'7225^2, 

Qi = G) \\P\ 4 - 21 P2 "b “7 11 5^1 “t '7 21 22? 

Qa = Ct>^ 12 jPi 4 - (o'^p^ 4 ' 7 ^ 25^1 + V^q^y 
so that Pi, P2, Qi, Q2 are the periods of the integral 
Upiuf ’ " 4 p^u^^> “ - - q^L^^ % 


respectively at (j1i), (A^), (J.4) ; then if Pi, P^, Qi, be the same 

linear functions of Pi\p2\ qi, Q'2^ the equation 

A€ 4 ,A = — ^ 7 rl€^ 

gives 

A€,I {pu Ply qiy 92) ('Ply Ply qi) = ^ ^^6, (pi, p„ qi, q^) (pi y Pa, 9i'» 


or 

^4^ (Ply Ply qi> 9a) . A (Pi\ p,', qi, qo!) = - ^me^iPi , Ih, qiy qAiPiy ply qi, 9/X 
that is 

64 (Pi, Pa, Qiy Qa) (Pi, Pi, Qiy Q/) ==- Pi, qiy 92) (Pi, P2, qi, qi), 

or 

("“ Ql> “ Qiy Pi, P 2) (P 1 , P i, Ql , Ql) = — iTn (— 9 i, —q^y Ply Pi) (Pl, Pa, qi, qa)y 

or PiQi - Pi'Qi 4 P2Q2 - P/Qa = ~ ( piq! ~ p/ji 4- p^qa - JP2'92) 5 

and conversely the relations among the periods are those which are necessary 
in order that the linear substitutions 

(Pl, P2, Qi, Q2) = A (ply Pay qiy 92)? (Pl ) Ply Ql , Ql) A (^j , Pa , qiy 92 ) 

should multiply the form pi9i'—piV9i 4^)292' — i?2'92 by -^rri, for all values 
of the variables pi, ..., q^. 

Finally, in view of subsequent work, it is desirable to notice in more 
detail the relations affecting co and co' only. The relation co'W = com' is 
equivalent with 

(co, co') €4 \ = (co, co') /O — 1\ /co \ = (co', — co) /co N = co'g) — com' = 0. 

\m') \1 0) WJ WJ 

Let now m^, mj denote the matrices whose elements are the conjugate 
complexes of those of m and co', and let z = (ti, t^) be a set of two arbitrary 
quantities, and Zq the set of their conjugate complexes ; put then 

S = (^1, ^2) == mt = (ci^ll^l 4 " ®21^2j ^12^1 4 C022^2)> 

SO that the quantities s are the periods at (Ai), (A^) of the integral 
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and let be the two conjngate complexes of Si and So] further, let r = p +ia, 
so that p, a are two symmetrica] matrices, each of type (2, 2), of entirely 
real elements; then if + or say s—p + iq, where 

Ply P2> <h7 have, since q>'=o>t, 


(C*>, 6)') 



t^t = (&)', 


-co) 


.WJ 


= o) (t — To) ^otot = 2fcrcao^o • = ^'io'S^s = 2i<T ( p — iq) (p + iq) 

= 2i(crp — icrq) ( p + iq) 

— 2i (ap- — iarqp + icrpq + aq^) == 2i {ap^ — iapq -f icypq + crq^) = 2 zV + 5 -) ; 


we know that <rp- > 0, aq^ > 0 for all real sets p^, p^ and whose elements 

are not zero; hence we have 


— i (c(), o)') €4 /(Oq \ %t > 0, 

Wo/ 


where t denotes a set of two arbitrary quantities not both zero ; and we have 
proved also that 

(ce>, ol) 64 j = 0. 


9. We consider now certain properties of integral functions of two 
variables. 


(a) If for the continuum of values of two complex variables fi, ^2 which 
is expressed by the conditions 

< i i < ^2 < 1 ^2 * < I ^ 2 > 

where n, i2i, rg, I'^al positive quantities, there exists a function 

? 2 ), developable about every point ^ 1 = ai, ^2 — ^2 of this continuum as 
a power series in — of presumably limited range of convergence, 

the function being single-valued in the continuum, then there exists a series 
of positive and negative powers 

2 2 


converging for, and representing the value of the function in the whole 
continuum. This can be proved, in the manner of Laurent’s Theorem, by 
considering the repeated integral 

taken, for Ti, clockwise round the circle |ti| = ?*i and counterclockwise round 
the circle |Til = i2i, and, for Tg, clockwise round jT 2 |=r 2 and counterclock- 
wise round [ Tg | = JJg. As in that case we have 


A 


ni, n2 — 


1 f Ta) 


dro, 


B. 


2 



18 


Integral functions 


[chap. I 


where, now, the integration for ti is counterclockwise round a single circle 
concentric with and lying anywhere between |Ti| = rjL and |ti|=J2i, and 
similarly for Tg. 

(h) If an integral function of Vi, say Q {vi, satisfy the conditions 
Q + 1, v^) = Q (vi, ^2), Q (v^y v^ + l) = Q (v„ v^)y 
that is, have the period unity for each argument independently of the other, 
then the function can be expressed by a series 


converging uniformly and absolutely for all finite values of Vi and 2^2. 
we put 


the function 


Q(«i, Vi) = Q, 


%ri 


•log?- 2 ^ 1 og?= 


fa), say, 


For if 


is a single-valued function of |i, ^2, developable about every point for which 
is not zero or infinite, and fs zero or infinite ; we can thus apply the 
preceding result (a), and obtain 


J j 7", 1 Tf) ^ J ./ 


( 27 riy JJ^Wi + 17-2 


where, putting Vi^ Xi^iy^ — the integration in regard to Vi is, 

for an arbitrary constant value of yi, in regard to Xi from to ^^1= 1 ; 

and similarly for thus we may write 

ah.«,= dx^dx,, 

^ J QJ 0 

and if, for arbitrarily chosen constant values of and 3/2, the function 
remains in absolute value less than a real positive quantity My we 

have 

(c) There can exist no equality of the form 

00 00 00 00 

2 2 A e2«(niCi + nsV2) _ < 2 5 giTiiniV^+n^^v^) 

Xy -^n-. II 2 ^ ^ ^ "91,, 97r> ^ 

92 ,,= -00, Wa= ~0O ^ 9 li =5 — 00, 912 = -QO 


in which the series converge for all finite values of the variables Vi, or 
there would exist an equation 


i S ,y e 2 ^^(Vi+%?^ 2 ) = o 
-00 - 00 


in which the series converges uniformly for all finite values of 'Viy %, But 
multiplying this equation by e" and integrating in regard to 

from 0 to 1, and in regard to % from 0 to 1, we could then infer 0 ^^^^ = 0. 
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Hence for an integral function Q(Vi,v^ with the properties 
Q (vi + 1, %) = Q («i, »2) = Qivi, ^2 + 1) 
there can exist no pair of constants Wj, such that 

Q{Vi + o>i, V2 + a>2) = Q{Vj, v^, 

or even a pair such that 

Q {Vi + &)i , V 3 + ffla) = CQ (Vi , Vs), 

where (7 is a constant ; for, taking the latter, which includes the former, this 
would give 


— 22.4 ” 2 ®-^ = 22 J. 

0 TZj , Wo 

and hence (njWi+woWa) _ 

for all values of Wj, Wg. 


Wl, 


g27r2(7ZiWi + W2^;2)^ 


There can however exist a pair of constants coi, 0)2 leading to an equation 
of the form 

Q ( vj _ + &>i , ^2 + 6)2) = + ^^3 Q ('^ 1 , 

where G, fjLi, are constants, and, indeed, simultaneously, another pair oj/, 0 ) 2 ' 
leading to an equation 

Q (vi + < ^2 + «/) = 0 Q 

where (7', /a/, jj^ are also constants. This will appear abundantly in the 
sequel : in order to be as brief as is consistent with our immediate object we 
shall proceed at once to the following proposition, leaving till subsequently 
the verification that this is the most general theorem that need be con- 
sidered for integral functions. 

(d) Let di, cZa, be two positive integers, of which cZa is a multiple of d ^ ; 
let cr be a symmetrical matrix of two rows and columns such that the real 
part of the quadratic form icrn^ is necessarily negative, and not zero, for all 
real values of the elements of n, other than both zero ; let r be 

a positive integer divisible by cZg, and therefore by di\ let or Wg), 

be an integral function of the variables Wi, Wg, with the properties (wherein 
<rii, (Tig = cTgi, cTgg are the elements of the matrix cr) 

+ ^ , (Wi, Ws) = <f> (wj, WaH- , 

^(Wl+CTilJ ^(^2+ Cfa) = 0 (Wl, W 2 ), 

it can then be proved by induction that if mj, mg, m/, mg' be any, positive or 
negative, integers, 

^ q- ^ + mi (Til + moVig, ^2+^4- W-1V21 + maVgg) = e " 0 (wi, w.^. 


2—2 
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where 




while conversely this last equation includes the previous four. By employing 
the notation of matrices we can put this definition-equation into a form in 
which it is much more easily grasped ; denoting by d the diagonal matrix 



the two elements of or 

/'cZr^ 0 \m-i- /(Til cri2\ m' 
\ 0 C ?2 \^21 U' 22 / 


are d-T'^rHi + o-nUi/ + and dr'^'iiu -f cr 2 i 7 ?i/ -i- 


thus the function on the left side of the definition-equation may be denoted 
by ^ (iv + d'~Hn -h crm ') ; also 

H = m'w + \cTm'^ = m'w -h am' == m ' -h i^am ') ; 
the definition-equation is thus 

<^(w-\- d~~hn + am') = e “ ^ (yj). 


Since now has the periods di'’^ for the arguments Wi, w.. 

separately, it follows, from ( 6 ) above, that we may write 

<^(w)= i 

k--oo 


where stands for Afci^jc^ and Icdw stands for ki(dw)i-h that is for 

hdiWi -h kjd2W2y and the summation is in regard to the integers ki, each 
from - 00 to + 00 independently of the other. When we put for w the 
values w + d‘”^n + am', the expression kdw becomes kdw + km + kdam\ so 
that, since km=kimi -f k^iih is an integer, the defining equation gives 

Q — ’2>Trinn'{w-\‘^(i‘m') v j^^^irikdw V j^^^irikdcrDh ^Tihtho . 
k k 

now denote dw by x, so that Xl — dl^Ul and further let 

]i. = h — rdrHn\ 

so that A is a set of two integers, rd'^^ being a diagonal matrix of two integers 
rdi”"h then the whole exponent of the general term on the left is 

— 7rira')ti'^ + ^irikx — ^Trirdrhu'x, == — mram''^ H- ^Trihx, 

and the ecpiation is 

Ih k 

where, on the left, the k in the suffix of Aje stands for h -h rd“"h)i'. To 
every integer pair k corresponds, by h = k — rd^^m', a definite integer pair A, 
and conversely; we may thus on the right replace k by A throughout; then 
comparing coefficients of on the two sides, we have 

A _ J d(rm\ 
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as 

this is the same as 


A . derm' = dam'h = crdlmi = am' . dh^ 


A 


h + rd-^m' 




H 


(i) 


where 


H = irira f m' + - 
\ r 



and this holds for arbitrary integer pairs h and m'. Now any pair of integers 
(%, can be uniquely written in the hxm { 11 -^^+ rd~^m-l, + rdf'^m^)hy 
choosing the integers vii\ 7n^ suitably, with the condition 0 ^ /q < 

CO 

0 ^ A 2 < rdf~^] the terms of the doubly infinite series S can then 

71 = — 00 

be arranged in a finite number of sets according to the appropriate values of 
hi and namely, we have 




h m/ 


and 

(A + rd~’hn') ,dw= d {h + rd'^^m') w = r i dli^ w = rw + - dh}j ; 
thus, from (i), above, 

—CO 7i m'= — oo 

we introduce now the notation 


@(v,t; S 0^'n-iv(\ + q') + TiT{\^-q;y- + 27riq{\+q')^ 

V ^ ) \= -00 

where v, =(vij Vq), denotes two independent variables, r is a symmetrical 
matrix of type (2, 2), is a row of any two constants, as is also q\ and X 
stands for two integers, each of which independently of the other takes all 
integer values from — oo to + oo ; it will be proved that if, when Wi , 0)2 are any 
two real quantities, the quadratic irx^ has its real part essentially negative 
and not zero, this expression represents an integral function of Vjy V 2 , and is 
uniformly and absolutely converging ; in terms of such functions, the integral 
function (piw) is now shewn to be expressible in the form 

(f){w) = 2 ^rw, ra - ; ^ , 

where Ai, A^ are limited only by 0^hi<rd{~^, 0^ A 2 <rc? 2 ”b so that the 
number of terms on the right is r^dr‘^d 2 ~\ the unknown constant replacing 


A 




- cr (dhy^ 


(e) As our defining equation was hypothetical it is necessary to shew 
that the expression @ r ; ^ ^ represents a function. Consider first the 
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case when <1 and consist of zeros, naTxiely the expression 


2 2 

%=~oo %=--oo 


{ViUi + ^2%) + TTi* (rnni^ + 


wherein Vi, v, are the variables, and Tn,Ti 2 , are any constants subject to 
the condition that if r^, s = pr, s + icrr, s l^he quadratic form 


a-nrii^ -f 2c^l2>^l^^2 + <^ 22 ^ 2 ® 


is necessarily positive and greater than zero for all real values of Hi, other 
than the single pair ?i 2 = 0, 72^2 Writing /c,-, for Trcry^s ^^^d a,-+ibr for 
^TTVi^, the modulus of the general term of the series is e~'^^y where 
^ -f <p — billi + 62 ^ 2 ? ~ "h ^^13 '^2 d* fC^2^h2'' ! 

now let jLt be any real fixed positive quantity greater than unity ; we have 

/ji V p-/ 

the senes of moduli of the terms of ®(^, r) will therefore conviirgo if thc^ 
series whose general term is (1 + converges; but when one or ^th of 

7iu is large, H has the sign of ^|ry and is positive, and the ratio (^1 + : ir 

approaches to the constant limit ; the series of moduli will thcicfoic 
converge if the series whose general term is or 

+ 2/ri2^^i^2 + 

converges, which is known to be the case when /x >• 1. The series for ® (w, t) 
thus converges absolutely for any finite values of Vi and and, bcitig 
independent of and it converges uniformly over any finite range of 
values of these variables. It is thus capable of being replaced by a power 
series in these, converging for all finite values, and represents an integral 
function. 


This function has certain properties which arc fundamental, following at 
once from the form of it. Denoting it by ©(«;), or wo have 

(a) @ {vi + 1 , t;^) == ® {vu + I) == ^ (vi> ^ 2 ), 

as is evident because the addition of 2nTh\ or '2.nrm^ to the exponent of any 
term docs not alter the value of that term. 

(^) ® (^^1 + Tu , % + Tai) = e - ^ ® {v^ , v ^) ; 

for if E (x) dciiobo the left side is 

SE (vn + Ti^n^ 4- Ti 2 %), 

n 

while the single term here written is 

E [vi (%+!) + V2n2 + i Til 4- 1)* 4- T 12 (nj 4- 1 ) ‘^h + E (— Vi — i* ), 

of which the second factor is independent of %, and the first is the general 
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term of ® {v), with the unessential change of into % + 1. The result is 
then obvious. We similarly have 

® {Vi + Tia, + Taa) = @ (y^, V^). 

(y) From (a) and (j3) we at once deduce by induction that if nh, 
iriiy be any integers 

@ {v-i^ + mi + 7/iiVn + rngVia, ?;2 + ^2 + + rn^r^ = (Vi, 

where \ = ~ \yim^ + ^^ 2 ^ 2 ' + + Tigm/mg' 

This result we write in the form 

@ (?; + m + rm) == e " (v +irm') 0 

(8) More generally, if 

= (^i . ^2), q\ = {qi, q^h = (^1 » JP2), i?', = (Pi\ P2), 
be any four couples of constants, and qq denote ^ig/ + q^q^'t etc., we have 

and @ (^« + g + rq' ; (v+krq')-2^m'-2^in' @ _ 

of which the former is included in the latter. 

To verify this, compare the general exponent on the left with the general 
exponent on the right ; we require, dividing by the factor 27ri, 

{v ■{■q + rq^) {n + p) + -|t (n ■^py + jp{n +p0 
= — q{v + ^rq') — qq'—pq'-{-v (n i-p' + q') + (n + g )^+ (p + q) (n +p'+ q')> 
and this is at once seen to be an identity. 

(e) Since the alteration of the summation numbers %, 712 respectively 
into ' 72 i + m/, tIq + where m/ and are definite integers, does not affect 
the sum, we clearly have, if mi, be also integers, 

@ ^'^'^'^='2,E[v(n+p' + m') + ir(n-i-p’+my + {p + m)(n+p'+m)] 

= E (mp') ^E[v {k+ p') + (^; + p') ’\-p{h + p')\ 

Jc 

= e2’rimp'@ 

and the second formula of (8) gives 
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In particular 

@ {v, + l,v,; 0 (u ; . @ + 1 ; ^ ® (® ’ ^ ) ’ 

0 (t)i+ n„v, + r.^l 

(f) In case the couplets 2q, — (2qij 2q,>)j 2q\ = {2q^\ 2qJ) consist oi 
integers, we have 

0 ; ^\ = %E{-V {ll + (/) + (/I + q'Y + J (t?- 4" q')], 

\ q / 11 

and, by writing, as a new summation letter, m = — /z — 2q\ or mi = — ni~~ 2qi, 
7?^2=: — ng — 2 q 2 ^ this becomes 

0 (- j; ; ^ [v (m + g') + 4’'^ + 2')] ^ [“ ^2 + 2')]. 

\ q J n 

thus the function 0 ^ ^ j , when q, q' each consists of half integers, is either 

even or odd, being even when 4iqq' is an even integer, and odd when 4qq' is 
an odd integer. Putting 2q^w, 2q'^x\ and noting that the addition of 
integers to the numbers q, q only multiplies the function by a constant, as in 
the first formula of (e), we see that the number of even functions obtainable 
by taking q, q' to be half integers is effectively the number of solutions of 
XiXi +irg£fc! 2 '=an even integer in which each of Xi, x.^, Xi, is zero or unity, 
and is thus easily found to be 10 ; similarly the number of odd functions is 
found by solving + ^2 a?./ = odd integer, and is effectively 6. It can bo 

shewn without difficulty that @ ^ can only be an odd or oven function 

when 2q and 2q' consist of integens. 

(a) For many purposes it is convenient to modify the notation as follows. 
Lot a bo any symmetrical matrix of typo (2, 2) ; let h be any matrix of typt^ 
(2, 2), of not vanishing determinant ; let r, as heretofore, be a symmetrical 
matrix of type (2, 2) such that the quadratic form irri^ has its real part 
essentially negative when /q, are not both zero; lot q, q' bo any two 
couples of constants ; and let tij, Wg be the variables. The series 



H = aii:^ + 2luo (n + q') 4- iTrr (a + q'f 4- 27riq (n 4 - q')y 


where 



for theta functions. 


25 


ART. 9] 


becomes, by putting 

mVi = /(]! + /ii2 U.., mv-i = /t-ji «1 + Aja Ka, 

or, say, mv = 


simply 


^ ( M ; ^ ) = e®“^ @ 




and so differs essentially from ® only in the multiplication by an 

exponential of a quadratic function of Vi and Now let co, t), rj' be 
mati'ices such that, as before (p. 14), 

Tri = 2hco, ttit = 2hco' , rj = 2atw, t;' = 2aco' — A ; 
and, when p, = (p^, p\ = (^/, p.^)^ are any two couples of constants, write 
Up = 2 <djd + 2m p\ Hp — 2r}p + 27)' p\ 
so that flp, Hp each consists of two quantities, and we have 

Hp = 4a<wp + ^amp — 2^p = 2aQ.p — 2hp', h£lp = 7ri (p -h rp'), 
and also 

a {u + flpy — au^ = 2az^np + aD,p^ = 2anpt(, 4- == 2aflp ('W 4* ^0,p) 

= (Hp 4- 2hp') (u + ^ilp) = Hp (u + ^[Ip) + 2hpu 4- hp'ilp 
= Hp {u + iflp) 4- 2]mp' + Aflpp' 

= Hp (w- -h 4- 27rivp' 4- tti (p 4- Tp')p' 

= Hp(u + 4“ Tripp' 4- 27rip' (v 4- ; 

put \p (ti) to denote the expression 

\p (a) = Hp (it 4- - Tripp ' ; 

then by (S) above we have 

where 

H = X(J (it) 4- 27riqq + 27riq' (v 4- ^rq) — 27riq' (v 4- ^rq) — 27riq' (p 4- q) 

= Xq {li) — "^Tripq ' ; 

when 7)t, 7ih' consist of integers we have, as before, 




p +7)1 


P 


( M + 0,„ ; (“) ^ ^ ) ; 


from this 

in particular when p, p' both consist of zeros, 



26 


The zeros of the 


[chap. I 


and, if m, m' consist of integers, 

^(u + ^ (u ) ; 


thus we 

have, for r 

= 1, 2. 








+ 2 (Bj, 

n d" ^^ 2 , r 5 

p” 

11 

[U] 

«)’ 


\ 


p' 

/ 

\ 

pj 



2 ct) 

U 2 + 2 (»' 2 , r • 

p" 


[u; 

{)’ 


\ 


p- 

/ 


pi 

where 

H,.= 

2i7i, (^^l 

4- «!, r) + 

1 , r 

{U2 + CO 2 , 

,) -1 

- ^Tvipf 


Z,= 


+ G>\^r) + ^V 

t 

2 , r 

(U 2 + on' 2, 

r)- 

- 2iTip^ . 


In subsequent applications of theta functions to the Riemami surface %oe 
shall suppose the matrices a and h {and r) to he those arising in conneodon luith 
the algebraic integrals (p. 13). 

10. We return now to the Riemann surface, and consider upon it the 
function of {x) expressed by 

@ — ^1, uf* — ■ Cg), 

where gj, e^ are arbitrary constants, and are the normal integrals 

of the first kind, integrated from an arbitrary place {m) to the variable place 
{x). If we dissect the surface by the cuts (-4i), (.4^), (-ds), (- 44 ), so I'endering 
the integrals single-valued, the function is a single-valued function of the 
position of {x\ which never becomes infinite ; it has the same value at any 
point on one side of the cut (.dj) as at the opposite point of the cut, for we 
have @ (^1 - 1 - 1 , ^^ 2 ) = @ (^ 1 , ; and the same is true of the cut (dia) 5 hut the 

value of the function at any point on the left side of the cut (dig) is obtained 
from its value at the opposite point on the right side by multiplication 
with the factor 

where vf* denotes the value of the integral at that point on the right side, 
so that ^ + -I Til is the mean of the values, Vi^’ and ^ ^ei + Th , 

taken by at the right and left sides of (dig) ; a similar statement 

holds for (dL 4 ). The function @ — e) is an integral function of Vi^* 

and therefore analytical on the Riemann surface, capable, that is, of 
representation about any place of the surface by a series of integral powers of 
the parameter for that place, there being no negative powers; hence, the 
number of places (x) where the function vanishes to the first order, if any, or 
the sum of the orders with which it vanishes, is given by taking the integral 

1 fd@ 

27ri J @ 

round the closed curves (d[id[gdli“M 3 “^), (A 2 A 4 A 2 '^^Af‘^). Of the former 
contour the two sides of (dli) give no contribution ; the two sides of (dig) give 
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taken once along the positive or left side of (J.3), from the left to the 
right side of (J.i) ; this is equal to + 1. Similarly the contribution from 
(A2A4Af~^A^~^) is also + 1. There are thus two places (cc) where @ ^ — e) 

vanishes to the first order, or one place where it vanishes to the second 
order. 

An analytic function of two independent variables has manifestly, as 
values of the variables for which it vanishes, not a set of discrete values, but 
vanishes for an arbitrary value of one of its variables when the other is suit- 
ably chosen to correspond ; this at least is true, for a function which vanishes 
at all, for a suitable range of variation of the one variable which is taken 
arbitrarily. Thus, when the two variables are both replaced by functions of 
a single third variable, whose elimination establishes a relation between the 
two original variables, it may happen that the function vanishes identically 
for all values of the single third variable. The previous investigation might 
therefore fail for particular values of ^i, 62] but it does not fail for all values 
of these, in particular not for = 0 , ^2 = 0 ; for then the function reduces to 
@ which even when (og) = (m) and = 0 , T22 = i, not vanish, 

being equal to 

Let then (mo) denote the positions of (^3?) for which ® is zero; 

we proceed to shew that, if (^’1), (^2) denote the zeros of ® we have 

4 - ^”2 -j- ATi -h Ml Til + M2T12, 

02 == u/i’ ^^2 + ilf2 + M1T21 + ilfsVaa, 

where Mi, i/j. Mi, are certain integers; and, as, by the addition of 
periods to the arguments of the function the function is reproduced 
multiplied by a non-vanishing factor, it is sufficient to write these equations 
as congruences 

Cl = Vi^'^ ’”1 + _j_ ^ 

To prove this result we use two properties of rational functions. Firstly, 
a function which is single- valued on the undissected Riemann surface, and is 
capable of expression about every point as a series of integral powers of the 
parameter for the neighbourhood of this point, there being only a finite 
number of negative powers of the parameter, if any — so that, as can be shewn 
to be a consequence of this, there is only a finite number of points for which 
negative powers enter at all — is necessarily capable of representation as a 
rational function of x and y. For if Mi, M2 be the two values of the function 
for the conjugate places (x, y), (x, —2/), the functions Mi 4 - M2 and y (Mi— M2) 
are at once seen to be rational functions of x only. Secondly, it is not 
possible to construct a rational function M with poles of the first order at two 
arbitrary places (xi, y-^, {X2, y^, unless these be conjugate places having 
Xi = X2 and 3/1 = — 2/2, in which case (x — x-f"^ is such a function. For 
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otherwise R-\- wherein A^ and A2 are suitably chosen 

constants, could be taken to be a function without infinities, single-valued 
and analytical on the surface, save for the periods (cf. p. 9 ) 

2 iri [ J-i + A2 [A^ 4 - A^ 


at the period-loops (A^), (A ^ ; this function w^ould then be a constant (p. 7 , ( 1 )), 
and both these periods zero, so that yr^jyr'^ = ^•i2/rV^2S^2“h or Take 

then (xi), (X2) different from one another and consider the function of (x) 


@ (yX, m _ m, _ yX\y mz\ / rr^^’’ ^ j. ^ ^ 

— r e*" 4 - : 


this function is analytical and single- valued on the dissected surface, its 
values at the two sides of the loop (A^) being the same, as they are also 
at the two sides of (Ala); its value at the left side of (J.3) is obtained by 
multiplying its value at the right side by where 

JTi = - m, ^ 1 ^ m .4, _ (^yx„ m, _j. yx,, 

which is zero ; similarly at the loop (^[4). The function is thus single-valued 
on the undissected surface. Next, at (nii) the function 0 vanishes to the 

first order, and dh also vanishes to the first order ; the ©-function in 

the numerator has no infinities; the function becomes infinite to 

the first order at (^Ti). On the whole then the function is a single-valued 
analytic function on the undissected surface, with at most two poles, at (xi) 
and (X2), and with zeros where 0 ^^^2) vanishes. For general 

positions of (^1) and (x^) no such function exists, as we have proved. Thus 
the function is in fact a constant, and the function @ »»») 

vanishes to the first order at (a'l) and (X2). Therefore, if $1, be two 
constants, such that the function © — e) does not vanish identically, and 

(^1), (^2) be the zeros of this function, the ratio 

<^ = @ (-y*. Wx _ yZ^, ^2^0 (yX, M _ gj 

is a single-valued analytic function on the dissected Riemann surface, with 
neither zeros nor poles ; it has the same value at opposite points of the loop 
(ill), and of the loop (Jig) ; its values at the left sides of the loops (ilg), (^14) 
are obtained from those at the right sides by multiplication by the respective 
constants where 

the function log^ is thus single-valued on the dissected surface; let its 
values at the left sides of the loops (ALj), (ila), (^14) exceed its values 
at the right sides respectively by 

27 r^ilfi', 27 riilf/, 27 ri (B, - 27 ri (B^ - if^), 
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where ilf/, M^, are integers ; then the function 
log ^ - 27n 

will also be single-valued on the dissected surface, and analytic, and finite, 
and its values on the two sides of the loops (A^), (A.) will be the same. We 
have seen that such a function is a constant (p. 7 , (1)). Thus the increments 
of this function for the loops (^3) and (^4) are zero ; these are 

27^^ (A ilf/Tn ~ 27 ri - M, - 

and that these vanish is the proposition we set out to prove. 

It thus appears also that, arbitrary values of 62 being given, places 
(^1), (^2), and integers Mi, Mq, Mi, M2 are determinable uniquely, so that, 
on the dissected surface 


= 61 + ilfl + MjTii -f MoTi^y 
-h '”2 = e. + ilfa + M(t2i + il^aVoa, 


there being exception only for a connected sequence of values of 61 and ^2 
of one dimension, those namely for which @ vanishes for all positions 

of {x ) ; these values will be expressed below in terms of one arbitrary 
parameter. For such exceptional values the equations are still soluble in 
fact, but by an infinite number of sets of positions of {zi) and {z^. 

Incidentally we see that if we consider the pairs of values of the two 
expressions 

for all independent pairs of positions of (^1) and {x^ on the dissected surface, 
not only does the pair {iii, not occur twice, but two pairs do not arise 
satisfying equations 

Ui — Ui = Ml + MiT 11 + M2T12, U2 — “ 1^2 ~ M2 + MiT 2 \ + 


wherein ilfi, Mg, Mi, Mi are integers. This can also be proved independently 
by noticing that if these equations were possible, and {xi), (xi) the positions 
of (^1), (xi) corresponding to the values ui, ui, the function 

exp - 27 ri (Mivi-^^ -I- Mivi^^^)] 


would be an analytic function on the surface, single-valued on the surface 
dissected by the cuts (ulg), (.44) where it would have the respective factors 

exp [ 27 ri — Mirn — Mirii)], 

exp [ 27 ri — MiT2i — Mir^^l, 

that is 


exp [ 27 ri (^1' -Ui- Mirn - Mirii)] , exp [ 27 ri {ui - 'lia - Mir2i - Mir^ij ] , 

which are both unity; the function would thus be a rational function with 
two poles of the first order, at {xi), {xi), which we have proved to be impossible 
unless (^1), {xi) are conjugate places on the surface, a hypothesis at once seen 
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to lead to = constant, = constant. The result may be interpreted by 
putting 

_j» W2 = -h = itg 4- iti 

and speaking of 4) ^4 coordinates of a point in a real space of foui 

dimensions. Whatever t^, t, may be we can determine real quantities 

f^i> i^2) 1^2 that 

ti H- it^ = /^l + fJ'lTii 4- 5^3 + ^*^4 = /^2 + + /^2 T22? 

for we have proved that if Trs^ Prs + i<^rs the determinant lo-j is not zero, and 
the equating of the real and imaginary parts in these equations determines 
fh, P'li P'2 uniquely; speaking of two sets fi2, iJ'i\ P2 ^.nd (/Xi), (/xq), 
(pi), (/X2O congruent when each of the differences (/Xi)--/Xi, 

(Pi) - Pi\ (fpl) - P2 is an integer, we have proved that if we put 

q. ^ 4" P 2 'ri 2 y 4“ = /X2 4- P1T21 4 " /^2't'22, 

and allow (xj), independently of one another, to take all positions on the 
dissected Riemann surface, every set /Xj, /xa, or else a set congruent 

thereto, but never both, arises, just once. In order not too far to interrupt 
the prosecution of our immediate purpose we defer the proof of the theorem 
which is suggested, that in fact the sets arising form a continuum of non- 
congruent values of four dimensions. 

O 

We may similarly consider the aggregate of values for /xi, /x., fx^' 
obtained by putting 

= fX^ + /ii'Tii + /Xi'Ti2, + fX'lT-yl + 

and allowing (x) to describe the whole dissected Riemann surface. As before, 
equations 

= ifi + if/Tii + AfsVia, Vf'’ *' = ilfa + AT/tsi + Af/raj , 

in which Afj, Afj, M^, Af/ are integers, are impossible, leading as they would 
to the existence of a rational function 
exp - 2m 

of only one pole and one zero ; but it is not now the case that all values of 
/»i, IH, A^'j IH arise. 

Returning to the vanishing of the theta function, we have shewn that 
if (nil), (ma) be the zeros of the function 

vanishes at (ajj) and {x ^ ; thus if {m) be any other position, and (m/), (WaO 
the zeros of @ (v®'"*'), the function expressed by the quotient 

0 mx __ /ya72,Way@ (-yiC, w' _ r^Xx, Wl/ _ 

is analytical and single-valued on the dissected Riemann surface, but with no 
zeros or poles, having factors at the loops (J.3), (A4) respectively 

exp 4- ^)] , exp [27n 4- ^'01 5 
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it follows therefore, as in the argument above, that the quotient is a constant 
multiple of a function of the form 

exp \firi 

where M-i, are integers, and that we have equations 

m. ^ _ y^m'- + ifaVis, 

mt ^ _ ym', >« - Jf ^ + M/tsj + M^T^, 


wherein are also integers; and therefore, that a rational function 

exists capable of the form where 


2’=n*’“ +n 

mi, mi mf,mo 


X, c 
m.m/ 


- 27ri (ITiV*" + 


having poles at (mj), {m^ and (m'), and zeros at (m/), and (m). Now a 
rational function can easily be seen to be determined save for a multiplying 
constant when its Q poles and all but two of its zeros are given — being 
capable of the form 

(^> 1 )q + y {x, 1 ) q _3 

{x-x^) ... {x — xc^' 

wherein {x,\)q, {x, 1 )q _3 denote polynomials of orders respectively Q and Q — 3 
in Xy the Q + 1 + Q~2 = 2Q-1 homogeneously entering coeflBcients of the 
numerator having their ratios determined by the vanishing of the numerator 
at the Q places {xy, conjugate to the prescribed poles {xy^ as well as 
at the Q— 2 assigned zeros, thus if (m), (mi), (W 2 ) be determined, for an 
arbitrary position of {m\ and {^n') be arbitrarily assigned, then (m/), {m{) can 
be determined as the remaining zeros of the easily constructed rational 
function which has (mi), (m 2 ), (m') as poles and (m) as one zero. 

We now shew that one possibility for the set (m), (m^), (mg) consists of 
three branch places, which may in fact be any three, provided the dissecting 
cuts be taken appropriately. For this, let the branch places in any order 
be named Ci, ai, Cg, aa, c, a, these symbols being also used occasionally for the 
values of x for which the fundamental sextic vanishes, with the proviso that 



if one of the branch places be at infinity it be named a ; suppose there are 
cross lines of the sheets between Ci and ai, between Ca and and between 
c and a ; let the loops along which the surface is cut in order to give the cuts 
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(J-s), (-44) be such that when projected upon the plane of x they enclose 
respectively the pair of points «i and the pair of points c>, these cuts 
being in the upper sheet; in a similar sense let (ilo) enclose or-a and c, and 
(4.i) enclose Ca, and c, and also the loops (Hg) and (4.4) ; we can then 
prove that 

0 a) = 0, @ =S 0. 

For this we prove that, if 6, <f> denote any two of the branch places, 
and the integral be taken on the dissected surface, . 

= I (Ml + Ml Til + Ifa'Tis), == i (^2 4- M/toi + 

wherein il/j, M/y are integers determinable at sight from the diagram, 
by the following rule : If this diagram, and a path on the surface from <!> to 0, 
be projected on to the plane of x below, and if this path cut the projection of 
any period-loop, (jl times from the right side to the left side, where is 
positive, or — /i. times from the left side to the right side, where yu. is negative, 
then we are to take, as the corresponding contribution to the sums on the 
right sides of these equations, [i times the half period associated with that 
loop. For instance, to explain first the rule, suppose we consider : in 
going from % to Ci we cross from the right to the left side of (^1); we are 
thus to reckon \ towards IMi for and zero towards \Mo^ for To 

prove the rule, notice that we can go from <j> to 6 on the dissected surface 
‘entirely in the lower sheet ; consider the path lying above this in the upper 
sheet ; it will be broken at various points by the necessity of a detour to 
reach the other side of a cut ; suppose these detours give on the whole 
respectively, Mi times the period associated with (Ai)y Mq times that associated 
with (4.3), Ml times that associated with (4.3) and M^ times that associated 
with (4.4); then since y has opposite signs, and therefore opposite signs 
in the two sheets, we have 

Vi^^ ^ ~ ^ + Ml 4- Ml' Til + M 2 T 12 , 

+ ilfo + Mi'r^i 4 

where the integrals on the right are evaluated on the lower sheet, and those 
on the left on the upper sheet of the surface ; these are the equations stated. 

It is convenient to denote these equations, for the present, by putting 

M'\; 

Wi Mj 

then in particular we find 

^c,a = |. / 0 0 \y ^ /O ~ 1\ , -y^a.«2 = ^ /O ON , 

U 1 - ly VO 0 / Vo i) 

so that 

= I / 0 -l\y = J /pi p^'\ , say ; = J /- 1 0\ 

Wl-i; pj V-1 0/ 



'q/ q 2 \ , say, 
.qi qJ 
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giving pp\ = p^p^ -f p,p,^^ = odd ; qq\ = q^q^ + q/p\ = odd ; 


now we have previously shewn (pp. 23 , 24 ) that 


(v-h i n^) = e ~ @ 



and that, if ??' = + 32^2^ he odd, the function @ on the right of this 

equation is an odd function, and therefore vanishes for ?; = 0 ; thus when qq is 
odd, we have = This shews that = and = 0 , 

and therefore that the zeros of the function are (a!)==aj, {x) = a2. 

Hence, by what has preceded, the function 


vanishes for {x) = (xi) and (x) = (x^). 

It follows thence, by putting (xj) for (x), and then (x) for (^2), that the 
function 

vanishes for all positions of (^). As the function 

© (vi + nil 4- nil Til 4- W'T‘i2, Vo + m2 + m/xai + 

or say © (t; + where mi, mg, m/, ml are integers, has the same zeros as 
© (t;), and we have proved that 

= mi 4- ml Til 4- ^^ 12 , = m 2 4- m/Tgi 4- mg Vsg, 


or say = and as is the same as it follows 

that + vanishes identically in regard to (x). In other words 

© (ii) vanishes when iCi, are replaced by functions of the same independent 
variable of the form 


-f > «3 ^ y,2 = ® ^ , 

for all positions of (x). 

We prove conversely that every pair of values of Ui^ Uq for which © (u) 
vanishes can be put into this form, save for the addition of integral multiples 
of the periods. Suppose © (w) = 0; suppose also, if possible, that + 

vanishes for every position of (x) and (^). Consider © (v^> ^ 4- 4- u) ; for 

(^)==(^) this reduces to @ (v^^*^^ + u), which vanishes by hypothesis; for 
(x) = (2!i) it reduces to © ^ 4- which also vanishes; and as , 

where (^1), (fi) are the places respectively conjugate to {xi), (jZi ) — for the 
change in the sign of y involves a change in the sign of dvi and cZvo — the 
function ~\-u) reduces for (^) = (^i) to © (y^i*^4- which again 

vanishes, by hypothesis. The function + regarded as 

depending on (x), has thus three zeros, and therefore, by what was shewn 
(p. 26 ), vanishes identically. Next consider @ + as a 
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function of {m ) ; it has, with others, the three zeros {£), (^i), (^ 2 ), and therefore 
also vanishes identically. So more generally the function 

for m = l, 2, 3, vanishes identically; from this, by supposing (wm) taken 
in the infinitely near neighbourhood of we infer that the first partial 
derivatives, 0@ {w)ldwi, 0@ (^^;)/9-^^2> vanish identically for 
^ ^ -f- . . . -f" -j- • 

a similar inference is possible as to the second partial derivatives, for the 
values 

qjX, S f^XiyZx ^ ^ ^ 2 ^, 

of the arguments, by supposing, in the first partial derivatives, oo^-i to 
approach to and so on. On the whole then, from the hypotheses made, 
that @ (t6) = 0 and that @ -f = 0 for all positions of {x) and {z), would 
follow that ®(ii) and all its partial derivatives of every order, were zero. 
Hence we deduce that if ®(tA) = 0 there are positions of {z) for which 
® + u), regarded as a function of {x), has only two zeros ; of those zeros, 

one is manifestly {z), and if (t) be the other, we can write, save for multiples 
of the periods, 

IfCCy -j- ^ 

and therefore u = ^ — v** "s 

(t) being, as we see, perfectly definite. This is the result enunciated above ; 
if {x) be the position conjugate to {t) we have, save for periods, 

With the dissection of p. 31, we have 

aa = _ _j_ ^ «a = |. ( 1 _ + Tga) ; 

if then we write 

/V\, =/V XA, 1\, 

U/ Ui 'kJ \ 0 1/ 

the result is that @ ^^6; vanishes if, and only if, u be of the form 

11. Recall now that we have (p. 25) 

^ {>u) = ® (v), 

and hence 

^ {it — u') / ^ {u — u') _ jj'^{v’-v') j^(v — v') 

(u -u") / -u") ^ (v^) / - «"■) ’ 

where H = a (u - u'f -a {a — u'f - a (w'"' — w')“ + a (ii™ — u"Y 

= — 2a {u' — u") (« — 

2 2 

= -2 2 2 a,.,s(i«8'— 

r='l 5=1 
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also (p. 11), 

2 i j +0-) 

r=l $=l 

if, in particular, 

U = II = 4 - u" = 4 . ut*-!’, 2 ^( 0 ) — 

then we have 

j 5 ' = — 2 2 4 * 


Recall also the equation (p. 10) 


^l»Ml .iSfi SCylL 


which gives 




These notations being made clear, consider the function 

^ ^ “• — 'y^2> <* 3 ) jj jQ- /* 

wherein c&, cti, 0.3 are branch places, as before, but (a?2), (/x^i), (yc^s), (^), are 
arbitrary places. This function is analytical and single- valued on the dissected 
surface ; it has, on account of the theta quotient, zeros of the first order at 
(^1), (^Ta), and poles of the first order at (//-i), (/^); but, on account of the 
exponential it has poles of the first order at (/rj), {x^ and zeros of the first 
order at (//-i), (yita) ; at the two sides of each of the period-loops (^1), (^2) ifs 
values agree, but at (J.3), (^4) it has factors e“ 27 riiri^ where 

Hi — ^ -|- l-Tii) — ® a Jtu) -j- + Vi^^’ 


is zero, as also, similarly, is H^. The function is thus equal to the constant 
value taken by it for (a?) = (fi). Thus, putting 

V/ = 4 - , v" = 


we have 








@ (yX,a _ j (H) a __ * 

Fi'om this, by the lemmas just preceding, we obtain 




dog 




We have proved (p. 29 ) that we may regard the arguments (w/, ^^2'), and 
the arguments z^s"), as the independent variables, the places (^1), {x^ and 
(Mi)) (^^2) being functions of these ; hence, from the equation 


log 






+ p 


Xi,y -3 


+ (m/- Mj") « -IJa") V’^ 


3—2 
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which is another form of that last obtained, we obtain, by differentiating 
in regard to iiy, for r = 1, 2, 


^ ') + ^ = K^x, “ (^1 > /t^)] 


9^1 

duJ 




therein we employ the notations expressed by 


so that, from (p. 26) ^ {xl + 11^) = exp {u + — 'irimm'] ^ {li), we 

have 


0^^ — (■^?n-)r — ^Vi‘i ^^^3 “h 2?^ yi "I" 2y 77^2 , 

and ^Jyg (11 + n^^i) = ( ia). 


Now, by means of 

y f doc-y doo^ y f ocydoc-i, ccodcc^ 
duy = — 4- — , dih = — — - + , 

2/1 Vi y. 


the partial derivatives dx^dur, dx^jdiiy can be expressed ; when this has 
been done, let (^’i), {x^ be replaced by their conjugate places, by changing 
(i»i, 2/1) into (^1, — 2/1) and {x^_, y^) into (x 2 , — y^) ; thereby u/ is 

changed to 


- iLr + 2(w,.i nil 4 2©, .2 m2 4 ’^w^i m/ 4- 2a)'^ m2', 

where mi, mg, m/, m/ are certain integers ; as {u 4 fiw) - depends on 
these integers and not on ii, the left side of the equation at the top of this 
page becomes 

- ^ 4 u') + “ 4 ^^') ; 

thence the equation is found to have the form 

Lr^> ^ 4 i/- ^ ^ 4 fr “ 4 ll) - \fr (^, , ^3) 


= + X/-'* + («'*■ » + «') - i/, X,), 

where the two functions fr{x, Xy^ x^ are those given by 

f(xx r'l- I , y-2{x^-0f)-ah) 

{x-x^){x-Xi)^ {xi-x){x^-x^'^ {Xz-x){x^-^x,)’ 


fi{x,x^,x^ = 


2/1 


2/2 


{x - X,) (x - X^) (iCi - x) (fl5j - X^) (iJJj - *) (x., - Xi) ’ 


the left side of the equation is thus symmetrical in (x), (a'j), (*2), and the 
right side is obtained from the left by putting {^) for (x). It follows tliat 
the left side is independent of (x), (xi), (x^), and we have therefore 

«> + X/2’ + ®’ + W®** ®») = Cy + {X, Xi , X^) — Lr^- , 


where (7,.^ is independent of (a:), (a!i), (x^). In this equation allow (x) to 
approach indefinitely near to the branch place a, which we now suppose to be 
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at infinity ; the limit of the left side is perfectly definite ; so therefore is that 
of the right side ; the right side may be regarded as the sum of two parts ; 
for r = 1 these parts are 


^ 1 = 0, + i _ i.. 

^ {x — Xi) {x — x^} 

and for r = 2 they are 


^2= Cad--! 


y 


{x — X^) {x — «?o) 




5=1 2/1 (^1 - ^ - ^ 2 ) 1 y.Xx^-x-x^ 


5^ _ 1 X yi • 

^ ^ (^1 — x) {Xi ^2 ) ^ (^2 — (^2 ~ ^1) ’ 


the limits of and when (x) approaches the branch place at infinity are 
respectively 




3/1 -y^ 

Xi—Xfi' 


(■B.) = 0; 


as to the limits of and J.2, we know them to be finite, and it can be 
shewn that they are independent of (x^) and (x^): the fundamental equa- 
tion being taken in the form — \q + XiX we put x = t~-, 
y = + and expand in powers of t; the negative powers 

in \y (x-Xi-- x^jix — x-i) (x — x^ and ^yjix — x-^ {x — x^ will, of course, as may 
also be verified by computation, cancel the negative powers respectively in 
and the positive powers of t will vanish with t\ the terms 

independent of t are the limits required; but both 

\y {x — Xi — x^l{x — x^ {x “ x^ and \yj{oG — x-i) {x — x^ 


are changed in sign when the sign of y is changed — the expansions of these 
thus contain only odd powers of t and no terms independent of if Xj, Xg be 
the terms independent of t in and the limits of and A^ are 

thus Oi—Xi and (72 — Xg, and these are independent of (iCj) and {x^i in fact 
they are both zero ; for, being the values of 


Li^i^ 4- {u^i. CL, + «2) ^ ^ Uk ^ Xj^u a, ^ ^ 

X\ X 2 

and being independent of (x^) and (xs), they may be obtained from these 
expressions by writing herein (xi) = (Ui) and (^^2) = (<^2) i ^ (u) is an even 
function of u, the functions ^ 2 (u) are both odd functions, and vanish 

for u = 0. 


If then we put 

-I- (r = 1, 2) 

we have proved that 

— (u) = + Xi^2, ^2 _ ^ yi — y^ ^ a, ^ 5^*2, «2. 

Xj — X 2 


We now differentiate these expressions in regard to % and -262; the 
fundamental equation having the form 

2/2 = + \a) + Xgic^ + Xgir^ 4- 
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as we suppose, we have 

dxi yi dx^ x^y^ 




dui Xi — X^’ dUi Xi-Xz' dui «! - «2 ’ 0W2 Xi — Xi 


A* 


+ 2XiX^ + \2a? 

% 


«!«, Lf- “ 


* _ 

a y ’ 


r=2 


putting F (xi , jTg) = 2 a^’‘a 32 ’' [ 2 X«r + ^w+i (®i + i®;!)]) 

r =0 


and, as before, 
we thus find 


/ , ^ 2 log^(^A) 


/X /X / N F{pCi, x^- 2 y^yz 

>22 {u) = + ^2, ^21 W == - g>ii ('^) = — — 


From these, if 
we obtain 
^222 ('^) 


&rAu)=-^ 


(U) 




t 3 ?i ““■ t 3 ?o 


} ^‘211 (*^0 — " 

X2 Xi X2 




and 
where 

(^1? ^2) “ ^^0 “b ^1 (ScCi "b 1^2) "b 2X2^1 (tZ?! + 1^2) "b XstTi^ (tTi + 3 i 3 ? 2 ) 

+ 4 <\ 4 Xi^X 2 + 4 xi^Xq ( 3 xj_ + X2). 

Thus we have 


2/1 = ^lP222 (y) + g>221 ( 2 ^), 2/2 == ^2^222 (^) + ^221 (^^), 

and these, together with the fact that Xq are the roots of the equation 

x^ — XP22 (y) P21 (y') = 0 , 

give the solution of the inversion problem expressed by the equations 

ll^Xx, ai ^ ^ 2J^X2, aa — ^t2. 


It can be shewn, from the values of ^>22 (u), ^21 (u), Pn (y) i^^ terms of the 
two places (i»i), (xzX by elimination of these, that there exists the equation 


” Xq -J-Xi 2^11 — 2^12 

^Xi — (Xg + 4 pii) i ^3 + 2^12 2^22 

2 pn 4X3+2^12 -(^-4 + 4^22) 2 

— 2pi2 2 g >22 2 0 


= 0 ; 


further, from the values of pm{yX ^221 (^)» P2\i{y\ Pm(yX that these functions 
are in the ratios of the minors of the elements of any row of this vanishing 
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determinant, and that their squares and products, such as ^222^221, are all 
rational integral polynomials of the third degree in ^22, ^>21, ^11; in particular 

^*"222 ““ ^3^22 ^4^22"” “^^22^21 — ^^22^> 

” (2^1 ^’2)“ ^2 ^3 (^1 "i* ^2) ^4 (^1 "i" ^2)^ "h (^1 "f“ ^2) — ^ (^1 4* ^2)^* 

is at once found to be (cc^ - 002)"^ [F or 4 ^^, thus it is easy 
to see that g}\22 is one-quarter the minor of the element - \q in the first row 
and column of the determinant above ; thus we have, for arbitrary values of 

^Oj j ^2> 

(4^222 4" ^1^221 4“ 4^211 4 - "“4 — Aq l-Xl 2^11 — 2^12 4 

■|Xl ‘“(^2 4-4g>n) •|\3-[-2^12 2^22 4 

^^11 "i'^s 4“ 2^12 (^4 4“ 4^22) 2 4 

— 2g>22 2g>22 2 04 

4 4 L2 I3 0 

We shall however obtain these results from a somewhat different and 
more interesting point of view, as follows in the next chapter. 

Note. It may add to simplicity to anticipate later discussions by the 
following remarks. If we write = ^22(^)) y = ^2i('^)» = and denote 

the above symmetrical determinant of four rows and columns by A, the 
equation A = 0 represents a quartic surface having a node at = 0, y = 0 , 
^ = 00 ; the equation is in fact a quadratic in z. For any value of 0 the plane 
_ y = Q is a tangent plane of the nodal cone, whose equation is 
at once found to be 4- == 0, and two such planes 6 ^ — 6 x — y = 0 , 

</)2 — ^0? — 2/ = 0 cut in the line x = 6 + (f>, y= — 9 ip, The equation A = 0 
can be found easily to reduce, when = 3/ = — to 

[4 (9 F(e, 4>)]^ = 4/(0)/(0), 

where /(oc) = Xq 4- 4- ... 4- 4- 4a?®. We have thus the parametric repre- 

sentation of the surface in terms of two arbitrary parameters 6 , <j>. The 
equation A = 0 may be supposed to arise geometrically as follows. If rj, 
J*, T be homogeneous coordinates, and 

Qi = 4 {7]T - Qs = 4 & = 4 

P,= _ Xo^ + X^^v - W + X4?^ + 4^t, 

the equation Q = ooQi 4- yQ^ 4- zQs + P4 = 0, 

for varying parameters cc, y, z, represents a system of quadric surfaces having 
six common points, namely those where the cubic space curve 

is intersected by the quadric P4 = 0 ; these are (0, 0, 0, 1) and the five points 9 
of the cubic curve in which 9 is one of the roots of / iff) = 0. The quadric Q 
will be a cone of vertex (^, 97, t) if the four equations 0Q/9f = 0, 9Q/997 = 0, 
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0Q/g^=O, 0Q/3 t = O be satisfied; eliminating r from these equations 

we have the relation A = 0. If we eliminate ^ we obtain, also a homo- 
geneous quartic relation for -??, r, say = 0 , given at length below ; this 
is capable of being put into the form 

V 9t 0T 0^j 0^ 0f 3^ 9^ 

where F = ~ — ^rfr + ~ 

and represents a quartic surface having nodes at the common points of the 
quadrics Qi = 0, Q 2 = 0, Qts = 0, P 4 = 0. Any point of the chord (0, cf>) of the 
space cubic is represented by 

^=:l4-m, 7)=-(d + m^)y t = — (0^ -f ; 

by substitution of these in the equation o) = 0 we find that this chord cuts 
the surface in 

and another point obtained from this by changing the sign of <I>, where 

as a chord of the space cubic can be drawn through an arbitrary point of 
space, these formulae give a parametric representation of the surface a) = 0 
in terms of two arbitrary parameters 9, (f>. 

Further, it is not difficult to verify that the equation 

Q. (r ) Qi (I) - Qm - p. (r) Qm + q. (t) p.(i)= 0, 

when (I', 9 ;', f', t') is any point on co = 0 , represents a cone whose vertex is 
the remaining intersection with &> = 0 of the line joining the node ( 0 , 0 , 0, 1) 
of = 0 to the point (|', 77', r) ; putting, as above, 

@ = etc., 

we find 

«2(r) : QidO : AdO : Q3(r) = ^+<f> •- : 1, 

where Ee^ <^ = l[F {9, (f>) - 2@4>] (9 - ; 

the cone has therefore the form 

{6 + <^) Q.(?) - 9cl>Q,{^) q- Ee^ + P,(^) = 0 , 

and this, compared with osQj -f yQ^ 4 - + P 4 == 0 , gives the preceding para- 

metric expression for A = 0, 

x-O + cj), = 2==Ee,^. 

It will be found that the surface o) = 0 is also represented parametiically by 
means of 

f = p222 V ~ ^^211 d)> 'T = (^)* 



CHAPTER II. 


THE DIFFERENTIAL EQUATIONS FOR THE SIGMA FUNCTIONS. 

12. Suppose now that y, which we may regard as the coordinates 
of a point in three dimensions, satisfy the equation 


— Xo 

iXi 

2z 

-2y 

= 0, 

iXi 

— (X2 4 45) 

^Xa + 2y 

2cc 


25 

■J-Xs 4 2y 

-(X4+4a;) 

2 


-2y 

2x 

2 

0 



that is, lie upon a quartic surface, the properties of which will more 
particularly concern us later; let denote the minor, in this determinant, 
of the jth element of the ^th row. We find on expansion 

4 All = ^2 + Xg.'T + + 4!xy + + 4^, 

i A22 = Xo + 4- - 4<yz, 

J A33 = — Xiicy + Xay^ + 4 iy% 

4 A44 = (Xi^X4 + XqXs^ — 4X0X2X4) 4 - (4X1® — X0X2) X 

4- i-XoXay 4- ( JX1X3 — X0X4) z 4- Xq^^ 4“ Xiy^ 4- Xg^^ — 4Xoa?^ 4- 4^ , 
I Ai 2 = ^Xi 4- iXgy 4- Ko^y - ^xz 4- 2y^ 4- ^x^y, 

Ai3 = - ^\jx 4- Xsy 4- iXgiry 4- 4y5 4- 4- 2xy% 

JAi4 = — ^XjXg — ^XiX4a/ 4“ (iX2X4 ^Xi y — 

— \x^ 4” 2x^3/ — Xgy^ — ^Xs^z 4 2X43/5 — 2y^ 4- Qxyz — 45^, 
iA23 = - Xoai 4- ^X,y 4- ^X,y^- + 2y^ 4 2xyz, 

|■A24 = - JX0X3 - |•XoX4^^? 4 (1X1X4 - Xo) 3/ - l-Xi^ - 2XoaP 4 X^xy 4 ^X^yz 

4 23/^5 4 2xz% 

^A34 = ■5X1^ '^XoX2 ““ ^XoXgcT 4 ^XiX^y 2Xo5 *"* X(foy 4 ^Xiy^ •^XiCi?5 

4 X23/5 4 43/5^ 

while A itself is given by 

-j^A = ■^i^g'Xi^ — ^XoX2 — Ji^XoXga? 4 ^X-^X^y Xo 5 ^X()X4ir*' 4 (^XiX4 — Xq) xy 
4 (iXi - 1X2X4 4 i^Xs^) 3/2 - ^\xz 4 X23/5 ~ Xo^r^ 4 X^x^y - X^^ 

4 JXs (3/2 4 ccyz) - X^fz 4 43/52 4 {xz - 3/2)1 
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Now let T be four quantities determined by 

= I All = + ^4^3" + 4:xy + 4,r‘> + 4<z, 

A J- = -^ = X = JL 

wherein, it is understood that a?, y, z are supposed subject to the relation 
A = 0; then, as A is symmetrical, 


if 


= 1 { An = \ = 4A, 


■ 4 [All 


4 An 


' 4^22> 


and so on. 
If now 






it can be easily verified that 

= P^=Qr}. Pr^Qt 

For, of these, the first equation, multiplying by is the same as 

£) a» ^ 9i) ’ 


or 


All ( 4 y^) + Ai2 (2X4?/ + Sxy - 4 ^) + Ai3 (— ^y) = A22 (X3 + 2X4^ + 4 y + 12ic^) 

+ A23 {4ix) + A24 (4) ; 

from the determinant we have 

0 — 2y [ — 2^Aii -f" 2tr Ai 2 "f* 2A13J, 

Q s=: — 2 [^2^A2 i "i" (2^ + "^X;}) Ago ( 4 t!r -j- X4) A03 q* 2 A24J 

— (X4 + 6 x) [ — 2|yA2i + 2a3A22 + 2 Ao;J ; 

adding these respectively to the two sides of the equation to be proved, it 
reduces to the identity 

Ai2 (2X42/ + “■ ” ^21 (2X42/ + 124 ^y - 4 ^). 

The second equation, multiplying by 77^, is the same as 

^ ^ i) ^ ^ 

Affl (2Xo« - Aiy) + Aaa (- Xi^r + 2X31/ + ^yz) + Aaa 

= A33 {^f) + Ass (2X42/ + 8a;y - 4 .?) + A^,, (- 4 ;(/) ; 


or 
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the determinant gives 

0 = 2^ [ — ^0^21 + “h AoJ 

+ 23/ [-J-Xi A21 — ( 4 ^ + Xg) A22 + (23/ 4 * 4X3) Aos + ^ 00 ^ 24 ] *j 

0 = 2^ [2^ A31 + ( 2 y + ^Xs) A32 - ( 4 ^ + X4) A33 + 2A34J 

-f; 2z [ 23 /A 31 + 2^A32 4 ^Assj J 

adding these respectively to the two sides of the equation to he proved it 
reduces to the identity 

A03 (83/^ 4 4^^ 4 X33/) = A30 {%'jf 4 4 X33/). 

Similarly with the equation Pr = Qf. 

The relation connecting x, 3/, z, and the equations defining rj, r, 
enable us to express rationally in 3/, namely 

i [P ^2 — ^3^ — ^4^ — 4^3/ — 4^], 

and so to replace A = 0 by a rational integral equation 'T' {x^ y, 0 = 0, while 
rj, T are rationally expressible by x, y, The equation 4'' (x, y, ^) = 0 may 
be interpreted as that of a surface of the eighth order, two points of which 
correspond to any one point of A = 0, but one point of A = 0 to any one point 
of this. We consider now two integrals of the form 

W2= [ (Adx-^ Bdy), Wi= f (Odx -j- Pdy), 


where A, B, G, P are certain rational functions of x, y, namely we put 

ldx- 7 ,dy ^ 


the conditions that these should be perfect differentials, 


d ( ? 


dy - W dx Vfl — 


d 


= 0 , 






, . d d fdA /aA\ d 

wherein 




-) = o, 

vy 


dx dx \dx ! dzjdz' dy dy \dy j dzjdz' 
are at once verified ; for, from the unexpanded determinant A we have 

aA 


dx 


■ ^^24 4A33 4 2A42 — 4 (A24 — A33) — 16 (97T 


^ - 2Ai4 4 2 A23 4 2A32 ~ 2A41 = 4 (A23 - Au) = 16 (97? - 0 ), 

dy 

p A 

~ - 2 A, 3 - 4A22 4 2 A 3 X = 4 (A, 3 - A^oJ = 16 - 7 ^% 
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and hence 


j. 9 Hvt- D + v{v^- 9 

^ dx^ ^ dy ^ dx"^ ^ dy — tf 9 ® 


5- 9 9 9 _ 


±.y^- I- I 

^ dx^ ^ dy ^ dx"^ ^ dy 




dz 


9 ^9 S_r) 


giving (?^-V-)^’=tP-vQ. V^)-^, = ^Q-vP', 


the conditions are 


dcs dy, 


dy 


fs+’'^)<»-’’>-'>’ 


«f-’’’>(S+|)-(4+f^)<«-”-»- 


or 


- yQ ^ + f Q»? - ijPt; = P - 1?®), fP'); -•>?$»? + I^Q?’ - yP^ = Q 

and in virtue of Py = Q^, P^ = Qjj, these are the identities 

^P? - yPy + ?P? — ’?P»? = P - yQy = Q(^t- ’?“)• 


r)A 2 

Putting A = 4 ^ («, 2/, f), we have ^ | 

i i - ^^^dy) 1 1 | , 

Wi = i = if(-Ai,dx + Andy) 

wherein A13, A^g, A^, d^jd^ may be expressed as rational functions of co, y. 

It may be verified directly that for all values of x, y, even infinite values, 
satisfying the equation {x, y, = these integrals are finite. For the 
sake of brevity however we shall follow the easier plan of shewing that they 
are reducible to familiar forms. 


For this, define two quantities by means of the equations 
^1 + ^^2 “ 4 = — 2/> 

and thence two quantities Si, by means of the equations 

Si=:ti^ + 7 )^ 52 = 4 
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wheiein rj is the rational function of x, y, ^ given by Then 

from the explicit equations 

p = iAii, = ^^ = iA22, 

it is at once verified that 


5j 2 = q. x^tj^ -{- + 4^1^ = /(^), say, 

and 52^ =f{h)) 

and also that 

SA = - q- 9^2 ^ i q. ^ 

which, from the equation A = 0, is the same as 

^1^2 = i (^22 ■“ ^u) — "" V^) j 

thus dw = ? (^^1 + ^^2) + V {Ujt, + t^dto} 


and since, from A = 0, — y^ + ^7? + f=0, or — + — 

this gives 

y tiditi t^dit^ 

dw 2 = 1 5 

5i $2 


■ rjt^ “ 4^29 


while 


^ (^dt\ "h d/ti^ “* ^ (Jj 2 djix ”1" t\dt<^ dt^. , dit 2 

uj'Wi — ~ q* — • 


Now we have developed the theory of these integrals in the preceding 
chapter ; and we know thence that Wi, W2 are always finite, and that y are 
single-valued functions of Wi, W2\ from their values ^r=^i4-^2» y = 
coupled with (si — 6*2) / (^i — = i^u; it can be calculated that 

^ — 251S2] / 4 (^1 — ^2)^ 


and hence ^ is also a single-valued function, where as before 

F{t^, ^2) = S(^i^2)"‘[2A^m + Wi (^ + 4)]. 

w=0 


It is therefore possible to prove these facts as to Xy y, z directly firom 
the expressions 

^2 = -I j (Ai 3 cJ^‘ - A^^dy) j -^y ^i = bJ(- ^ 12 ^^ + ^11 ^ ’ 

and, as will appear, it is of considerable theoretical interest to do this. 
These integral expressions shew then that the functions Xy y of Wiy W2 are 
such that 

9y _ o 

dw 2 ~' dWi^ dw 2 dwj ’ 

dx _ dy 

dwfi' 


and so 
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while, in virtue of the easily verifiable identity 

aA aA 


we have 


so that 


^ <^dz dz 

dwi dw2 ’ 


thus we may introduce two functions of Wi by means of 


^2~ — J {xdw^ + ydw-^j == — J {ydw^ + zdio -^ ; 


and we may introduce a function 2 (wj, by means of 

log 2 = f (^Z^dWi + Z^dw-g, 


and so have 


7-1^1. 


2 3^2 ’ 


awo dw.? 


S'— * 


.log 2; 


and if these last be respectively called, for a little, P^, P21, Pu, we have 
f. dx ‘ dx dy dy dz 

while from the easily verifiable identity 

^ dy dz ' 

1 dz ^ ^dz dz 

w=We + say. 


The integrals Z^ agree in form with integrals previously considered; 
in fact 


-dz, = {t,+t,)(^ + *-^ 


i I 4. 4 


\ 5i 6*0 


\dti Ldt^ F{ti, ^ 2 ) — 2^1.92 (dti dt 


\s^ S 2 J' 


and we can verify that 

1 P (ifj, I/ 2 } — 2«9i6i2 
.. (^1 “ ^3)^ 


A* 2 * _ ^3^1 "b 2 X 4 ^ 1 ® ”b 123ti^ d fSi — 82 ^ 

45 x 
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this being, after changing Sj into — Sj and multiplying throughout by the 

^2 

same as the identity remarked, Chapter I,, p. 10, namely 

1 F “f" ii" 1 ^3^1 *4" 2 X 4^2 4" 12 ^ 2 '^ d f ^2 4" -Si \ 

^^1^2 (^1 ^2)" ^2 ^2 dti V2S2 (^2 — ^1)/ ^ 

thus in the notation previously used (p. 10) 

- dZ., = + dLi-, - dZ, = dLh + -d{^ . 

On the whole then the integrals Wi differ only by additive constants 
from the integrals previously used 

^2 J q^tl, 4- lltz, 

while Zq, Zi differ only by arbitrary additive constants from the functions 
previously denoted (pp. 36 , 37 ) by ^2(^2, w^), w.^) and the general 

form of function S is 

where ^di, A 2, B, Gi, O2 are arbitrary constants. This is a single-valued 
function, and an integral function; and the integrals thus make x, y, z 
quadruply-periodic functions of w^- 


But another consequence follows from these integral forms. From 
^^^222 = f ^ = 4 All = Xo + ^3^* + ^4^*^ + 4^2/ 4- + 4)^, 


we have 


or 

2 ^P 2222 == f (^3 "h 2X4 a? 4 " 4 iy 4 - 12 ^) + '>? { 4 }x) 4 - 4 f, 

which, since 

the form of A gives 


— 2 y^ 4- 2 ^ 77 / 4 2 ^= 0 , 

leads to 

^^-^2222 ~ ^ 0^3 "h 2X40? 4* 4 fy 4 - 12 ^c^) 4 “ 

so that 

P 2222 ^P 22^ = ■J ’^3 + X4P 22 4 - dP 21, 

where 



Putting, as before, 


^ dy 

it may be shewn that 

4 - 4- \^x -f 

P^=^Qv= 47/2 4. 2 xz 4 - 1X3?/, 




dm 




Pv^Q^=^ 4 - - 2 z, 

Pr^Q^^^eyz + X^y, 
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and hence, from the equations 

-P^222 = -^^2*21 = 4 ^22) -^"211 “ I ^ 33 ? ” 1 ^ 44 ? 

if we now replace P22, P222, P2222 by ^22, ^^>222, ^2222^ etc., that 

^2222 ^^22^ = + ^4^ + '^2^5 ^nil “■ 6^11^ “ ““ ■i'^0^4 4- “ 3 X 0 ^ 4- Xi2/ + Xg^^, 

^2221 “" 6^22^21 ” ^ 4 y “ ^^3 8^2111 ^^21^11 = “ Xq — \ \-^X + XgJ/, 

g>2211 " 2^gg^n “ ^ 9 ^-? = WV- 

These equations are satisfied by and, as their form alone shews, 

by ^ H- ( 7 i, ^2 + Cg), where -ig, ... are five arbitrary 

constants. Their deduction given here, from the forms for Wg, as integrals 
of total differentials, shews that they are self-consistent; that their most 
general integral is of the form ^ (-24;^ 4. (7^^ ^2 4- (72) will be 

obvious when it is shewn conversely that they lead backwards to the 
forms for and as integrals of total differentials. It is sufficient to 
indicate how this may be done; and it may be remarked in passing that 
it was in carrying out this process that the forms = were at first 
discovered; the preceding deduction of these forms, though artificial, has 
been adopted as requiring less numerical computation. If these five 
differential equations be all satisfied by a single function cr oi Wi, with 

— — 0^ log cr, ^2222 — g;^ g>22^ etc., 

then there are four identities such as 

0 0 0 0 

substituting herein the values of ^3222? ^2221? ••• given by the differential 
equations we have four equations which are linear and homogeneous in the 
four functions ^>222? ^*>2215 ^211? linear also in ^22. P213 Pu- Eliminating 

the former functions we find that ^ = ^213 ^ = are connected by the 

determinantal equation A = 0 , while ^ = ^2223 ^ = ^>221, 'r = ^m have 

their ratios determined by 

= JL 

^12 ^18 ^14 

where A^^ is the minor in A of the j’th element of the ith row. Since A is 
symmetrical, and therefore Ai^A^jfc = A^-^-A^^, this is the same as 

1^ = 7?1= =1^== =ll 

All A 22 Ai2 A34 


and it is required only to find these ratios, 
etc., we have 

^2222 = ( Ai, 4 - 1 


Putting 


= fl All J ^^221 — H'Aii 


die dy 0^ 
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Their invariantive form. 

from which, substituting for and ^,>2221 from the differential equations, 
and eliminating df^ldu^t hud f'S a rational function of x, y, z, and in fact, 

as is seen on carrying out the woi'k, Then the equations x = 

y = ^2ii give at once €Uc= + r}dwi, dy = from which the 

forms for Wg, as integrals of total differentials are obtained at once. 
By differentiating ^>222==/^' An, ^221 = /^^^ in regard to Ui, and eliminating 
dfijdui, we also obtain a form for as a rational function of x, y, 2; and 
similarly a form for is obtained in two ways by taking such a pair as 
^221 = /-t-Aig, g?2ii = and so on ; that these various ways lead to the same 
form for is clear by the deduction we have made of the differential equations 
from the forms of Wi as integrals of total differentials ; but conversely we 
could start from the differential equations and verify this fact from them. 


13 . The differential equations are capable of a much more general form. 
This may be regarded as a consequence of the fact that if in the integrals 
fdt/s, jtdtjs, where 5^ = Xo + - • • + we replace ^ by a form {At + B)f(Ct 4 - D), 
they are changed into linear functions of themselves. It will however be 
more interesting to establish the transformation directly from the differential 
equations ; and we begin with the general form of these and reduce it to 
the form obtained above. Let then 11^ be independent variables, cr, or 
(7 (w), a dependent function, and 






02 


du^dva 




these being also respectively denoted by §>22 (uX ^21 ('^)> 
by ^2222 j ^tc.; let ao, ^6 be any constants and, for brevity, 

Q2222 = ^2222 ^P22^ Q222I — ^2221 ^^22^215 


Qllll — ^1111 Q2III — ^2111 “ 6^21^11? 


Q22U — ^2211 2^22 ^11 ) 


consider the five equations 

- i Q 2222 = <^<^6 - 4a,a5 + 3a/ + a^x - 2a^y 4- a^z, 

- i ((Xiae - Sagas + 4- — 2a^y 4 a^z, 

- ^^2211 ~ ^ (aoag 9 a 2 a 4 4 " *4 ^O/^y 4 " 

*“ iQ2m = i {(^od^ - 3aia4 4- + (hx) - Sagy 4- a^z, 

- iQim = <^0^4 — 4aia3 4- 'Zai 4- ao^r - + a^z. 

It is at once verified that if 

A - A__ A_ A 
'“ 02 % aui'^ " du 2 0 <’ 

we may write 

= — ___ A^.o' {iL) a {%(!), Qxfivp = — ^ 


B. 


4 
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Proof of the invariantive form 

where, after the differentiations have been performed, we are to replace 
ui by and Using the ordinary symbolical notation put further, 
in any expression in which ao, cti, enter linearly, 

Uo = a/, Ui = allots, <X2 = . . . , = ^2^ 

confusion being prevented, in case squares and products of the second order 
enter, by the use of another set of symbolical quantities ^i, /Sg, such that also 
(Xo = ySi® . . . Ug = /Sg®, and similarly for expressions of higher dimension in ao . . . ae; 
then, with (a/ 3 ) = — OgA, it is at once verified that 

aoa4 - 4aia3 + Sug^ = (a/ 3 )^ + 3 a/ = (al 3 )\ 

i (Oiao - Sagas + 2aza^) = Jotg/Sg (ai/Sg + ag/Si) (a/3)^ 

■| (aoas - 3aia4 + 2a^as) = ^ (^i/Sa + otg/SO (a^)^ 

^ (aoag - 9 a 2 a 4 + 8a32) = ^ (aZ/Sg^ + + ag^/S/) (a/ 3 )^; 

hence if the differential equations written down, taken in the order of those 
involving Qgggi, QggH, Qgin, Qnii , te multiplied respectively by 
6 h^hi^, 4^2^/, where /ig, hj_ are arbitrary quantities, and then added, it is at 
once seen that they give 

^Aj^^acr' = (aA)^ crcr^ 

where A^ = AiAi + ^2^2, 0Lh = cLihi + (aA) = WiAg — agAi, 

and, as before, after differentiation Vi\ are to be replaced by 

Now let Xi, /xi, Xg, yxg be arbitrary constants whose determinant Xjyag — Xg/xi 
is supposed not to vanish, and will presently be taken equal to unity ; put 

~ Xi^?! + /u-i'yg, = Xi^^i “h /Xi'Wg , = \iki -f- 

U 2 — Xg'^i “h ^^2 ~ Xg^^l “f" ) ^2 — Xg^j + /Og^g j 

further let ^g, Bi, B2 be symbolical quantities defined by 

= a^Xj + otgXg, Bi = ^1X1 + /32X2, 

A2 = aj/Z-i + CXg^g, B2 = /3i/^i + 

SO that, for instance, 

= aoX/ + da^X/Xg q- . . . agXg® j 

we denote Aq, jBj, jBg respectively by ax, y^A, / 3 ^; we have then 

' dui “ 3 m 2 ’ 3t>a 3 mi 3 i «2 ’ 

0 0 * 

and Vi = — — = Xi Ai + XgAg, = Aa, say, 

0 0 

A^ == Aj Ai Hh Ag Ag == J -f- A^gV 2 == Vj 5 ;, 

(- 4 J?)=:=(X/.)(ay 8 ), (alV) = (X/x)(aV). 


and hence 
with 
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of the differential equations. 


Thus the differential equations are the same as 

{ABf . 22 ' - {AVyti:, 

where herein being independent linear functions 

of the arbitrary quantities Ai, As* are themselves arbitrary, and the equation, 
save for the powers of (X/x) which enter, is of precisely the same form as that 
from which it is derived; supposing (X/t) = Xj/ta — Xa/^i == 1, we may then 
equate coefScients of like powers of and shall so obtain five differential 
equations of precisely the original form, save that ao, Oj, ag are respectively 
replaced by Ao= aA® = ... H-aeV, A = = + •••> •••, = 

these are the coefficients of the powers and products of k^ when we write 

aoV + 6aiV^2+ = ^0^1® + ^A^k-^^k ^-^ + ALg&a®. 


The functions 



dv^dvi 


logS, 



are then given by 

1 ^ 2^22 "h -^ 21 “ /^ 2^^22 + (^^1 + p 21 + 

Pll = X2®^22 + 2X3X1 g?2i + Xi^^ii , 


and there are similar equations for the differential coefficients of the third 
and higher orders. 


We can now choose the four constants Xi, Xq, //^2 to satisfy three 
conditions in addition to the one already imposed, Xi^a— X 2 /Xi = 1. For 
instance we can take 

Ao = 0, ^g = 0, 6Ai + ]5il3+ 20^3 + 15^4 + 6^ = 0, 
so that, for arbitrary cv^ 

Alo+6J.ia’4- ... +-460;®= 6jlia?(l — o;)(l — pioo) (1 — p2^)(l —pzOc)\ 

or we can take -4.6 = 0, 6-45 = 4, in addition to another condition, which may 
be for instance -44 = 0. 

We shall limit ourselves to taking Aq = 0, 6-4g = 4 ; for this it is necessary 
that fh = fJh^, where ^ is a root of the equation 

f (0) = (Xq + 6(Xi ^ + . . . + (Xg^® = 0 ; 

taking Xa = 0, we have then Xi/tg = 1, and 

I = -45 = = ao\/Jbi^ + oai\ifjii^fjL2 + . . • + = \fh^ (ao + 5^1 ^ + . . . + 

or = cXo^”® + 5ai^^ + . . . + ag ; 


J^22 = +2^ -P21 = J>21 + ^ — 

4—2 


then 
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Now put 

-Aq ~ Xqj 6-^1 = Xi, I5u 4.2“A25 20-A^ = Xg, lo ^4 — X 4 , 

and 

X = P22‘-1^X4 = P22 — 1-^4, F=P21 — :^X3 = P21-~-|--4s, Z^P n ” =Pn “ j 

so that 






where 
and put 


Si = e^2, = I J. 4 ^ 2 ^ + i-43t;2'yi + 

P - f 

“ dv.^ ’ ^ 


Then it can be verified that the differential equations take the forms 
previously obtained; for instance 

— • SPsg^ + A^Aq — 4-A3-45 + 3^4^ + - 44 P 22 — ^A^P^i + -^ePiij 

04 

which is the value of — log S {v\ becomes equal to 

•— 2 (X + '^A^^ — f-d .3 + 3 ^ 14 ^ 4* A^ (X + 1•-44) — ■|(F+ 
or — 2X^ — — 5 u44X — |F, 

or — (6X^ d” + 4F), 

as in the differential equation of p. 48. 

We recall now (pp. 13, 25) that the dependent variable of the previous 
differential equations was a function 

+ 2Hvn + iirm^ 


where jET is a matrix of non- vanishing determinant, such that if the periods 
for the integrals 



Vi 

x,a^ j 

J a 


,»=j 

"x 

y~^xdx 

a 

be given by 

1 

^y~^dx 

2«ii 

2o)i2 

2<Bii' 

20 ) 12 ' 


J 

ly'~''^xdx 

2<B31 

2®22 

2®2i' 

2o)23 j 


then 2jErft) = iri, ^Hco' = irir ; while G was such that 


roj rz p 2y5 dx dz 

aJo y 5 


22S(7,3F/>^y:/>^. 


To obtain the dependent variable of the generalised form of the differential 
equations we are thus, as appears from the preceding work, to multiply by 
e^, where If = — ~ afterwards to replace Vi, V 2 by 

Wi, Uq determined from the equations 

■Ui = Vi 4* fl2 '^2 J = f^2 ^2 . 
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of the invariantive form. 


where |/^ ^ = ci(i 0 ~^ + ... +0^5. 

Now let 

C22 = ^22 ~ Ca == O21 — Oil == Oil — ; 

add, to the equation above which defines 0, the quantity 

Tr 4 ^ ^ ^ . dx dz 

or 2 j {^X45Pir q- (^i? + ^) + “ y 5 

it is at once found, with the values -do = Xo, 6-di==Xi, etc., as given above, 
that the expression 

2 {A, + + ZA^a^ + A^cd) +6(^1+ 3A,x 4 - SA^x^ + A,x^) z 

+ 6 (A, + SA,x + 3^4^ + ^ 5 ^) + 2 (.4s + 344^ + 345^^ + A,a^) z^ 


is equal to 

F (x, 2 :) + 8 (a? — zy [^X^xz + ^Xs (a; + 5 ) + ^V^a} , 

the expression F{x^ z) being as before S (xzy [ 2 X 2 ^ + + ^)] j 

be seen that the former of these expressions can be written symbolically 

as 2(A^ + A^y{A^ + A^y; finally notice that if we put 


X = (Xg 4- (Xi 4 - ^t)f 

we have 

(fo (ao+ 6ai«+ . . . + (*6®)“^ = 'X.id!5(4io+64dii+ . . . .)■ t 

icdis(ao+6aiX+ ... )~^ = X2(ii(J.o+6j4ii+...) ^+ft2tdt{A^+6Ait+...) 

we can then formulate the result of our transformation as follows : — 


The differential equations of p. 49 

— ■j^ 2222(^) ” — ^O&sCts 4* SCO^^ 4 (^4^22 2G&6^21 4" CCq^h 2^22^, 

etc., etc. 


are satisfied by 


<r (u) = 


where, if 2(o, 2®' be determined for the sextic f{x) = Uo + 6aia; + . . . + a^, and 
a certain dissection of the surface representing =/(«), as the periods of 

rx fx 

the integrals y^'^dx, / xy-^dx, then A is a matrix of non- vanishing 

determinant, t a symmetrical matrix of non-vanishing determinant deter- 
mined respectively by 2hco = iri, 2ha' = ttit ; and c is a symmetrical matrix, 
determined, if f{x) be symbolically written = (a^ -t- and s’* =f{z), by 
the fact that 



2<i^a.i->r 2ys ^ 2 

4t (« — zf y s 


rx rz 

[c^z + Ci 2 {X + z) + CiJ 

J a J c 


dx dz 

y s 


is the normal elementary integral of the third kind 11^’ 
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The differential equations being thus shewn to have an invariantive 
character, various properties of the quartic surface which is represented by 
the relation connecting ^>22, at once deducible. This is explained 

below, in the chapter dealing with the geometry of this surface. 

But the form obtained for the differential equations, 

= (a/3)%^2y87,^ o-a - a;,^(aA)W, 

is of importance also as shewing almost at a glance how the differential 
equations may be used to obtain the expansion of the integral function cr (u). 
This is explained below, in the chapter on the expansions. And these 
expansions in their turn enable us to prove succinctly various relations 
involving the functions ^22('^)) properties developed in the 

next chapter in regard to the geometry of the surface are for the most part 
restricted to those which interpret these analytical relations. 



CHAPTER III. 


ANALYTICAL RESULTS RELATING TO THE ASSOCIATED 
QUARTIC SURFACES. 


14. Intimately related with the theory of the functions under con- 
sideration are two quartic surfaces. We give now certain elementary 
properties of these, deduced, for clearness, independently of preceding 
results. 

To illustrate one step in the argument we presently employ, consider first 
a simple example. Let a quadratic form, of non-vanishing determinant, 

which we denote by become, by a transformation written that 

is by 

= H'n^i "h d* , (r = 1, 2, 3), 

changed to or 

<^11 ^ d- <^22 ^2^ d- <^33 ^3 ^ d- 2a23^^2 ^3 d“ ^3 d~ 2^22 ^2 ; 

so that of — ap = afx^' . fju^' = 


and therefore a' = “jlafi, namely 

/ ^11 ^32 ^3 \ “ / ^21 /^3l\ / (hi ^12 ^sX / Mil Mi 2 MlsX > 

I ^^1 ^22 ^^23 j j Mi2 M 22 /% j j (hi ((22 ^23 j j M 2 I fhz Jhz j 

Vasi'" ^32 ((23/ \M33 M23 Mss/ \ ^31 ^32 (^23 / \/^Zl M32 M33 / 


if A, A', M denote respectively the determinants of a, a' and //-, this gives 
A' = M^A, Now the relation a' — 'jlafL is the same as 
obtained by taking the invei'se of both sides; if be three variables, 

and {pi, P 2 , pz) — j^iPi^Pzi p^> OT p= iJr^p\ we have therefore 
a~'^p^ = ijr'^a~^Jl'~'^p'^ = a~^Jjr^p\ pr^p' = 


a /A ^^ 22 , A ’-d. 22 , A ^^32 

I A ^^225 ^ ^ ^-4-32 

^A ^^23, A ^.^23, A ^-d -33 


or, since 
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we have 


Oil' 

^12 

(hz 

P/ 

=ilf^ 

ail 

^^12 

a^s 

Pi 

< 

^22 

^23 

P/ 


^21 

»22 

^23 

P2 

as/ 


<^33 

P/ 


^-31 

a’32 

<^33 

Ps 

P/ 


IPs' 

0 


Pi 

P2 

P3 

0 


the determinant on the right being the quadratic form multiplied by 
— A. The transformation f — Jip gives or equal to 

pp^' = fi^'p = ^p = p^ ; conversely p^'=p^ defines the transformation of p 
from that of 

Consider now the expression 
where 

“ ^1^1 ”h 0^2^2 9 ~ ^ ~ 

(^cj)) = ^i(f >2 — j 

partially expanded this is 

2^1^^2<5^2 d” *“ (^1^2 H“ (^1^2 ^20l)*' 

+ ^/32^0i<j>i (d(l>y - + 2ciyoL2(j>y(j>2 + + a2^<?^>20 

+ 3al^a2^l^^2««^.® + 3aia2^^i02^a<f.® + a2^^2^a<3[>®} ; 
suppose that, in the fully-expanded form, ySi^ which enter linearly, 

are replaced respectively hj w, —y and z] that 01^029 ^l^2^ ^2*9 which also 
enter linearly, are replaced respectively by f and ~ r; that (f)^^ <l>i(f>2, 

^102^9 <p2^ replaced respectively by — v, — r ] and that czi®, ai^Wg, 

«iW9---9 s-i'® replaced respectively by (Zo9 ^>^19 <^9 ••• 9 The expression 

then becomes the quadratic form in t, 

(pr ” (97?“ - ^t) 4- 42: - 97^) 

— ^ (ao^— 3^197 + Sagf — %t) — 77 (— 3ai^ + 9a297 ~ Qag?* + 3a4T) 

— ^ (Sagf — 9^377 + 9 ai^ - S^bt) — t (— — 3 a 5 f + aer), 

whose coefficients form the matrix 

J5r= . — ao , 3ai , — 3a2 4-2£r, a^—iy 

I 3^1 , — 9a2 — 4 iZj dag + 2 y , — 3^4 + 2 w 

I — 3a2 + 2^, 9(^3 -f2y , — 9a4 — 4ir, 

\ ag- 2 y , -3a4 + 2^r, 3ag , 

so that, using to stand for the row (|^, 97, r), the quadratic form may be 

written 

Now subject 97, r to a linear transformation, as in the illustration just 
considered, but not to the most general transformation in four variables, but 
to that, depending only on three parameters, which is defined thus : let 
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'K, P'2 6e four parameters subject to Xi/62 — = 1 ; put, in the 

symbolical expression we Have used to define the quadratic form 

6 ^ = = + ^1 =\I 3 i + Pi^2 » aZ-aAi + asAa; 

62 “ ^ 2^1 + p2^2 } ^2 ~ ^ 2^1 “i" /^ 2^2 > /^2 ~ “t p2^2 ? ^*^2 ^ ^l/^l "t ^2p2) ~ ^/Jt. > 

since these give 

= = (e<i>)=(e'cf>'\ {^e) = {/ 3 'e'x 

they leave the form quite unaltered ; they give as the transformation for 
?? V} if> course, we take etc., 

/ V , -sxiVi . , - Ml* V (f , v. r.TO, 

I 2X1X2/^ “h , ^2^1" 2X1^1^/^, prp2 I 

I X 2 X 2 '' , (^2X1X2^162 4 " X 2 ^yai), ^lp2~ 4 “ ^X^plpz } Plp2 j 

^ -V , 3X2^//^ , -SXsiaa^ , /i-s' ^ 

or its equivalent 

(^> v, r. t') = / jii , , Ml® \ (?. ’?> Tj t) ; 


Ms® . 

3M2®Mi 

^p2Pl ) 

M3®^2t 

^MzMAs'I' M2 ®^J 

X 2 P 1 4- 2fi2fh^i } 


2 m 2 ^ 2^1 Mi^ 2 ®j 

p2^1^ 4" 2^iXiX2 , 

X 2 ® , 

3XAi 

8 X 2 X 1 ^ 


at the same time x = 9 ^, y=z.^d^d2, z^di are connected with x'^6p, 
2/' = - 61 9.2 y z = 9 p by the linear transformation 

{x, y, ;S^, 1 ) == y , 0 . {x\ y\ z\ 1 ), 

/ — X1X2, Xi^2 4 “ 'X^y-iy — P1P2} \ 

I X 2 ^ , 2X2/X2 , y2 1 fi j 

\ 0 , 0 , 0,1/ 

which is afterwards denoted by {x, y, z,l) = m{x\ y\ z\l)y or its equiva- 
lent 


J 

2m2Mi 1 

// 2 
pi 

, 0 

P2^y 

Xi^2 ”1" 

Pl\ 

, 0 

Xa^ , 

2 X 2 X 1 , 

V 

, 0 

0 , 

0 , 

0 

, 0 

lXi®X2 4- 

... +ae\’, 

ai' = 

aK\ 


With these changes we have 
that is 

^x (rfT — 4“ . . . + (— 4- ... - agT^) 

= 4 ^' ( 7 i'r' - + •••+(- aoT + •••"“ 
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Thus if we write the transformation for 77, r in the form ^ = /if', 
we have 

and, since, as is easily verified, the determinant of /i is (Xi/ig — or unity, 

we have, as in the illustrative example previously considered, the conse- 
quence that the determinant 


-^0 , 

3ai , 

— 3a2 4 2 z, 

ai-^y , 

^0 

3ai , 

1 

<M 

I 

9 a^ 4 2 y , 

— 3a4 4 2 x, 

- 3 c, 

- Sag + 2^, 

9 a 2 + 2 y, 

— 9a4 — 4 fx, 

Sas , 

3c2 

0^3-27/ , 

“ 3a4 4- 2 x, 

ScLq , 

— CIq , 

-Cs 

Oq ) 

3ci , 

3c2 , 

-C 3 , 

0 


is unaltered hy the transformation, provided the transformed quantities 
Oq'j Cij C2, Cs he defined by the identity 

Cof — 3 CiU + SCsf — C3T = Co'f ' — SCir)' “f SCa'f ' ~ C3 V' ; 

this identity gives, if we write, symbolically, Co = 7l^ = 71^72 » ^?2==7i72^ 

Cg==72^ and similarly Co'==7/^ 0/= 7/^72', the equation 

ye^=ye''^; 

thus the equations of transformation for Co, Ci, C2, C3 are 
^0 “ yk ^ Oq^i + 3 ciX/i^X 2 "h 302X1X2^ + 03X3^, Cl = y\^yfii C2 = 7 a 7 /a^> ^3 = 

In explicit form the ten equations expressed by K' = JIK/ul are 

ij = % (AT //-)}^ = X X ^rs H'ri ) 

r r s 

these giving every element of the matrix jBT' as a linear function of the 
elements of the matrix K, 

Further, it will be remarked that the equations above which express 
oo\ y\ z in terms of x, y, z are the same as those occurring in the previous 
chapter (p. 51 ) to express P22, P21, Pn terms of ^>32, ^21, Pul and if we 
there form the corresponding equations to express P222, iii terms of 

^222, f>22i, •••> namely, by means of the equations there occurring 

dvz du^ ^ dvry_' ^ du^ ^ du^ ' 

it is at once seen that these are the same as those whereby here f', 77', f', r' 
are expressed in terms of f, 77, f, r. 

Taking in particular Xi, yu-i, Xg, fji2 so that 

= a/ = 0 , 6a/ = fiaxa/ = 4 , 

putting then 

Ojq ~Xo, 6 ai ~ Xi, 15a2 ~X 2 , 20 a 3 = Xs, 15a4 — X 4 



ART. 14] 


of the quartie surface. 


6< 


and 

X = x — — 1^4 , Y — y'~~ i z' — — z' -- fa/, 

the matrix K' takes the form 

.-Xo, , 2 ^ , ~ 2 F 

/ j 2F+JA3 > 2X 

I ^Z , 2 F+ jXg , — ( 4 Ar + X4), 2 

\-2F, 2Z , 2,0 



of which the determinant has occurred already (pp. 38, 41), under the name A 
Thus it appears that the functions ^ 21 , which satisfy the generalisec 
differential equations of p. 49 are connected by the determinantal equation 
I JiT I = 0, obtained by equating to zero the determinant of the matrix K, and 
that the corresponding functions ^ 222 , ^ 221 . ••• given by 


(^0^222+ ^1^221 + 4^211 *h ^3^111)" — 


i 


-Go , Soi , -3a2+2^, a3~2y , k 

Sn^i , 9^2 4^, ^Oj^~\‘^y , — 005 ^ 4 2(3/, 

-3a2+2^, 9a3+2y, —9^4—4^, Sas ,4 

as—2y , ~3a4+2^, Bag , - ,4 

4 > 4 > 4 > 4 > 9 


We denote the determinant of ^ by V; by differentiating the unexpanded 
equation V = 0, we have, if denote the minor of the jth element of the fth 
row, and |^, rj, r denote the general functions ^> 222 , etc., 

g = 2V^ - 4V33 + 2V^ = 16 (vr - 


gy = - 2V,, + 2V^ + 2V,, + 2V^ = 16 (v? - ^r), 
^ = 2V,3 - 4V„ + 2V3, = 16 - V^), 


while, if the variable t (= 1) be introduced to render V homogeneous in 

y> 4 

3V 

_ ~ — d” “ b(Z'2^ 23 ““ 90^2^22 4“ 4" 18CX'3^23 

— 9(X4 V 33 + GtXgV 34 (XeV 44, 


= 4 (— aop4- 4- 2^3 4- ISas^f — 6a47jT 


If we write 


~ 9^4 5“^ 4- Gas^r — a^r^). 


Q, = 4 (tjt — f ^), Ca = 4 (i;? - fr), Qs = 4 (ff - 

Qi - (— “of® + 6ai^ - ... - ae-T^), 

the quadratic form in tj, %, t whose coefficient-system gives the matris 
K has the form 


+ yQ2 + + Qa, 
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wherein, however, x, y, z do not necessarily satisfy the equation V = 0 ; if we 
denote them therefore by ah.,yx,Zx, and denote by x,y, z & point satisfying 
V = 0, the quadratic form may be written 

9V av av av 

and its vanishing represents the tangent plane to V = 0 at {x, y, z). 

It may be remarked in passing tkat the determinant of five rows and columns 
occurring above, consisting of the determinant V with the elements Cq, - 3 ci, 3^2, 0 

written to make a fifth row and a fifth column, if we change the sign of the first and third 
columns, then of the second, fourth and fifth rows, then divide the second and third columns, 
as also the second and third rows by 3 , and write |^=&23 = becomes 

CKq 5 0^3 Cq 

j <^2 + 2^05 C 53 + ^1 ) — 3623 <^1 

0 ^ 2 "- 3&03 3 <^4 + 2^23 % 3 

(Z3 — 95 i, ^4 — 3523 % 5 <^63 <^3 

Co , 3 ^2 5 i ^ 

and it follows by what has been proved that this is unaltered in value by replacing 
cty by 5 y by where ^iJ?2=^i3 ^2^ ==^2 3 and c,. hy , wherein 

X1/12 — = 1 ; namely, for linear transformations of determinant unity it is an absolute 

invariant of the three binary forms, sextic, cubic and quadratic, denoted by a^;®, 

So the determinant of four rows and columns obtained by omitting the last row and 
column of this, is an invariant of the sextic and quadratic. And herein 5 o, 5 i, ^2 ^^7 he 
replaced by any the same constant multiples of themselves. 

15 . From the invariant character of the matrix K we can now obtain 
certain geometric properties of the surface V = | JT | = 0. 

Firstly, as we have seen (pp. 57, 59), by means of equations of the form 

X = fiix + - f ax^a/3 F= y-h 

X = 2X2X1^ -h \xZ — 

where Xi, jUi, Xg, are such that Xi/^a— Xg^i = 1, a/ = 0, axa/f=|, it is 
reduced to the form A = 0, in X, Y, Z, of which the expanded form has been 
given before (p. 41) ; supplying a multiplier T (= 1), to render the equation 
homogeneous, we have V = 16X, where F is of the form 

F^T^P-T [XoX« - X,X2F+ XaXF^ - 1X3 (F« + XYZ) 

+ \,Y^Z-4^YZ^] + (XF~ YJ] 

thus T =0 gives F={XZ-- F^)^, so that the surface touches the plane at 
infinity along the conic XZ— F® = 0 ; also, in form, 

^^==TL + 2Z (XZ - Y^), ~ = !Z!M- 4 F (Z^ - F®), 

^=rZ + 2 Z(ZZ-Ffy 

~ = 2 TP- [\„Z* - X,Z^F+ X,Z F** - iXa ( V’ + ZFZ) + X4 Y^Z - 4FZ^] ; 
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the surfaces dFjdX^Q, dFjdY =0, dFjdZ^Q, dFjdT^O thus meet r=0 
respectively on the conic XZ and the line Z^O, the conic 
XZ— F^= 0 and the line F= 0 , the conic XZ F^ = 0 and the line X = 0, 
and on the cubic \qX^ ^ — 4}YZ^ = 0; the six intersections at infinity of 
the conic and this cubic are given by F= — 6X, Z= 6^X where, as we see at 
once on substituting in the cubic, d is a root of the equation 

Xo + Xi(9 + + 4(9® = 0 , 

together with X=0, F= 0 , Z=l, coixesponding to 0=oo. Also when 
X, Y, Z are infinite we have 


XZ — F^ = (P'ioc + + fJbiz) (X^x + 2 X 3 X 12 / 4- X-^z) 

— [/iaXa^ 4- (/i>2Xi + /^iXg) y + //iXi-^]^ 

= xz -- y\ 

Thus we infer that the surface V = 0 touches the plane at infinity along 
the conic xz — y^-=- 0 , and has nodes on this conic at the six points 


X y z 


where 6 is any one of the roots of the equation 

tto + 6 <Xi 04- 1502^^ + ... + a6^ = 0. 

Further, by taking the coefficients of transformation Xi, fii, X 3 , yttg to 
satisfy the equations 

Xi/^2 X^/^i = 1, ftx® ~ 0) CL^ — 0, 

the transformed form of V becomes of the shape 

0 , ^Xi , 2 <Z , — 2 F , 

iXi , — (4^4-X2), 21 +- 1 X 3 , 2 A 

^Z , 2 F 4 -- 2 -X 3 , — (4-X" 4“ X 4 ), l-Xs 

- 2F, 2Z , iXs , 0 

differing from A in having Xq = 0 and Xg not necessarily equal to 4 ; when 
expanded this is 

(•^XiXg — 4Z-^)^ 4" 4F[XiZ (4Z 4* X 4 ) 4" X^Z {^Z 4* X- 2 ) 

+ (iXiXg + 4Z^ (2 F 4 - ix,)] 4- 4F^ [(2 F + - (4Z + X 4 ) (4Z + X 3 )] ; 

thus the plane F = 0 touches the surface along a conic lying on JXiX 5 = 4ZZ. 
Now the transformation to these coordinates is given by Xi/xa — Xa/Xi = 1 , 
= Xg = Xi 0 , where 6, are any two different roots of the equation 
do + 6^1 ^ -h 1 5 Og 4- . . . 4- as <9® = 0, 


} 




d-y^iXg, 


X2 > 

2X3X1 , 

X/ 


and 

(X,F,^) = 


{x, y, ^)- (f 
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in particular 

F= + (Ata^i + /^Aa) y + fliXiZ — ^ ' 

Dividing this by /iAi, and denoting ai+ a^6 by a^, we infer that the plane 
Pe,^ or 

e^a= + {9 + <l>)y + z-^^l^ = 0, 


touches the surface V = 0 along a conic lying on the quadric 



2 {e-ct>f_ 


(p^a; + 2<py + z — 


3a/a/ 

2id-<f>y_ 


3 aga^^ . ug^a^ 

^ {6 - (py 


We have had the relation K' = ixKjjt. for the transformation of the matrix 
K (p. 58), equivalent to Kij' = '2XKrsiJinH-s}> —2Y occurs as the fourth 

r s 

element JTu in the first row of K' ; the elements fin, /isi the matrix fi of 
the transformation ^ = fi^' are (p. 57) 


thus, dividing by fiiX^y the plane can also be written 

K(i, <^>^ “<#>^)=o, 


and this can be at once verified to be equivalent with the form above. There 
are thus fifteen such planes touching the sui'face V = 0 along a conic, beside 
the plane at infinity. 

If now di, da, , dg denote the roots of the equation 
ao + 6aid 4- loagd^ + ... H- = 0, 

we can prove that the point of concurrence of the three planes Pq^^ Pq^^ 
e<i is on V = 0, and is a node, and coincides with the point of concurrence 
of P04, 06, P04, 06» Pb5,6q', the surface has therefore ten nodes of this form, 
beside the six nodes proved to exist at infinity. To prove this, we first 
transform the ten equations Pq^ ^ into the forms which they take when the 
equation V = 0 is transformed to A == 0 ; these special forms will be of interest 
later in considering the expansion of the sigma functions in series. 

It has been remarked that the plane Pq^ is given by 

K(i, -d, e% -d0(i, -(/>, <^>^ -<^0; 

further it is part of our definition of the transformation (p. 57), that the 
ratios of the quantities (1, — d, d^, — d^) are transformed by the same law 
as the quantities (|^, rj, r), previously denoted by f = fi ^' ; the equation 

of Pe,^, 

d<f)X 4- (d + 0) 2/ + ^ = 
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is therefore invariantive, and we may suppose, herein, x, y, z to be the 
variables denoted by x\ y\ z' on p. 57, and 6, <!> to be the roots of the trans- 
formed sextic. In particular let 


aa.®= Xq -f 4- =y’(^), say, 

and put, as before, p. 59, for x, y, z respectively, 

X 4 - -5^X4, Xh-^^Xs, ^ 4 - 3^X2; 


the equation is thus, on utilising the identity given, p. 53, which connects 
X((9, ^) = S((9^y[2X2i4*X2£+i((9 + ^)], found to be 


e<)>x-h(e + 4>) Y+z== 


F{e, ci>) 


where now 0, <p are any two roots of f(x) = 0, or consist of one of these roots 
together with the root oo , which has not been expressed in our non- 
homogeneous method of writing the transformation; when is 00, the 
transformed equation is 


0X+Y^{i^-^(d- [2Xo + X^(0 +<!>)+.,. + 2(9^- 0^X4 4- (0 4- <^)]} , 

where we are to take the limit of the right side for ^ = 00 , which is 0^. 
There are thus ten singular planes, Pq^ of the form 

0^x + {0 + <}>)Y+z^i{e^ 4>y ^ f (< 9 , = o, 

where 0, j> are any two roots of /(^) = 0, and five, Pq, of the form 

(9X4- F-^^ = 0, 


where 0 is any root oif(x) — 0, beside the plane at infinity. 

Denoting \{0 — ^)~^F{0, by it is at once evident that the planes 
Pei P^i Pe,i^ intersect in the point X=04-^, Y= — 0<f>, Z=~eQ^^; let 
0\ <f>\ ylr' denote the roots of f{x)=^Q other than 0, <^; the plane passes 
through the same point if i 

0'<f>' (0-+ <j)) - 0(f) (0' 4- (f)') = <j>'—ee,^; \ 

by writing 60, in the form ^(0 — (l))~^ [F{0, <f>) — f(0)—f(<l>)\ it mat once 
found to reduce to 0<f> {0^ 4* <j>') 4- {0<f> 4- 0'(j>')) which establishes this 

identity; thus also the planes and pass through the same point. 

If in addition to the conditions a^®=0, = Xi/>62 — X2/ai = 1, imposed on 

the four quantities Xi, y^i, X2, /-tg) order to obtain the equation A = 67^6 
make also = 0, the transformed sextic has also Xo = 0 and the ten poinl^ 
((94.^^ — 0(j^^ break up into a set of six of this form, where 0, <f) are any 
two roots of the equation Xi+X 20 + Xs0^ -\-X 4 ^ 0 ^ + 4<0‘^=O, together with four 
of coordinates of the form (0, 0, |^Xi0"^); that this last point is a node appears 
at once from the transformed form of A, already given, p. 61, 

(Xi — 4<XZY 4* 4 1 [4X1 X^ 4" X1X4X 4" -g-Xg (Xi 4* 4XF) 4* ^Xg.^^ 4* ] 

4 4 F [(2 Y 4 g-Xs)® — (4X 4 X4) (4F 4 Xg) 4 2 (Xi 4 4XF)] = 0, 
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wherein the coefficient of 4F is reduced to zero by X=^6, 
provided 

[4<9" + 4- x^e^ + X,0 + XJ = 0 ; 

thus it follows that (0 cj), — 0(j>, is a node of A = 0 and an intersection 
of six singular tangent planes. It is at once evident that the node of A = 0, 
corresponding to the infinite root of the transformed sextic, namely the point 
X = 0, F=0, Z == 00 , lies on each of the five planes 0X + Y — 0'^ = 0, as well 
as on the plane at infinity ; that the node X/1 ==— ¥{0= ZI0'^= oo , lies on 
the six singular tangent planes constituted by, the plane at infinity, the 
plane 0X + F — = 0, and the four planes 0(j>X + (^ + <^) F 4- 2' — = 0, 

where ^ is one, other than 0, of the roots of the equation 

Xo + Xii9+ ... 4-4(9®=0; 

and that conversely the plane 0X + Y — 0^ = 0 contains, beside the node 
X = 0, Y=0, Z^ 00 , and the node Z/1 = — F/0 = ZI0^ = oo , the four nodes 
(0 -hcj), — 0(f>, ee, 0 ), where ^ is any one of the roots, other than 0, of the same 
quintic ; while lastly the plane 0(l>X + (0 cj^) Y+ Z— 60 ^^ = 0 contains, 
beside the two nodes X/1 = — F/^ = 00 , X/1 = - F/^ = X/<}[>2 = 00 , 

the node (0 + <^, — 00, 6^, ^), and the three nodes (0' 4- 0', — 0'<f>\ 
where 0', 0' are any two roots of the same quintic other than 0 and 0. 

The sixteen nodes of V = 0 thus lie in sixes upon sixteen planes each 
touching the surface along a conic, while through each node there pass six of 
these planes ; in particular, as was stated above, if 0, 0, yjr, 0', 0', yjr\ be the 
roots of the fundamental sextic, one node is the intersection of the six planes 
-Pr, Pd'.xif', If ^,0,^ be the roots of the cubic 

jOo + SpiO? 4- 3 jP 2^^ + = 0, and 0', 0', -0' of 4- ^q^oc^ 4 - q^o(^ = 0, the 

fundamental sextic aQ . . . + being written as a product of the 
cubics, or say, symbolically 

“Px^Xi 

the node in question has coordinates y, z obtainable by equating powers of 
the arbitrary quantity X in the equation 

^X2 4 - 2yX + ^ (pqyp^qK, 

or, what is the same thing, of the arbitrary quantities X, fju in the equation 
^X/^ + y (X + /^) + ^ = - ^% {pqf (p^q,. 

To prove this result we may either proceed as before, first shewing this 
equation to be of invariantive character and then considering a particular 
system of coordinates for which the coordinates of the point (x, y, z) are 
known; or we may proceed directly as follows, with the notation of 
symbolical algebra. Writing aa; = ai^i + a 2 ^ 2 ^ differentiating the equa- 
tion oi^^^p^qx three times with the operator ^i3/9^i -l-^2<^/9^2, we find 

20 ^Px^qz^-f'Pz^qx'^ + 9 {po,^p ^ . q^^q^^ -f- p^pi . q^^q ^) ; 
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but 

{xzy {pqy (p^q^ +Pzq^) = {px^'qz^ +pJ'qa? “ ^PxPzqxqz) (p^qz + pzqx) 

=^Pxqz -^Pz^qx^ - {pxPz • qxqz^ ^PxPz'^ . qiq ^ ; 
write now = -3^1 =1, ^2 = <^j with = 0, = thus 

20aa^ V = - 9 (^<^)' 

and the result to be proved becomes, in the particular case when the arbitrary 
quantities A, p are replaced by 6 , (p, 

x 6 <p + y {6 ^ <p)-\‘Z = ^(dcpy^ 

which is of the form of one of the six planes passing through the point 
whose coordinates are stated to be given by the formula. The result is 
then obvious. 

One further remark must be made; the transformations of the surface 
V so far employed have changed the nodes which are at infinity among 
themselves, and the finite nodes among themselves; there is, however, 
geometrically no such essential separation of the sixteen nodes into these two 
sets, any two of the sixteen being equipollent (gleichberechtigt). We do not 
stop now to prove this, as it is unnecessary for our purpose ; it will appear 
incidentally below. 

16 . Associated with the surface V = 0, which in future we may call 
Rummer’s surface, is another surface, also of the fourth order, having a point 
to point correspondence with Rummers surface, but in some respects 
simpler; to this surface, called Weddle’s surface, we must, for the sake 
of the periodic functions by which it is expressed, devote some remarks. 

If as before K denote the matrix whose determinant is V, each of the 
four expressions denoted by K (|, tj, r), of which for instance the first is 
(p. 56) 

— + 3 ^ 1 17 + (— 3cia + 2z) f + (Oa — 2y) r, 

is linear in x, y, z. We can then write 

K (I, y, ^,r)=W (Xy y, 1 ), 

where W is the matrix 

W= / 0, -•2t, 2f, — Uof + 3ai9; — Sag? 4- 

I 2t, 2 f, -49;, Soil — 9^297 + 9 a 3 ^- 3 a 4 T \ 

I - 4 f, 297, 2f, - 3 a 2 |+ 9 a 397 ~ 9 (X 4 f -1- SagT I 

\ 297, — 2^, 0, — 3C&497 4 “ Sets ^ — CE-gT ' 

and the Weddle surface is that expressed in homogeneous coordinates 97, 5 ', r 
by the vanishing of the determinant of this. 

We have denoted by ^ = the general transformation of 97, r, con- 

5 


B. 
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sidered here (p. 58) ; denote similarly the general transformation of x, y, z, 
by {x, y,z,l) = m (x', y', z', 1). We have seen that with 

ft = 4(^T-rO. Q2 = 4(^r-^). = 

and 

Q, = _ + 6ai^p - - ^a.pf- 4- 2a,fT + ^a^yT-9aX'-+^a.XT-iur\ 

the expression xQi + yQ^ + zQ^ + Qt is unaltered by this transformation ; thus 
if Qi, Qi, QL Qi tie the transformed values of Qi, Qa, Qs, Q 4 , we have 
{Qi, QX Q,'> Qi)=m(Qu Q 2 , Qs, Qi). Also if W' denote the transformed form 
of W, namely the matrix whose first row consists of the elements 0, — 2t , 
2^', - -3(hX' + air', we have, as we have seen that K' = /lKfi, 

W' {x', y', z\l) = K' (r, T ) = /lA/tr = {I t) = /Z W {X, y,z,l) 
-yWm{x',y',z', 1), 

and hence W' = JLW m, 

whereby every element of W is expressed as a linear function of the elements 
of W; and the determinants \ W'\, \ W\ are equal. 

Considering the cubic curve m space expressed by 

i-J!L-L = — 

1 -0 0^ 

and in particular the six points d^, 8^, 6^ upon this, where 0i, 0.,...,0s are 
the roots of the equation 

+ 6 ^ 1 ^ + 1 oa^9^ •+■••• + — 0 , 

the cones Qi = 0, ^2 = 0, §3 = 0 contain the cubic curve, and the cone §< = 0 
passes through the six points, as is obvious at once on substitution. The 
quartic surface expressed by |F! = 0, or, as we shall write, Xi = 0, may be 
regarded as arising by the elimination of x, y, z, 1 from the four equations 

a§/Sf=0, a§/37/ = 0, dQ/d^=0, dQldT = 0, 
where § = 0, denoting 

<zQi + yQi + ^Qs + §4 = 0 , 

is the most general quadric through the six points ; it is thus the locus 
of the vertices of quadric cones containing these six points. The cone formed 
hy joining any point of the cubic curve to all other points of the curve 
is a quadric cone ; the surface £l thus contains the cubic curve. A degenerate 
quadric cone containing the six points is formed by any pair of planes 
of which one contains three of the six points, and the other the other three ; 
thus n = 0 contains the ten lines of intersection of these pairs. And if any 
point be taken on the straight line joining two of the six points, a quadric 
cone can be constructed with this point as vertex to contain the six points ; 
the surface fl thus contains also the fifteen joining lines of the six points. 
Also each of the six points is a node on the surface, as may be seen directly 
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by taking such a transformation as makes one of the roots 6 of the fundamental 
sextic become infinite, and verifying that if = 0 the equation 11 = 0 contains 
no term in r^. 

These properties are derived by regarding [ TT 1 = 0 as arising from the 
assumption of the consistence of the four equations expressed by IF =0. 
We may however regard |1F| = 0 as arising from assuming the consistence of 
the four equations expressed by W (f', 7 }\ r ) = 0 ; these are the equations 
^'dQr/d^ + Tj'dQrldrj rdQrldr = 0 , for r = l, 2, 3, 4; they express 
that the polar planes of rj, r) in regard to the four quadrics Qi = 0, = 0, 

§3=0, §4 = 0 are concurrent, or that the points (f, 77, r), r}\ r) are 

conjugate to one another in regard to all the quadrics passing through the 
six base points, and as they are symmetrical in regard to these two points 
(^) and (f'), the surface O also contains (|', rj', r ). If we put 

F = 6^77 fr — 4 ^^^ — 477V + 877^ 

so that 0 is the developable surface generated by the tangent lines of the 
cubic curve ^/1 = — 77/^= = — r/^^, it is at once seen, by evaluating the 

minor determinants of the elements of the last column of the matrix W, that 
77', T are expressible in terms of 77, r by means of 

<-/ t c»/ / 

^ t 

ax 3 35* 3 077 0^ 

so that the equation 11 =: 0 can also be expressed by 

3^ 3 t S 9 i 7 3f 3 3f dr] dr 3f ’ 

wherein § is the general quadric through the six base points; and as this 
relation is merely an identity when for § are written either §i or §2 or §3 
it is sufficient, to represent H, to write §4 in place of §. We may interpret 
this form geometrically by introducing the line coordinates, l=^ho' — FG, 
m = ca' — a, n = ah' ~ a'h, I' = dd — d' a, m' = dV ~ d'h, n' = dc'— d'o, of the 
line of intersection of two planes 

4 - 677 + dr = 0, a'^ + Vij + c'f + d'r—O; 

then the equation expresses that the polar plane of (f, rj, r) in regard to 
the developable F=Q, is intersected by the polar planes of (^, 77, r) in 
regard to all the quadrics § = 0, in lines belonging to the linear complex 
^ + 3Z' = 0 ; and 77', x') is the pole in this complex of the polar plane of 

Vy '^) regard to jP= 0. Putting 

r V 
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it can be proved that 

Qi (r> ^') ^ r. r') 


Qs{^\v,^\r') 


= 4cr2i^(|, 7], t) ; 


^3 (^, V, t) 

hence it follows that the joining line of (^, tj, t) and (f', 7 }\ t) has for 
its intersections with Qi = 0 the same two points as with = 0, and with 
^3 = 0, namely is a chord of the cubic curve ^/1 = — 7;/^ = = — t/^^; it is 

divided harmonically at (^,7;, r) and 77', r')*. 

If = Oj Q2 = 0 , Q3 = 0 , Q4 = 0 be any four quadric surfaces whatever, the 
conditions that the quadric Q = xQi + yQo + + Q4 = 0 should be a cone with 

vertex at (^, 77, r) are expressed by the four equations such as 
xdQJd^ + + zdQ^jd^ + dQJd^ = 0 , 

which we may denote by (^, y, 1 ) = 0, or Prf(ii?) = 0, where denotes 
a certain matrix ; if fl = | Tf^| , the equation XI = 0 represents a quartic surface, 
the Jacobian of Qi, Q2, Q3, Q4. When this is satisfied the four equations 
expressed by (^') = 0, obtained by multiplying the rows of XI respectively 

by can all be satisfied, and the points (f, 77, f, t), 77', r) are 

conjugate in regard to all the quadrics Qi = 0, Qq =0, Qj — 0, Q4 = 0. We can 
write W^(cc) in the form Kxi^)^ where is a symmetrical matrix, and when 
Q = 0 is a cone, the parameters (x, y^z,!) are the coordinates of a point on 
the quartic surface \Kx\ = 6. It can be shewn that, under this condition, the 
polar plane of 77', r), in regard to this cone, is the tangent plane of 

XI = 0 at t) = 0 . For putting down the relation Trf(|:') = 0 for 

consecutive corresponding points -P (^' + d^'), we have to the first 
approximation 

w«(r)+w-j(dr)=o. 

leading, by W^(x) = 0, if (x) denote (x, y, z, 1), to 

Well (r) (^) = “ (df) (^) = - (^0 (dn = 0 ; 

thus the arbitrary increments (cZ|) satisfy a linear equation 
^d^ Hh JBdn] + Gd^ + JDdT = 0, 

in which A, B,G,D are definite functions of (|^, 77, r) ; the tangent plane 
of XI = 0 at ( 1 ^, 77, f, t), if (X, F, Z, T), or (X), be current coordinates, is thus 

Wx (r) (*) = 0, = (f) = K, {X) (r) = K, (r) (Z) = (<.■) (Z) ; 


or 


' sQi(r) , sQ.(r) , , m^') 

ar ^ 9r sr sf j 


+ ...=(), 


which is the polar plane of (^') in regard to the cone xQi + yQ^ + zQ^ + Q4 = Of*. 


* It is easy to see that the tangents of the cubic curve belong to the complex i + 3?' = 0, and 
that any point of this curve and its osculating plane are pole and polar plane in this complex. 
For this complex of. Beye, Giometne cle Position (Chemin), Deux’^® Partie (1882), p. 114. 

t The quartic surfaces 0 = 0, |/v^]=0 are considered by Cayley, Collected Papers, vol. vii, 
p. 160. The above construction for the tangent plane of the Jacobian is proved geometrically 
for the case of four quadrics with six points common by H. Bateman, Proc. Lond. Math. Soc., 
New Series, vol. iii (1905), p. 232. 
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Pass back now for a moment to the functional relations; the general 
differential equations of p. 419, if we differentiate that one involving 

^2222 

regard to and that one involving ^>2221, in regard to and then subtract, 
lead to an equation linear in ^22, ^21? fn. and also linear in ^>2225 ^2211 g>2iij 
and there are four equations similarly obtainable; replacing ^30, ... by ^2^, ... 
and g)222j ••• by ?)•••? these are the four equations expressible either by 
K (1, 97, t) = 0, or TT {x, y, 2r, 1) = 0 ; thus the surface V = jiTI = 0 is satisfied 
by writing ^ = ^22(^0? ^'^d the surface I2 = |Tr| = 0 is 

satisfied by writing |^= g>222(^X = ^^221 ?= g>2n (^)* Either of 

these two sets of functions can be expressed algebraically in terms of two 
parameters ; see above p. 40, and below p. 77. 

17. With a view to having ready to hand concrete geometrical inter- 
pretations of certain functional relations which will be subsequently obtained, 
we desire to give now the proof of a group of birational transformations of 
which the surfaces V = 0, = 0 are each susceptible. The relations expressed 

by W{x,y^z^l)= K (|^, rj, r) = 0 establish a point to point correspondence 
between these surfaces; we shall prove the transformations for the surface 
Q = 0, and thence deduce the corresponding formulae for V = 0. 

Put, as before 

Q, = 4 (97T - ^), Qa = 4 (97^- fr), Qo = 4 - rf), 

Q 4 = — aol^- + 6aif77 — + 6a497r — 9a4^--h6a5^T—aoT^ 

and P4 = Q4 -{- ^05^4^1 “h -g-UsQg -I- ^ ci^Qs 

= ~ + 20a897^-~ 15a4f^ 4* 

so that P4 = 0 is, equally with Q4 = 0, a quadric passing through the six base 
points, which becomes, for 

G/q ~ X(i, 6ui = ^1) 150512 ~ SOotg ^3 j looC'4 — “ 4, Ug “ 0, 

reduced to P4 = — -f- X^^t) — X^t}^ + — X^^^ + 4 ^t ; 

while, correspondingly, 

TT / 1 0 0 I (X 4 \ = / ^ 2^ — 4- 30197 

I 0 1 0 ^Os \ / 2 t 25' — 497 Soi^ — I5O297 4 “ lOo^f 

I 0 0 1 fo2 ) I -4^ 297 2 ^ -IO0397- 1504^4- 305T 

\000 l/\ 297 -2f 0 3ogf^ OgT 

of which the left side will be denoted by TfP, where P denotes the second 
matrix. When Oe = 0, the surface XI = 0 has a node at (0, 0, 0, 1), correspond- 
ing to the infinite root of the fundamental sextic ; let Og = 0, 605 = 4, 1504 = X4, 
etc., and let (|^, 97, r), (fi, 971, ^1, ti) be two points of XI = 0 collinear with this 

node ; we first verify* directly that 
* Geometrically, the equation 

- Q, (ii) Qi (i) + Qi (ii) Q 2 tt ) +^4 &) Q 3 (0 - Qs fe) ^4 ® =0 
represents a cone with vertex at the remaining intersection of the Weddle surface with the line 
joining the node (0, 0, 0, 1) to (^ 1 , Vn ti, Ti). 
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(“ Q23 Qi> -P4? ~ Qs) — 0, 


/ 0 -2ti 2?, 

I 2 ti 2^1 - 4 ? 7 i 
1 27 ?, 2 ^, 

^ 2 vi “ 2^1 0 


■^o?i +iA-i 77 i 
2 ” ^a'^i + 2 ^3 

^X3 7;i-A 4^, + 2ri 
2^1 


where P4 has the form given above. We have denoted the general matrix 
from which this is derived by W, and its determinant by fl ; we shall denote 
this matrix, with rj, r for variables, by w, and its determinant by co, 
indicating the substitution of (^1 , t?,, t,) for tj, r) by writing Wi 

instead of w ; similarly etc. will denote the result of substituting 

... for f , .... We may suppose ^1 = Vi = V^ == We are to prove 

(- Q23 Qu JP., - Q3) = 0, = ^ : 

it is at once found, with f , = ^, ??, = 7?, that 

Q,a^ = Q, + 47?(T,-T), QP> = &-4nT,~T), =P4 + 4r(T, ^ t), 

or say 

(- QoJ^\ P4<^ - = (- Qi, P4, - Qo) + 4 (t, ^ r) (e 7?, r, 0) 

and that ^o 7?, 0) = - -i (Q, , Qo, Qj, 0) ; 

hence 

(- - Qa^^O = ^ (- Qa, Qx, P4, - Qa) - 2 (r, - r) (Q„ Q,, 0) ; 

now, since ^Qi + rjQ^ + ^Qs = 0, we may put 

^ (~ Qa, Qx, P4, - Qd = ( 2 W„ 2i\r3, 2W3, 0 ), 
where iV",, W2, W3 are certain cubic polynomials in 77, r; then since 

(^> V} '^) = (Qx> Q2} Qii) P 4)3 

we have 

2 (i7if + iV^oT? 4- Qo, Qij P4J — Qs) (?7 7 ?, t) 

= ^(1^3 77 , t) (- Q 2, Qi, P4, - Qs) 

= (Qi> Qz) Qsj P 4) (■“ Qsj Qi, P4J *“ Qs) 

Q1Q2 4 - Q2Q1 4 QsPi P4QS 

= 0, 

as well as 

Qi ?4 Qot? 4 QsS'^ 0 ; 

thus identically 

■W2Q3 - i\^3Q2 ^ W3Q1 - W,Q3 _ W, Q2 -- iV^Q, 

^ ^ r ^ 

and we find in fact on computation that these fractions are all equal to — 4a>, 
where « is the determinant of w. Thus, when 77, f, t satisfy the equation 
cy = 0, we have 
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But when both (^, 17 , t), and t), Tj) satisfy the equation « = 0, or 

- f t) + -V^) + '>^V (tvr - 2 ^^- + 

+ ^3 - V"r) - - 2^V + ^7^=) + 4 = 0, 

we find, by an easy calculation. 


On the whole then we have 

w (- -P4<'', - Q='^') = (2i7j, 2i7», 2i7„ 0) - 2 (t, -t){Qu Q„ Q„ 0) 

= 0 , 

as we desired to prove. 

This result relates to the case when the fundamental sextic has the form 
Xo + + . . . + X4Ci^ + 4izr^ and the points (^, t), r), (^i, 771, ^i) are collinear 

with the node ( 0 , 0 , 0 , 1) of o) = 0. By transformation we can obtain the 
corresponding result when the fundamental sextic has its general form and 
the two points considered are collinear with any node of fi = 0, and thence 
again the result for cy = 0 when the two points considered are collinear with 
any node of this. 

Attach dashes to the variables which have been used in the preceding 
verification, and so write the result obtained, 

where y=/0— 1 0 

/ 1 0 0 0 \ 

I 0 0 0 1 ] 

\ 0 0-1 0 / 

Now take 97, ?; r), (|i, Vi> '^i) collinear with any node 

_ 1 . == _X_ = = JL 

of n = 0, where ^ is any root of the sextic 

(ai-i/r + ckY =a/=F (yfr) 

= at,-^ + 6al^/r® + 15 <hir^ + 2003 if-=* + + Gas^fr + ae = 0 , 

and take four coefficients of transformation Xi, X2, 7x2 defined by (p. -ol) 

X2 = 0 , fj^ = fi 2 ^, Xi7i.2=l, 4 ya 2 -*= 6 ao^'+ ••• = ^' W; 
put also (pp. 57 , 69 ) 

■CT = ?)iP^= / Xj^ — 2Xi7ti fJa 0 \ / 1 0 0 ^aica^ 

I -XiXs XiT^s + X^ytti -yaiAta 0 W 0 1 0 | 

I X2= -2X2/a2 A*2“ 0 II 0 0 1 fa^^V / 


0 0 0 
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= T'f (^1. Vu Ti) = fi (^i', ??/, t/), 

the matrix /x being given explicitly in terms of Xi, yu-i, Xa, M2 on p. 57 ; then 
^TTm is of the same form as the matrix W but has coefficients a/ = a/“^cc/ 
in place of and variables rf, r ) in place of 77, r (p. 66), and 
p.WmP' or JlW'UT is of the form w (p. 69 ) in variables 97', r) and 
coefficients 

Xq •— (X 0 •“ , Xj “ n 2 ^ , X4 ^4 > X5 4 , Xg 0 j 

thus we have 

= JlWi'ST ; 

further Qi, Qa, Qs, being as on p. 66, m(Qi, Qa, ft, Q4) is (Q/, Q/, Qs', Q4O; 
in the variables 77', f', r ), as we have seen, so that P'Wi (Qi, Qo, Q4) is 
(Q/, QL Qi) -P4O on p. 69 ; thus 

(ftj Q^i Qjj Pa) ^ (Qiy Qqj Qjj ^4)* 

Hence, the equation 

Qs f P a) = 0, 

is the same as 

Qa, ft], Q4) = 0. 

In passing from the variables x, y, z to x', y\ z\ and thence to 
(Z, Y, Z) (p. 60 ) we have put successively {x, y, z, 1) = m{x\ y\ z\ 1) and 
(x\ y\ /, 1 ) = P' (Z, F, F, 1), so that {x, y, 1) = (Z, F, Z, 1) ; put 

y=^ij-= y 0 -i 0 0 V , 

/ i 0 0 0 \ 

I 0 0 0 ^ 1 

\ 0 0 0 / 

so that, as we see easily, 7^ = 1, and define a matrix F^ by means of 
Fg-i = — '53-7”^^, or 7 = 

so that r^*"^ is a skew symmetrical matrix whose elements are functions of the 
quantity 6 , where ff = and 

(Xq + 6(Xi 0 + + . . . + <Zg == 0, 

and, if 

(^ 1 , yi> ^ 1 , 1) = ^ (Zi, Fi, Zi, 1), (x^, ya, ^ 2 , 1) = CT (Z 2 , Fa, Za, 1), 

(^ij yi> ^ 1 } 1) i^ 2 ) y^) ^ 2 ) i) = r^'®’ (Zi, Fi, Zj, i) . 'm (Za, Fa, Zg, i) 

= ^r,^(Z„ F2, Z2, l)(Za, Fa, Za, 1) 

= 7(^i,F 2,Z2, l)(Za,Fa,Za, 1) ; 

thus finally the relation above becomes, if we omit the factor Jl, whose detei^- 
minant is not zero, and multiply throughout by 

^1^0 ^(Qi? Q2) Qsj Q4) = 0, 
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and here, as we easily calculate, 

= / 0 -r q' p 

/ r' 0 -p' q \ 

I -q' p' 0 r j 

\ 0 / 

where 

pp=z^fr-, pq = — y]r, pr = l, pp' = -f + as), 

pq' = — ^ "J" Sciiyfr'" 4- 4* lOdgilr + Sdi), 

pr = ^ (aQ'\lr^ + Gaj'ijr^ 4- 4- 19^3 a/t- 4- 12a4\^ 4- Sas), 

p = = V-i(6a„^= + ...), 

SO that pp' 4- 4- = — 1 ; 

and this is the covariantive form corresponding to the case when (|, tj, r), 
Sij '^1) collinear with any node ^ = — = of 12 = 0, the 

fundamental sextic being (d = A/r-i) 

a/ = ^('^) = 4- . . . + ae = 0. 

The foi'ms of p', 5', r' are given by the statement, easily verified, that if cr 
be an arbitrary quantity 

2p (pV - q' a- + r') = ~ a/)/(cr - = a^^a//(cr - yfr), 

where a^=:ajA/r4-a2, a<7 = ai<r4‘0£2, ai®a2 = ai, etc., 

so that 

= 0^ (0^0*^® 4- 3(Xii/r2 4. SagA/r 4- as) 4- Scr^ (ojA/r^ 4- SagA^r^ 4- Sas^Jr 4- a4) 

4- 3or (ttaA/r^ + 3 as^lr^ 4- 3a4A|r 4- ttg) + a3A|r^ + Sa4A/r2 + ,3a5A/r 4- ae, 
and the whole matrix is determined by the statement that, for arbitrary cr, 
2pr^(<r^ - <7, 1, 0), = 2p / 0, -r, g, p' v (0-2, - o-, 1, 0), 

/ r, 0, -p, 2' \ 

I -gr, p, 0, r' i 

\ -p', -o', -r', 0 / 


- 2 . 


= 2(<r-A/r)^l, crq-'vir, 


2(o-A/r)V* 

To modify the equation Trire"‘^(Qi, Qa? Qs, Q 4 ) = 0 to the form suitable 
for the case when the Weddle surface is w = 0, we take any four constants 
j P' 1 , P 2 such that ^1 p 2 ^ 2 P' 1 2 , and put 

^ = y ^2“ ^paP-i Pi^ “ \ , 

/ P 2 X 2 P'2^i4“PiX 2 Pl^l I 

I 7u^ 2XoV - f I 

NO 0 0 1 / 
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and 

= (aiT|r + + a^'‘ . (Xi — . (Xj - X.'fy, 

where -«|r' = ; 

then we find 

= / 0 -r' q p \ >=7flT\ say, ((9' = i/r'-i), 

f 5’' 0 5 \ 

I - 2 ' p' 0 r j 

where, with 

X„ = ax®, Xi = 6ax“a^, X^ = 15ax^a/. ..., X6 = a^‘*, pi = 
we have 

pip^ir'% pir = l, pip' 

p,q' = -^ i (Xo^'" + + i-Xgi/r'), 

Pl'^' = I + ^4''/^^ 4* 4 ^ 5 )? 

so that pp' 4- gg 4“ rr' = — 1, 

and the equation jlWiTf'^ (Qu Q 2 , Qai Qd == 
written in the form 

Q 2 , Qsj Q4) = 0, 

becomes (p. 72), if we further suppose (p. 51) 

X 2 = 0, P'1 ^ P'2'^Of X 1 /X 2 — Ij 4fp>2 ^ 4“ • • • ~ 

where ^0 is a particular root of jp(i|r) = 0 , the equation 

^1^6' ^ (Qif Qq} Qs) =^o, 
where 6' is any root of the sextio, 

Xo 4- Xi<9' + Xa^'^ + ... + X,e'^ + 4(9'« = 0, 
and P, = - Xo p 4- X^It? ~ X^r 4- X^rjl;^ X, p + 4 ^t, 

the form of w being given on p. 70. This form includes the case when ij>' = 0 
or 0 ' = 00 ; then 

Pi" = ~i(6Xo'^'®4-...4-4)=:-l, pi = -i, say, 
jp = 0, q-0, T — % y = 0, 3^ = 0, r' = i, 
and 70 /""^ reduces to 7 ""^ 

When is not zero we have pir'= — 1 , and pij' may be taken in 
the forms 

PiP^ = — 2 4- Xgi/r's ^ 4 ^^ 

Pi 2 ' = J (^,) 0 + ^4 ' 1 ^' + 4 ). 
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Also, if a be an arbitrary quantity, t = = and be given as 

(J 'Kj/' 

before by 

2 

4(0 — t)- t = 2 (BtY [ 2 X 2 ^ + \r+i (0 + r)], 

2*=0 


we have pi — 5' <r + ?’') = (a- — -x/r') t* 

And, if /(0') = ^o + X-i<9'-fX.^0'^4-X>0'^ + X4<9^" + 40^ 

we have pf = — {</) = (0') 

= + 2X20'+ ... + 4X40'^ + 200'^), 

or ^, = p,0'2==Vi/(0O, 

so that 

/Cl j? = 1, /Cig^ = — 0', ATi?" = 0'", ~ ¥(¥^1 "b ^20^ + X 2 0'^ + X 40 + 40 ^), 

^ + X40'^ + 40'^), ^17^' = - e\ 


If (a?!, 2/1, ^1) be a point determined from (f, 77, r) by 

Vi, 1 ) = C^r-i(Qi, Qs, Qg, Q4) 

where (7 is a number, so taken that the fourth quantity on the right, as on 
the left, is unity, the fundamental equation (p. 72) 

Fir*-HQi.Q2,Qa, «4)-o 
gives TTi (a?i, yu ^1, 1) = 0, 

so that {xi, yi, z^) is on the surface V = 0, and is the point previously (p. 65) 
associated with the point (fj, 771, fi, Ti) of H = 0. In the same way the point 
{x, y, z) determined by 

{x, y, 1) = GiV-^ m\ Q4^^0 

is on V = 0, and is the point associated with 7?, t r). The tangent plane 
of V = 0 at (x, y, z) is (p. 59), if X, F, Z be current coordinates, 

+ YQ2’^ ZQ3+ Q4 = 0, 

and contains the point {xi, yi, Zi) if only 

C/F""^ (Qi? Q^y Qb) Qi) (Qij Qsf Qsf Q4 ) “ 

which is satisfied identically in virtue of the skew character of Thus 

each of the points (x, y, z), (xj, yi, Zi) is on the tangent plane of the other, 
and their joining line is a bi tangent of the surface V = 0. We shall call 
(xi, yi, Zi) the satellite point of (x, y, z) associated with the root of the 
fundamental sextic which occurs in T, there being six such satellite points, 
one for each root ; they are the points of contact of the tangent lines to the 
plane quartic curve in which V = 0 is intersected by the tangent plane of V 
at (Xj y, 5), drawn from the double point, (x, y, z), of this curve ; denoting the 

T 1 ^ ^ ^ u 

equation of V = 0 in homogeneous coordinates x, y, t, wnen ^>1 «^ve 
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been written for x, y, z, by F{x, y, z, , the satellite point is determined 

(see p. 59) by 


, fdF dF dF 

(«!, yi, 0 - r ^y, g^. 


dF 

dt 


In particular when the fundamental sextic equation has an infinite root, 
and f denotes what F becomes when we put as = f , Ug = 0, and at the same 
time put 0), y, z, t for y — z — ^aft, t, the satellite point of 

{x, y, z) corresponding to the infinite root is (see p. 70) 

(Xj, yi, Zi, ti) = 4 i ^ 0 —1 0 0 \ (Qi, Qi, Qu P4) 

10 0 0 

0 0 0 1 

0 0-10 

- 4 (- Q2, P4, - (^3) - [ g^. g^. g^. g J > 


and the tangent plane ^ to /= 0, or say A = 0, at (x, y, z) is 

Xyi — Txi — Z + Zi^O, 

in terms of the satellite point (x^, yi,^i); it can, as we have found the matrix 
7^' (P* similarly expressed in terms of the other satellite points. This 

equation arises below from the functional relations obtained ; geomet ideally it 
expresses that the tangent plane at (x, y, z) of A — 0 is the focal plane of 
(^13 ifi, ^1) the linear complex expressed, in line coordinates (?, m, oi, V, m\ n% 
by 


Id general terms, the bitangents of V = 0 are rays of six linear complexes 
expressed by 

r {X, Y, Zf T){xi, yi, Zi, ^1) ~ 0, 

or, in line coordinates, by 

+ qwJ -f rn! +p^l + q'^ri -f rn == 0, 
where p, q, r, p\ q\ r' have the values given previously (p. 73). 

Two further remarks should be added. Taking the case when in the 
fundamental sextic Xg = 0, Xg = 4, let x — (u), y = g>2i (w), z = (w), 
? == p222 ('^X V = ^221 ('^X ®tc., so that A (f, t) = 0 ; let the satellite point 
of (xj y, z) be denoted by (x\ y, z) and 7}', r) be determined to corre- 
spond, so that A' 7 }\ t) = 0, and f '/I = vjv = T/ With ft = 4 (77T- ^^), 
Q2 = 4 ?t), Qa = 4 — 7 )% and P4 as before, we have 

X ^ y 

ft ~ Qi — P4 ft 

* Any surface of which the tangent plane \% z^ax -^-hy +f {a^ h) satisfies a differential equation 
z-px-qy=f{p, g-). Comparing 

Xp-hYq-J2 + z-px-qyz=0 with (ti) - (u) + (w) = 0, 

we have for the Kummer surface p=6^2iM=y> v= - M = -< z--px - qy^6:>ii (u), and 
hence A (-q, p, z -px - qy) = 0, where A is the symmetrical determinant of the text. 
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so that — i/'^ H- w'tj 4-^=0, — ij't] + + t = 0, 

while we also have, from the form of A, 

~ -f 0, — ij^' + xf 4- = 0, 

and hence 

x-x' y-y z-z sof - xy y {y - f) - od {z - zf 
If then 


we have 


X — 4" y — — iitny 4" ^2 — ^ 2 ^ 4“ 

X=ti+t\ y'—-ti'tj, Sj + T]\ = U!^' 7]\ 


Si ^2 5^3 S^ti ^ 

/ b 3 T~^ — V 


tl-t^ 


tl'-tj' 

- ti%r “ (ti + td) v' = yT - = r, 


and 


' f; ' ~ S' (ii ^ 4- 4- 

= 2/V^' - ( x '^ + y ) 7 )' = x '^' - y'rl = |r («'?- 2^'^) 

— |r, 

SO that 6*1 Sy ^ ^2 ^2 ^1 _ ^*1 ^2 " ^2 ^ _ ^1 ^2 ^ ^2 ^ 

S -V ? ~T ’ 

which are to be compared with the formulae (p. 38) 

Si 63 ^ 1^2 ^ 2^1 ^1^2^ ^2^1^ 4 (^ 2 > ^ 1 ) — (^ 1 ) ^)1 (^1 ^ 2 ^) 

S -V S ^ “T 


In other words (cf. p. 40) the chord of the cubic curve 

which passes through the point (^, tj, r) of the Weddle surface, cuts the 
cubic in the points 6 = ti, 6 ~ where are the hyperelliptic parameters 

associated, not with (^, 77 , r), but with its satellite point {^\ 7 ;', t) ; so 

that, if u' be the hyperelliptic arguments associated with this latter point, we 
have 

From the relations 


■“2/'? + ^’' 7 ; 4 - ?= 0 , - 2 /'^ 4 -a’'^ 4 ~t = 0 

we have 

^ dx ' — 77 = — ( afd ^— y ' dr ] 4 - cZr), — 77 = x'drj ~ 4- d ^. 

Also 

^i52 = (^i?4~77)(^2f 4*77) = -7/p4-i«?f77 4-972 = - ^^4-^^ = “IQs, 
^1^2 =16 {oji ^i) ^ 2 ) ^ 1 ) ^ 2 ) • • • {e — ip “ ^ 2)1 


and 
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■where a,, a^, Ci, c^, c are the finite roots of the fundamental sextic, so that, if 

etc., Pai = y' + aix' - etc., 
we have Si $ 2 ^ = — ! fiP^j Pa ^ . . . 

^ — ‘!L =: f - = Qf. • 

r V r VQ/ v^iV 

further the cone containing the space cubic ^/1 = — r)l6 = etc., whose vertex 
is at the point 0 of the curve, is (/« = 0, where 

GB=Qi-0Qi-\-S^Q3 = — Qi{y' + 0iP- &“), 
so that -PaiPa.:... = Qr>Gafa,...=Qr^Q,C,fia,G,f,fe, 

and thus ^ = ...= ^ j-. 

r 4d{QAfa,...y 

Hence (ef. p. 43) 

_^'dx' — rj'dy' _ ^ ^dx' — rjdy' _ Qa® —x'd^+y'drj — dr 
_ Qidri 4- Qjd^ + Qjdr 

and 

du ' = ~ ddx + ^'dy' _ x' dr) — y' d^ d^ 

4f(aC'„,...)i \Q, 

_ + Qid^ 

i{Q,G„, ~ ■ 

These are forms given by Schottky, Grelle, cv., 1889, p. 249. 

Taking the expressions on p. 41 for etc., it is found, for ® = 0, that 

t-9l 

P I60-’ 

where o-=Qi \Xi^r) — X^rj^ + X^r)^— Xt^yr + + 8^t] 

+ Q-2 — Xi^r + 4P] 

+ Qs + V^) - \v^+X, - X,?t], 

while 4a) = Qi[X 2 fi 7 -X 3 i ?2 + X4’7?’-4^] 

+ Qi [~ \ ^v\ 

+ Q- 2 [- 2X0^77 + Xj + y‘^) - X^y^+X,t^ - X,rT + 4 t^] ; 
hence 9l ^ 

or iQ,Ga,...)i = -aQ,, 

SO that Schottky's forms for the integrals of the first kind are expressed so 
as to contain only a square root. 
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18. Consider now two matrices Fi, r> corresponding to the roots 
of the sextic equation of p. 73 : with the values for . . . p/ . . . and . . . p/ . . . 
there given, we have, identically, 

PiP-2 {PjP2 + qiq^i + rjn + p/p, + q,'q, + 7\r.^ 

= + 3aJ^|r./ + Say^[r.J + %) + ...+ + 6 al^|r^^ -f . . . + 3as) 

= (fi “ ^2)“' [<^0 2O + . . . + 6^5 - A/r,)], 

which is zero because , 'xjr^ are both roots of the sextic ; hence 

TiFr' = / 0 -7\ qi Pi \ / 0 - r/ g/ p., \ 


0 

-n 


A\ 

/ 

— r/ 


^52 

'*1 

0 

-ik 

?i' 

If 

0 

-A 

g2 

?1 

Pi 

0 

) 

11 -g/ 

i>2' 

0 

^2 

Pi 

-yi 

- n' 

0 / 

^-i32 

-?2 

—^2 

0 


- 

-mi- 



-Pl% 

npi 

-Pi'r., 

- ngo + gin 

Piq^' 

- gi>2 


- 

-Pip,'-qiq, 

nql 

- g/n 

ni>2-i5in 

PFi 

n'i>2 


qir^ ■ 

- riq-i 

- 

P 1 P 2 

'n -qiP^+Piqi 

- g/r, 

'+ri'g^2' 



-ri'p^ 

-piy^ 

’+ yi%' 

-Pi>2-gi'g2-n'n 

from 

this it 

follows that 

we have the 

equations 


urr* + 


= 0, 

rrTa+rrTi 

=0, 


-i = (rrT0“ 


of which the others are the same as the first, either being equivalent with 
what in geometrical phraseology is expressed by saying that the linear 
complexes associated with Fi and F, are in involution, or are apblar. 

Take then the correspondence (pp. 75, 76) of the surface V expressed by 

/ . X _ P -1 dF dF dF\ 

( g^, g^, g^, g^^, (^) 

the sign = being used in place of =, to indicate that we disregard a common 
factor of Xij 7 / 1 , Zi, ti] the geometrical interpretation of this correspondence 
which has been given shews that, in virtue of 

F (a?, p, z^ t) = 0, F {wij yij Zii ^i) = 0, 

this is equivalent with 

5;, jj-j; 


if then we take 


, dF dF djy 


that is 2 /i 2) ^2) = h'2 *1^1 (®> Vi (•‘^12) 

the equation Fg^Ti + Fj-Tg = 0 gives 

(«i2. vm ^12, *12) = (»2u y-a> ■221. ^2i), («. y, z, t) = {x^^, y^,., zy,, Q, 
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and the equation determines an involutory linear transformation of the 
surface V = 0 into itself. 

If we further put 

and notice that any linear transformation 

{x, y, z, t) = A (^12, 3/12, ti^, 

or X = ^11^12 + A122/12 + 

y — h^iXi^ “f" h^fyi 2 “1“ ^'23'^12 ”h ^^24^12 1 


namely, 


aF___, dF^ , dF^, dF^. dF . 

dJl dJl dJl ^_l.\_T(dF dW dF^ djf. 
. 3 «i 2 ’ 9 yi 2 ’ 0 ^ 12 ’ ~^\dx’ dy’ dz’ dtj’ 


we shall have, as the transposed of the matrix Fi-^Pa is FaPi^h 

/ . s _ - _,T. T. dF dF\ ,, , 

(«12S, yi-ii, ^122> W = Ps P2P1 , g^ . g^ , j (-^123) 

It can be shewn that the matrix rj“T2ri“^ is a symmetrical matrix, 
independent, save for sign, of the order of the suffixes, and that the trans- 
formation J.123 is also involutory. To prove it a symmetrical matrix, notice 
that its transposed matrix is 

iV^r;Tv^= (~ rrO (- (- r^-) = - r^rjrr^ = Tr^r,rr\ 

because Far^*"^ = — TsFa^b and this = — Fg'TiFa”^ = Fg^TaFi'^ which is the 
original matrix ; to prove it independent of the order of the suffixes 1, 2, 3, 
notice that 

Fs'-TaFr^ = = - Tr^r,Tr^ = Fa-T.r^-^ 

= — Fi ^F2F3 ^ = Fi T 3I 2 ^ 

each of these equalities arising from the equations Tr~^Ts = — Fg^^F^ ; to 
prove the transformation involutory, denote it by 

ix',y',z\t')Brrrj'r(^£, g', g, g^) = PrT,(^-„y„^„a 

so that 


dy ^ dz ' dt 


F 3 ^ 2 (^ 1 , yii Zij ti)j 


(K. K. K W.\ = rv-i{^ dJl d_F_ d_F\ 
VBiTi ’ dyi ’ 0^1 ’ 0^1 / ” ^ ^ ’ dy' ' dz' ’ dt/' 


because FaFs”^ is the transposed of Fs^Tg; then 

/ A - T -1 - -n -i-n -.1 3J^ dF\ 

( ’ ~ (0a;i ’ dy, ’ 0^1 ’ 0<J J “ ( 0 ^' ’ dy ’ 0«' ’ 0i' j ’ 

which, rearranging the suffixes, expresses x, y, z, t by the same functions of 
Xj y\ z\ t' as does 4 123 express x\ y\ z\ t' in terms of x, y, z, t. 
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If for an instant we write 


[dF dF dF dF\ 


y] 23 i ^ 123 } tizs^ = y a h g u 

h b f V \ V 9 a 3 ’ dy’ dz ’ dt J ’ 

g f c w 
u V w d 
the pole of the tangent plane 

^dF dF dF dF_ 

in regard to the quadric 

n = + 6 + + 2/FZ + 2^ZZ + 2AZF+ 22^Z + 2 ^jF+ 2 wZ= 0 , 

is given by the three equations 

(cuc' + hy'+gz' + ut’)f^=l^^l^^^. = . , 
and thus coincides with (ajjas, 2^123, 2:12$, ^123). 


As we have obtained a point (^123, ..•) from (^, ...), so we can obtain points 
(^i24;*--) etc., there being twenty in all. It can however be shewn that 
(a:j23 , ...) is the same as (^^455, ...), namely that 

rrF,rr^ = rrT,re-h 

or = i. 


Of this result a geometrical proof can be given, founded on the interpretation 
of the transformation r3“^r2ri”^ as a reciprocation in regard to a quadric 
surface, which has just been noticed; we shall give an analytical proof, 
having, it would seem, an interest of its own ; not to interrupt too far our 
present work, it is placed as a note below (Appendix to Part I., Note I.). 


Assuming this result we have now shewn that, from any point (os, y, z, t) 
of the surface V = 0, can be found SI other points of the surface, whose 
coordinates are rational functions of (x, y, z, t)] these are, first, the six 


/ dF dF dF\ 

{‘Ci, Vi, Zi, ti) - Fi j , 

whose geometrical determination from (x, y, z, t) has been described ; then 
there are the fifteen points 

(^ijj = Pi y, 

obtained from (x, y, z, t) by a linear transformation ; and, last, there are the 
ten points 

fdF dF dF dF^ 


fdF 

y%jhi %jfc) == Pi ^P^Pfe ^ > 


dy ^ dz ^ dt J ^ 


which, as we have seen, are the poles of the tangent plane of V = 0 at 
(x, y, 2^, t), taken in regard to ten particular quadric surfaces. Each of these 
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correspondences is involutory, in the sense that they are respectively equiva- 
lent with 




^yi 

(sc, y, z, ]^) z= Tj: y^j, tij\ 

(te, y, z, t) = rr^r^ri-i , ,) . 

If the writing of dFjdx, dFjdy, ... be denoted by T, the symbols of the 
32 points are 

1, rr^r, rrT„ Vi-^vr^T, 

or, if Tf'^T= Si, are, in virtue of T^=l and /S/ = 1, 


1, S^, S^SJ, SiSjSjs, 

which, because S^Sj = SjS^ and SiS^S^S^S^Se = 1, represent a group of 
32 transformations, every one equal to its inverse, and every two commutable 
with one another. By application of all the operations of the group to any 
one of the 32 points, all the other points are obtainable. The sixteen 
operations 1, form a group by themselves ; the sixteen points arising 

from (x, y, z, t) by the operations of this subgroup, lie by sixes on sixteen 
planes, of which six pass through every one of the sixteen points ; for 
consider the plane represented, when X, F, Z, T are current coordinates, by 
Ti{x, y, z, t) (Z, 7, Z, T) = 0 ; 

it contains x, y, z, t since is a skew symmetrical matrix ; it contains 
kj) provided 

Ti {x, y, z, t) (x, y, z, t) - 0, 

which, since the transposed of the matrix F^ is — the same as 
F4V"F^ {x, y, z, t) {x, y, .sr, t) = 0, 

and is satisfied because F^ is a skew symmetrical matrix. The plane in 
question thus contains the six points {x, y, z, t\ (xij, ...) for j^i; next 
consider the plane 

FiFg-Tg (x, y, t) (Z, Y, Z, T)=^0; 
since the transposed of the matrix Fi’^Tg is and 

FaFi ^F iFg ^Fg (Xj y, z, t) (x, y, z, t) == 0, 

it follows that the plane contains the point (x, y, z, t) ; and thence, as 

riF2“T3 = F 2 F 3 "Ti~F 3 Fi“T 2 , and FiF 2 ~^F 3 =F 4 Fg”T 6 the same plane contains 
the points 


Tg-Ts (x, y, t), F3-T1 {x, y, . 3 :, t), F4~Tg {x, y, t), (x, y, z, t), 

F3-T4(a?, y, 2 r, t)i 

there are six planes whose coefficients are the four quantities F^ {x, y, z, t), 
and ten planes such as that whose coefficients are the four quantities 
riF 2 “T 3 (;r, y, £?, t)’, the six planes Vi{x, y, z, t) pass through {x, y, z, t), and 
the six planes FiF 2 “T^ {x, y, z, t) pass through the point Fi*"T 2 {x, y, z, t). 



CHAPTER ly. 

THE EXPANSION OF THE SIGMA FUNCTIONS. 


19. The differential equations denoted (p. 50 ) by 

. aa - (aA)^ aa 

have been seen (p. 48) to be satisfied by an integral function 

+ + + U^ + C,), 

where ^(wi, ^^2) is a power series in converging for all finite values of 
these, and cq, Oa, Ci, Ca, h are arbitrary constants. By choosing these constants 
suitably we can introduce various simplifications into the form of the solution, 
and then, as we know, by the formula here put down, the general integral, we 
can obtain this by reintroducing the constants into the particular integral. 
We have seen in particular (p. 24) that the equations are satisfied both by 
odd and by even functions. Consider first an even function; we have for 
any values of Wg, if o’, o-i, o-jg denote cr{i(), dorjdui^ d^crjduidu^y etc., 

^22 = - (<T<r22 - O'a'’)/ = - (0-O-21 - o-20-i)/o-^ fn = - (o-o-ii - 
g>222 = — — Scra-^a-^ + 2 ai)la^, etc., 

so that, if cr (0) = 1, cr-^ (0) = 0, 0-3 (0) = 0* 

P22 (0) = <^22(0), ^21 ( 0 ) == “ o" 2 i (fi)^ ~ <^11 (^X 

^222 (fi) ~ ^^221 (9) = ^211 (fi) — ^ 3 

the last equations shew that the values Ui = 0 , Uq — O make vanish all the 
minors of the determinant V (cf. p. 59), so that the point is a node of the 
surface V = 0 ; it is however not at infinity since ^>33 (0), etc., are finite ; and 
denoting these last quantities, the coordinates of a finite node of the surface 
V = 0, by d7o3 ^0) *2^03 fjfi© development has the form 

O’ (w) = 1 - + 2yo^2^ + '2ro^q^) + terms of fourth and higher order ; 

it will presently be seen that the terms of the fourth and higher order are 
determined, from those of the second, directly by the differential equations ; 
the series then represents one of the ten even functions before met with 

(p. 24). 


6—2 



84 


The first terms. 


[chap. IV 


Consider next the case of an odd function ; as then a (0) = 0, we have 
also ^.>22(0) = CO, ^2i(0) = oo, g)n(0) = oo, and the point = 0, = 0 is at 
infinity on the surface V = 0 ; as we approach this point, however, the ratios 
*• • ^11 those of <r(J22 or^ : crcrgi — cTaCTi : a*o-n *- become 

the same as 0*2^ : cracri : ctj^ ; now the terms of the fourth and third order in V 
are easily seen to be 

{xz — ~ + ^xy'^) + 4ia^ {^xyz + ^y^) — 3^4 {xz’^ + ^y'^z) 

+ - a6-s^ 

and, for x = — {cro-^ — ai)lcr^y etc., we find 

')cz—y^ = {(T — cTiaO — = P<T“■^ say, 

so that V = 0 is equivalent with 

+ (Xo {(T<T^ - 4- . . . + Ufi i<x(T^i - o-iY 4- d"-H = 0, 

where H is an integral function of Ui^ for cr = 0, cr2i = 0, o’ii = 0 

this reduces to 

— a^ari + GaiO-gVi — ISaaO-a^^ri^ + — lba^d.^d-^ + ^a^d^ar^ — a^d-^ — 0, 

and the ratio «r2(0)/<ri(0) is the negative of a root y{r of the equation 
F(^fr) = (Xq-v/t® 4- 4- 15a2A/r^4- ... 4- 6a5^/^4- a6= 0 ; 

thus the terms of first order in the expansion of an odd function are, save 
for a constant multiplier, of the form — and the values 2^3 = 0, u.^ = 0 
are associated with one of the infinite nodes of the surface, there being, as 
we have also previously seen (p. 24 ), six odd functions. It will be seen below 
that the terms of third and higher orders are directly determined from those 
of the first by the differential equations. 

We apply these results now, first to obtain some terms of any even 
function ; we use for this the general form of the differential equations, as 
affording the most convenient way of explaining the general method of using 
the differential equations for the expansion of the functions: and then to 
obtain some terms of the expansion of a particular odd function, which, for 
several reasons, appears fit to be regarded as the fundamental sigma 
function. 


20 . An even function is of the form 


^2r4! 6! 


where Ur denotes a homogeneous polynomial of dimension r in tq and we 
have expressed above in terms of the coordinates of a node of the surface 
V = 0, and we have previously found these coordinates (p. 64 ). It appears 
thus that 
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where or (piZOi p^u^^ {q^v^ + is one of the ten ways of writing 

as a product of two cubic factors. If, now, in the differential equation 

1 A/,Vo-' = \ (a^y •<^cr' (aA)^ (ra, 

we equate the terras of aggregate dimension in Ui, iii\ uJ on the two 
sides, we obtain, if we put 

di = ~ ^ , di = ^ — 7 5 do = r— , , S = hidi + hod^f S' — hi d/ + hod2, 
dui dus dui 0U2 

the equation following, which we shall refer to as the determining equation, 




IT TJ' 


u^u: 




+ 


UM', 


2n+2 


4-- 


U'. 




2 1 (2/1 + 2) I (2n + 4) 




TJ^.U/ 


1 f /D\A *) yO 2 . ^2nr-2 ^2 . ^ 27 t— 4 - % , 

- 5 j(«^) ^h-^h 12,1 ! ■*■ (2n - 2) ! 2!‘^(2n-4)! 4!"^ ■■■ 


UJJ' 2 n --2 


77 -' \ 

C' 251 I 


m [ 

;n)!l 


' 2 ! (271 - 2) r (277) !l 
— cLf^ {dz — d-id^) — 2ai0(2 (tZjdi — d^d[) + (d-^ — d^di)] 


U. 


2JI+2 


U^U,' 


+ ... + 


UM', 


i + : 


U'. 


2n+g 


- 1 ; 


|(2/i + 2)I^'2^! 2! ‘ *“ ‘ 2!2/i! (2/2 + 2)!; 

but, if Ur be a homogeneous polynomial in ii^ of dimension r, which we 
may write symbolically (pi'M.i +P 2 '^ 2 / or pu^ , we have 

r I (i — s) I ' 

and if in this we put Ui for hi and for h^, it becomes Pujir 1 or 
Urj{r — 5)1; as in our differential equations the hi, h^ are arbitrary and we 
are to put Ui, for u^, after differentiation, the substitution Aj = ^^l, h^^u^ 
after differentiation is allowable ; thereby, from _ 

(g4 _ 4S^S' + 

^ m \ k\ 


if both m and h be greater than 4, we shall obtain 
Um Utc . Uic Um t ( Urn. U^k 


!+(*_4)! m\ \(77i- 3)!(A-1)! (&-3)!(?7i-l)!. 




(m — 4) ! & ! (k — 4i) 


+ 3 


Um 


U, 


{m - 2) ! (A - 2) ! ■^ (* - 2) ! (777 - 2) 


U^ 


Um 


))’ 


or say 


^Orn^kUmUh, 
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where 


4 


m I — 4) ’ 


+ 


6 


{m-l)l(k--S)r \ (k- 2 ) ! 

4 1 




(m — 3) ! (A; — 1) ! (m — 4) 1 ’ 

the same formula applies to cases where m, or k, is less than 4, provided it be 
understood that terms which would involve in their denominators factorials 
of negative numbers are to be omitted. In particular, if m = 2n 4- 4, ^ = 0, or 
if m = 27i + 2, ^ = 2, we have 

1 1 4.6 




2a 


2n+2, 2 - 


■(2n- 2) ! 2 ! (2« - 1) ! "^ (2n) ! ’ 

thus the left side of the determining equation has the form 




,u. 




3 (2?l) 1 3 jfi 

where under the sign of summation no polynomial Ur occurs for which the 
suffix r is greater than 2n 4- 2 ; from the form of the determining equation it 
is thus clear that the differential equations determine U^n+i in terms of 
polynomials Ur of less suffix ; taking then, in turn, ri = 0, n = l, etc., all the 
terms of the expansion of the sigma function are seen to be determined when 
those of zero and of two dimensions are given. It may be worth while how- 
ever to enter into more detail as to the form of the right side of the determining 
equation; if U^—p^, Ujc^qJ^, we have 


yM m 

- 2aia2did2 4- OL^d-^) = , 




ml (m — 2) ! 

this being a polynomial in ^2 of dimension m4-2, whose coefficients are 
linear functions both of the coefficients in and of those of the sextic 
1 

or/; denote this by further 




1^1 K 

qu 


becomes, on putting Ui, for 
2 

or - i) [- (fc - 1) ! (“g) 

where (ap) denotes diPi — ^hPx \ we may denote this by 

(y*3 Uh)2H 5 


— 1 


Jc—l 


k~i 


2 
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then 


- d^d,') + a^Kdi' - dad^)] 


m\k\ 


when Ui, are replaced by Ux, ih, is equal to 


^k{fi Um)^ _ Q (y*? Uk)m , {/> Uk% 

k\ {m-2)\ {h-l)\ (m-l)r ml (A~2)r 


it being supposed that neither k nor m is less than 2. The value assumed by 
the other terms of the right side of the determining equation when t//, u^' 
are replaced by needs no explanation. 

The terms of second degree in the expansion of the sigma function have 
been seen to be an integral covariant of the two cubics into which the funda- 
mental sextic is split in order to define the particular even function under 
consideration; it is manifest from the previous work that the terms of any 
other degree are also an integral covariant of these cubics. 


21. If we attempt to apply the preceding method to determine an odd 
function 




the differential equations will similarly determine 

(S4 - 48^8' + 3S^-S'0 ( + U^^,Ux)l{^n + 3) 1 

in terms of TJ-x,TJz, ...jfTan+i; on putting, after differentiation, Ui.u^ for 
and Wi, U .2 for h-x, h^, this gives 


UxU^ 


1 

4 1 

I 4) Ui U^n-j-s 

j_(2w-l)! 

{2n)\\ 

1 ’ “ (291)! 


thus the terms U 2 n+s are determined in terms of preceding terms, except 
when 71 = 2; namely Us and JJg, in succession, are determined from Ui, which 
we have found to be of the form c (ui — '^ 2 / 2 )? and tTg, ZJn , . . . , without exception, 
are determined from preceding terms; but U^ is not so determined. It is 
necessary then, presumably, in order to use the differential equations to 
determine Uy, to keep them distinct, that is, to abstain from replacing the 
arbitrary quantities /hy by Ui, ; it is to be remarked however that the five 
separate equations are in general more than is necessary : after four differen- 
tiations of a term + there results, when Ur[, u( are replaced 

by a binary polynomial of 2n dimensions muiyU^', thus each differential 
equation gives 27^ 4- 1 linear equations for the determination of the coefficients 
of and the aggregate of the differential equations gives 5 (2?? + 1) linear 
equations for the 27^ + 4 coefficients in ; these are known, by the theory 
preceding, to be consistent, and that they are sufficient, except when 
271 -f 3 = 7, is shewn above ; but in general they are more than sufficient, 
and it will be shewn below that when Us and U^ are found we can determine 
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the terms CTy and TJ^ simultaneously, by equating terms of dimension six in 
the differential equations, and this without utilising all the linear equations 
given by the differential equations. 

In order to justify this statement in detail, it is sufficient to take the 
differential equations in the forms to which they are reduced by such a linear 
transformation of the arguments corresponds to a transformation of 

the associated sextic to the form 


'Ml (XqUi + + 4^2®), 

this linear transformation of the arguments being accompanied by a 
multiplication of the sigma function by an exponential 
equivalent with the addition of certain constants to the second logarithmic 
derivatives ^22^ ^21^ , this has been explained in detail in a previous section 

(pp. 49 — 52). The forms obtained, which we shall utilise, were, writing y, ^ 
for ^22 > ^21 > piij 


^2211 “ 2^22^11 
^2111 “ bg?2ig>n 

g)iiu — 6^11^ 


= + X4i» -f 4y, 

= 

== — Xo — + X23/, 

= — ■^^^4 HH ^^1^8 — SXo^r “f" Xiy -j” X 2 ^ j 


multiplying these by ..., and adding, we obtain 


(g4 _ era 

— ^Paa' + [A {di — d^d^) + B {d^d-^ — d^d^) + G {d^ — did^)] aa\ 
where P = — + (X0X4 — JXiXg) 

A = XM - SXiAg/ii® ~ 3Xo/ll^ 

B = 4ih^ + ^Xjiihi + 'SXjiih^ + ^XjiJi-^ + XiA/, 

G z=: — Sihihi + Xg/ii^. 


With the general form of the fundamental sextic the linear terms in an 
odd function have been shewn (p. 84) to be a constant multiple of Ui — i/rMg 
where yfr is a root of the equation ao^fr^ + + . . . -h ag = 0 ; with the trans- 

formed form now under consideration one of these roots is zero; we shall 
therefore consider that particular function for which the linear terms, in the 
notation now being employed, reduce to ; any other is conversely derivable 
from this by transformation. Putting 


U, 


u. 




where Ujii-i is a homogeneous polynomial in of dimension (2re — 1), 



AET. 21] fimdamental odd function. 


89 


with = and equating terms of dimension zero in the differential 
equation, we have 

1 (g 4 _ 4 g 3 g/ 4. 3g2S-) ( JJ^ jj^ + 

= [A {d^ — d^d^) + B (dgdi — dod-i) + 0 {d^^ — cZicZ/)] 
and hence — §S® f/g . S' ZJ/ — Cd^ dj Ui iii\ 

which, putting Ui, U2 for u^\ after differentiation, and — gives 

4 = — Su^Ui + 

or ZJg = — 2-1^2®. 


Equating terms of aggregate dimension 2 , in Ui, 2/3, 22/, U2y we have 


(S^ - 4 S®S' + 38 ® S'^) 


51 “^313 


D 


= ^Puitk' + [A {di - d^di) + . . .] 


■¥ U 3 TTi 


3 ! 


aud this gives, when we replace Ui, and h^, by Ui, u^. 


— "h Aq ( — 22222/1) +■ Bq (+ 2/2^) * 4 " Oq — ■5X22/1®), 

leading to 

— ’ Z 7 g = 2X42/3^ " 4 ” •^X32/2^2/i “j- 5X22/2^2/1'' ” 4 " oXi'//2'“2/3® “ 4 ” IlO^KqU^u^ 

+ (■IX0X4 ~ -jXiXa — -5^X2®) Ui, 

For the determination of ZJy, as has been explained, a more laborious 
process may be followed. Picking out the terms of aggregate dimension 6 in 
2/1, 2/2, 2//, U2 in the composite differential equation 

(8^ - 48 ® 8' 4- 38 ® S'®) o-( 7 ' = ^Paa' + . . . , 

we have, for the determination of the 8 + 10 = 18 coefficients in TIj and 
the 35 equations obtained by equating the coefficients of for 

r = 0 ... 4 , s= 0 ... 6 ; putting 

71 71 

CTy = ITqU^ + SiU^ih + 2 » g I + ‘ • • > 

9 • 

f/g = + 9 Z‘i 2/2®2 /i + I + . . . , 

it is found that the 14 equations obtained, by taking the coefficients of 
ho^ui-^U2^ A2^Ai2/2®”®2/i®, for 5 = 0 ... 6, that is, the first two of the five separate 
differential equations, determine 

AZq, Sit . . . , Sq^ 

beside furnishing a single relation connecting JJy and Kq ] the remaining 
coefficient Ej^ of t/7, together with Kq, may then be found by taking the 
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coefficients of in the composite differential equation ; and finally 

the remaining three coefficients of CTg, namely -fiTy, -STg, may be determined 
by taking the terms in hjhiUi^ liiUoUi, hiU^ respectively , and having 
thereby determined U^ we may verify the form simultaneously obtained for 
TJq by putting, in the composite differential equation, after differentiation, 
Except as, perhaps, the best practical method, and to secure 
accuracy, not all the work indicated is really necessary, since the covariantive 
character of the expansions enables us to determine all the coefficients in U? 
from one of them, and similarly for the terms of any other dimension, as will 
be exemplified in detail. Nor is it necessary to give here the actual 
computation; the results, found by the method, are 

(^3 + 2X4^), 

Hi = — (2X2 + ^X 3 X 4 ), 

+ 1X2X4), 

Hs = (2Xo + 1X2X3 + 1X1X4), 

H^ = (IX1X3 + X0X4 + 1X2^), 

JSTg == — (f X0X3 + 1X1X2), 
jffg = — (J^XoX2 — Xi^), 

H7 = ^X2® + -^XiTlt^Xg — •^XoX 2 X 4 —■ IXqXi + fXoXs^ + §Xi^X 4 

for ; and for Ug are 

Kg = 16X2 - 6X3X4 “ 2X4^ 

Ki = — 1X3® — 8X1 — 4X3X4 1X3X4®, 

Kg = 4X2X3 4X1X4 1X3X4® 2OX0, 

Kg = — 6X0X4 — IX2X3X4 — 1X1X4® 1X2® 1X1X3, 

K4 == — X0X3 — X1X2 — X0X4® IX1X3X4 1X2®X4, 

Ks == ~ IXi® •^X 2 ®X 5 — • 3 ^XiX 3 ® ■|■XoX 3 X 4 IX1X2X4 X0X2, 

Kg = “ -51X2® ~ •3^^XiX 2X3 — 1X0X2 X4 — 2X0X1 — fXoXg® + 1 Xi®X4, 

Jfy r= — lOXo® + IX0X1X4 — ■^XoX2X3 + ^Xi®X3 — ■JJ^XlX2^ 

Kg = — ■^XoX2® + IX0X1X3 — 4 Xo‘'X 4 + 3 Xi®X 2 , 

Kg = '§■1^X2^ + 1X1® + ^XiX 2 ®X 3 — If XoX 2 ®X 4 •^XoXiX2 + |•XoX 2 X 3 ® 

+ + ■^Xo®X 3 — ^Xi®X 3 ® + ■§■XoXlX 3 X 4 "f Xo®X 4 ®. 

22 . The simplicity of the forms of the differential equations which have 
just been used arose partly from the addition of certain constants to the 
functions ^>22, ^21? Pn (see p. 52 ); we introduce now the more general 
function 

= , K == — (X 4 Z^ 2 ^ + lX 3 'W 2 Wi + X2 'Z^i®), 
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and write 

Ui -f -h 4 X4,UiUj‘ 4 ^uf) 

= 4 4 4 lOA^Uy^u^ H- 5^44^2^!^ 4 A^u^) Ui, 

so that 

Ao = l, Ai = ■^X4, A2 = :^X3, A^ = -^X2f -44 = ^Xi, ^5 = -|-Xo; 

putting F, + F3 + n + ..., = ( CT, + , 

where each V denotes a homogeneous polynomial of the dimension indicatec 
by its sufiSx, we have 

F,= [7„ 

F3=|^*+ircr„ 


TT" — ^ _L 7T — 4- TT 

F 5 5 f + -^3 { + 2 ! 


and so on. The forms Vi, Fg, Fg, ... are then unaltered by any transformatior 

Uj = U2 + hvr^, Ux = Ui, 

provided the correspondingly changed values A^\ A-l, A^y. are also intro- 
duced, those namely given by 

Aq (^2 4 h/Ui 4“ BAi (^2 ”1“ A'Wi U\ 4 • • • ~ Aq Vj2 ^ 4 ^Ai U 2 4 • • • j 


or 

where 


Ar' = Ar+ UAr 4 | h‘^B^Ar 4 . . . , 

Now if 

F(ALo', 4 /, ■)d,...) = V(Ao, Ai, ..., Wj, Ui, ...), 
then, as = U2 — hux , 

F (-d-o, Ai, '1^2, 'ihi •••) = 0 5 

thus, if F„i = PqU^ 4 mPxV^~~^Ux 4 (m — 1 ) P2U^~^u^ 4 . . . , 
we have SPo = 0, SPi = Po, SPa = 2Pi, . . . , SP^ = mP^iy 

and so 

which we may denote by 




When we carry out the changes of notation we find in fact 
O’r (“i, Wa) = ^1 + wr'MaS + ^Ujr^uiS^ + ...^ 0-k(Ui, 0), 
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where 

(% 0)=u — ^AsU‘ + ^ ( SA^Ai — 3^3® — 2.4.1.45) M® 

+ -^( 67 As ^ + 60 A ,^ A ,+ 75 A , A ,^- 66 A , A 3 A , - 135412^44-41445) m' 

+ 4^ {25044® + 29104243®44 + 2764i43®45 + 1084245® + 9004i424445 
- 117143^- 348434445 - 9004i 4344® - 112540=44® - 1804i®45= 

- 72043=4345} 

“t* etc. 

The full values for 

a-x(Ui, = Vi+ ^3+ Vs + •■■ 

are 

Fi = Ml, Fs = - ^(m2® + 34iM2=Mi + SA ^ u ^ Ui ^ + 43M1®), 

7; = {3 (4i= - 43) Ui*+Q (A1A3 - 43) M2 ®Mi + (342= + 24i43 - 544) 

+ 2 (4343 — 45) u^Ui + ( — 343® + 54344 — 24 i 45 ) m/}, 
Fi = Ti5(A'-^2)“2' + i^(5^i^-243-34i®)M.3®Mi+i(443=-44-34,=42)M2®Mi= 
+ 1^(234343 - 104,44 - 45 - 34,=43 - 94,43=) JiaV 
+ .5^(2343® — lOA^Ai — 342® — 44 i 45 — 64i4243 ) MjW 
+ J-(54344 + 24 M 5 + 34,42= - 44045 - 54i4o44 - 43 = 43 ) 

+ -53^(1044= + 64,4245 + 94343= - 104345 - 1543=44) MiM,® 

+ tIf(6748= + 6043=45 + 754,44= - 664,4345 - 135434344 - 4445) W ; 
while 

F3 = 1^(43 -34,43 + 24,®) 

+ (214,^ + 164,43 - 344,=43 - 43= - 244) 

+ (~ 354,43= + 214i®42 + 114343 + 34i=43 + 4,44 — 45 ) 

+ ^ (- 3943® + 274i=43= - 104,4343 + 64,=43 + 13434, + 54,=44 

+ 443= - 64,45) 

+ (34,42® - 1443=43 + 34i=4243 + 104,4344 + 434, - 34 ,=45) 

+ ^(343^ + 124,43=43 + 304,=4344 + 44345 + 2043=44+ 404,4344 

- 544= - 62434,= - 124,4345 - 124,®45- 184, =4,=) 
+ ^ (- 54,44= + 30434,44 + 204,4,45 - 184, =434, + 454,43=44 

- 274,434,= + 343=4, - 2444, - 314,= - 1543=4,) 

+ (854344= + 1324,=4345 + 2704,434,44 + 10543*44+ 124,4445 

- 754, =4, - 6343=4,= - 16434,45 - 1624,43=4, - 1344,4,* 

- 44,= -1504, =4,=) 
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+ ^ (10.4,4/ + 1354/4,4, + 664,4,4,4, + 264,4,4, 

- 674,4,= - 314/4,- 44,4/ - 754,4,4,= - 604/4,) 

u ^ 

+ ^ (250^/ + 29104l,J[3"-44 4- 276^^41324.5+ 1084^2^/+ 9004x42444, 
- 117143^-- 34843444, - 9004x4344^-11254/44^-- 1804x24,2 
-7204224,4,). 

23. From the expansion which precedes we can obtain that of any odd 
function in terms of variables Uj\ associated with the general form, 

clqU-I^ + ^aj{ar[^u^ + . .. + 

of the fundamental sextic; for this we have only to write 

Ui = m {vr[ — '^ 2)3 ^ + pu2, 

where m{p-\- n^) = 1, and change the notation for the constants by means 
of the identity 

4m {ui — [ 45 m® (ui' — 'ylru2y + . . . + 4o(?^^^l' -hpujy] = + . • . + <^6^®- 

Instead of doing this we shall obtain, as far as the terms of the third 
degree, the expansion of any other odd function than that considered above, 
for the reduced case when the differential equations have the form given by 

(g4 _ 4g3g' ^ 3S2g'2^ aa ^ ^Paa + [4 (d^ — c?2d2^) + B (cZ2<^i “ 

+ C (dx^ - dxdxO] o-cr' ; 

rr U, 

putting (j = 'i^--^^^2 + ^ + =t/i + g-j+.-, 

and equating terms of zero dimension in Wj, Ugj V? '^2 on the two sides of the 
equation, there results 

(S4 _ 4S3g' + 3323 ^.) Ml+^ES' = [A {di - dA') + . . .] Z7, U,', 

leading, when Ui\ and Aj, A3 are replaced by Wi, to 

4i[7iC/3 = 4o'^^ — jBo^ + (/o, 

where 4,, Bqj Go are the values of 4, B, G when Aj, Ag are replaced by Ui, ^^2 j 
the right side is found to be of the form 

(Ui - '^ItUq) H — (Xo'»|r® + + 4) ; 

as i/r makes this last quintic function vanish, we therefore find 
— (X4'v/r — 4) + 3u2^Ui\{r (Xdyfr^ + + XgA^r + Xg) 

+ 3u2ih^'\jr (Xg'^^ + 7^1^ + Xg) + Ui (3Xo\(^^ + ■— Xg). 

24. As a last example we find the terms of the fourth order in an even 
function with the same reduced form of the sextic and differential equations. 
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As in the general case (p. 83), if the constant term be taken to be unity, the 
terms of the second order will be where 

^0 = ^>22(0) = — 0^ log (T (0)/^^^2^ etc., 

are the coordinates of one of the finite nodes of the surface A = 0 ; equating 
terms of zero dimension in the differential equations, we have, if 


0’ = 1 + JZ72 + -^i74 + ... , 


leading to 




— = SU2 \P 0 + ■+ 

= ( 3 ^ 0 ^ + ^^3 + ^ 4^0 + ^y() + {^XoVi^ + ^ 42 /o - 2 £^ o ) 

4- Quiuf (^o-s^o + 22/0^ d- iXs^/o) + “ Xo - + A>2 /o) 

4“ (8^0^ "^^0^4 d~ ■§■^1^3 ^Xo^Cq 4“ Xiyo 4* Xa^o). 


It will be noticed that in the coefificients of the powers of 1^2 > '^1 here, the 
linear and constant terms are the same as in the fundamental differential 
equations of p. 88. The reason for this will appear below. 


26. In the preceding expansions the arguments have throughout been 
denoted by u^, U2] they are not the same in the various cases; in order to 
give clearness some remarks may be made. For the function 

the coefificients osq^ y^, Zq in the expansion 

= 1 - + 2yoM2«i + W) + • • • 

are the values of ^>22(0), ^2i(0), g>ai(0), where ^22 (^) = — 9^ log ^ (z4)/0W22, etc. 
We have proved (p. 38) that if, with 6 -^ = Xq 4- Xi^ 4- . . . + , = f(t), 


dt , 

dt 

tdt , 

tdt 

“ + 


W2 = 1 h 

1 

Ja, S , 

U, 5 

J ^ J 



where the sign = means that additive integral multiples of periods are dis- 
regarded, then 

+ ^2 = g>22 (u), t{t 2 = - g)2i {n\ F{ti, Q - 2 siS 2 = 4 (^1 - pn (^) ; 
hence putting 4, 4 at ai and cc^i 

iTo = Oi + 02, 2/0 = - O 1 O 2 , ^0 = i^(oi, 02)/(oi - 

the branch-place values being those used (p. 31) in describing the dis- 
section of the Riemann surface whereby the matrix r, and the matrices h 
and a, are determined. 

For any other even function we have a similar expansion; without 
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entering into unnecessary detail, such a function has been shewn to be of 
the form 

expressing in terms of ^2 as above, and putting (p. 29) 


/•« dt 

f'l’ dt 

. r® tdt 

r<j> ; 

- + 

- , 

A^=\ — 4- 


Jo, S , 

I ^ 

J ai ^ 

' eta 


the coefficients occurring in the expansion of ^(u)/^{0) are the 

values, for 2 ii = 0, of the expressions 

namely, preserving the notation ^rs{'^) = -^d^log^iuydiordus, are the values of 
^ 2 ) ; thus ocq — d + <j), yQ = -- 0<j>, As to Zq the general form is simplified 
here in virtue of the fact that 6, cf) are roots of the equation f(t) = 0; to 
make this perfectly evident we recall two facts : first, every one of the ten 
even functions $ is obtained (p. 24) by taking Aj, Ag so that 

2Ai = 2(Oii7ni + 2©i2m2 + ^coiiiUi + 

2 A 2 “ 2(i>21^^ 4" “h 2ft)21 4“ 2 ci)22 ^2 > 

where rrii, mi', are such integers that niiTrh ^ is even, with 
proper corresponding values of the constants in the outstanding ex- 

ponential ; every one of the six odd functions is also so obtainable provided 
mimi' + mama' be odd : second, if by the rule of p. 32 we calculate the values 

tdt 

T’ 

we find that they correspond to even functions when 9, (f> are any two different 
roots of the quintic f(t) = 0, and correspond to odd functions when (j> is the 
infinite place a, and 9 is either one of the roots of f(t)=0 oris also the 
infinite place. It follows then that in the function above g?ii(Ai, reduces 
from ^{9 — (^)""® [-^(0, <j>) — where 9'^ = f(9)y <j>'^ =/(<^), to 

es^^ = i(9--<l>)~-F{9y <!>); 

and we have 

^ = 1 — ^{(^ + <^) 2^2 _ 29cj)U2Ui + eg^^Ui^} + ... . 

'=*^0 

26 . For an odd function 

= Ua-A,), 

we may consider two cases: first that when 


Ar 


/•» dt 

dt 

. r* tdt f' 

— + 


A,= — + 

J 0 . s . 

U s 

J ai ^ J a 


dt dt 


r» tdt r 


■“ tdt 
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where 6 is one of the roots of /(^) — 0 ; then the quantities 

— 9^ log <I> ( 0 )ldurdus, 

or A 2 ), are infinite^ but have finite ratios obtainable by proceeding to 

a limit from the general formulae when tij 4 are finite, 

^22 “0 = ti + t 2 , g>2i = “ tit 2 , 

namely, ^ 22 (^) : : ^ii(^)=l ‘ these however are, as previously 

remarked (p. 84) the ratios <1>2^ : ^ where = d<^(A)/dur, Thus the 

linear terms in the development of the function (u), with the values of 
Aj, A 2 here taken, are, save for a constant multiplier, Ui — 6 ~^U 2 . Lastly, for 
the odd function ^(u) in which 


P dt 

P dt 

. tdt 

P tdt 

“ + 


^2= — 4- 

— 

J ay ^ 

U, s 

Jay S 

fa, S 


the argument is similar to, but not a particular case of, that just given ; both 
are particular cases of the argument for the case when the fundamental 
equation is a sextic, not a quintic. Either for that reason, or because we 
have exhausted all the other cases, there can be no doubt of the result : the 
odd function in this case is that given, save for a constant factor, by 
the expansion (p. 89) 

( r { u ) = - 21^2^) + . . . . 


It is interesting to verify that this is in accord with a result previously 
found (p. 34) as to the necessary and sufficient form of the expression of the 
arguments of the function ^(u) in terras of one arbitrary variable in order 
that the function may vanish identically. In accordance therewith, cr{u) 
vanishes when 

Ur — 'W/’ ^ " 2 , r = I, 2 


where 



f-^dt . 


as (p. 32) 




this is the same as Vr = 'w/’ ^ 


which, by replacing {x) by its conjugate position, may equally be written 


Ur = ^ ; 


herein {x) is any position on the Eiemann surface s^=f{t). Considering now 
the case when (x) is near to the infinite place a, putting x = in the forms 


Ui 



U 2 
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we have, when ^ is small, ^ 

■1*1 = Jdf . f (1 + - . . . ) 

= ~ 1 0^4P + F + * • • J 

+ (^lo V - ?V^3) r + . . . , 

and the substitution of these series in the expansion for <i(u) given above 
reduces it to zero identically. 

27. In what follows we shall regard the function a{u) of pp. 89, 90, which 
is of the form, 

cr (it) = ^ (^ii — i(P> d'l _ yp, 

as fundamental ; and shall put 


|>rs(w) = - 


dUrdw 


log cr (u). 


From the equations such as (p. 38) — log ^ 4- ^^)ldui ^-t^+t^.we 

shall then ham such equations as 

— 0^ log O’ 4- vl' ^^)ldu^ = ^ -f- 

where, in both integrals of the argument on the left, one of the limits is the 
infinite branch-place a ; in other words, if we put 


Ui 


rdt r dt rtdt rtdt 

= J,7+J, 7’ 7-’ 

^ (fly 4) — 25iS2 


we shall have 

^22 (“^0 = + ^ 2 j ^21 (^) = “ tlf'Iy ^11 ~ 4 ^ ^ 

Then the arguments = 0, u^ — 0 are those associated with the node of 
the surface A = 0 at the infinite end of the axis of and the arguments 


_r dt _ f 

'1 — ~ 3 '^2 ~ 

J t ^ J i 


tdl 
t s ' 


are those associated with the points of A = 0 lying on the singular conic at 
infinity. An even function then has an expansion 




cr (u 4- Og) 


= 1 “ 4“ 2yo'i«2'ih + + • - • 


where 


cr (flf) 

Xq = ^22('^^?) = 4- 0 4- etc. 


B. 


7 



CHAPTER V. 


CERTAIN FUNCTIONAL RELATIONS AND THEIR GEOMETRICAL 

INTERPRETATION. 

28 . It follows by a preceding investigation (pp. 20, 21), that if r be a 
symmetrical matrix of two rows and columns, such that the real part of the 
quadratic form which is the same as i 4- 2Tl2?^l7?2 + is 

necessarily negative, an analytical integral function of two variables Vi, 
which satisfies the conditions 

{v^ + 1, v^) = 0 (t^i, =cl>(vi,v,-h 1), 

<f> (^1 + Tn, ^2 + Tsi) = </) {Vi + Ta2, 4- T 22 ) = e^^cf) (Vu V 2 ), 

where .ffi = — 4^7% + ^Tu), fig = — 47ri (v^ + iT^a), 

is expressible as a sum of four theta functions, in the form 

%B„@(2v,2r 

when h denotes in turn the pairs (0, 0), (0, 1), (1, 0), (1, 1). It follows thence 
that in terms of any four such functions <^, which are themselves linearly 
independent, any other such function can be linearly expressed. 

The conditions for are included, as was shewn, in the single equation 

0 4- m 4- rm') = e “ <f> {v) ; 

if a be an arbitrary symmetrical matrix of two rows and columns, and 
h, 0), ft)', rj, 7] such matrices of two rows and columns that 

7 ^^ = 2Aft), Trir = 2/ift)', r\ = 2aft), t] — 2aft)' ~ \ 

it was shewn (p. 25) that, for arbitrary ]p\ each of which is a row of two 
elements, 

a {li 4- — av? — 27rip' (v 4- ^rp') — ^iripp' = Hp (u 4- ^R-p) — ^ipp\ 

say, 

where Xlp = ^oop 4- 2m p\ Hp = 2r)p 4- 2ri'p\ hu = iriv ; 

it follows therefore that an integral analytical function, yjr (-w), of two variables 
tci, Us, which for arbitrary integer pairs m, m', satisfies the equation 

(-14 4” 2ft)m 4- 2ft)'??^') = ''/''('W'), 
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is expressible linearly in terms of any four such functions Avhich are 
themselves linearly independent. 

29 . Now we proved the equation, when ??i, m! are pairs of integers, 

^(^4 + q) = . 

therefore, as 'Kniu + w) 4 * -‘w) = 

it follows that when q consists of half integers, the product 

^ (ii + Wj q) ^(u — tv, q) 

is such a function -^(u). 

Thus also <T^(u) and, because the functions p^(u), etc., are periodic, each 
of the following functions, which are known to be integral functions, 

o'-(w), a-^(u)p^(u), cr^-(u) Paiiu), Pu('u), [^2*2(1*)- 6^22^“)]. 

is such a function ^(u), and there is therefore a linear equation with constant 
coefficients connecting these five functions ; this is one of the five differential 
equations previously discussed. 

Or again, the five functions 

(T'‘(f) {_^Kfx.vp (f) 

which occur on the left sides of these differential equations, are themselves 
connected by a linear homogeneous equation, obtainable by eliminating the 
functions ^22 ('^)j ^21 ('^)j the constant term, from the differential 

equations. 

30 . Another illustration is furnished by the five integral functions of u 

a(u + v) (t(u — v), a^(u) cr^^{v), a^{u) a^{v) ^22('W)j cr^{v) pQi(u), 

cr%u) <t\v) ; 

thus the function a(u + v) <r(u — v)la^{u) ct^(v) is expressible as a linear 
function of with coefficients independent of u; its form 

shews that it is equally a linear function of ^21 (^)> Fn(^)j it is 

changed in sign when u, v are interchanged. Thus 

+ F[p^^(u) p^,{v) - Pn(u) pA'V)] + & [g>u(M) ^22(0 - g>22(M)] 

+ H[p^(u) p^(v) - p^(u) p^{v)\ 

where A, B, C, F, G, H are constants. Taking now the expansion (p. 89 ) 

... , 

and denoting by £^4, power series in Ui, ti^ beginning respectively with 

1—2 
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terms of the fourth and sixth dimension, we have, if cr, ... denote 
cr{u), a-2i{u), ... 

a^(u) ^^{U) = — O-CTss + 0-2® = 2iiiU3 + Si, 

(r-(u) p2i(u) = — crcoi + o-jCTi — — ui + Hi, 

|S>ii(w) = - (To-u +0-1^= 1 + Hi, 

and hence 

a%u) a%v) [f)22(“) - - ^v-iViu,^ + H^, 

o‘^(u') a^(v^ [p2i('^) ^21 (^)] “ d" JjTg, 

0 -=(m) a\v) [^u(«) - Pii(«')] = - WiO + + H^, 

a^OO a%v) [fa(w) ^ii(t') - fn{u) g) 2 i(u)] = vi - + Hi, 

(T^{u) (T^{v) [^n(w) fw.{v) - ^23 (m) ^11 (t')] = - 2 MiW 2 + Hi, 

a\u) a^{v) [^23(m) & 2 i(v) - fii{u) - 2UiU^vi + H ■ 

On the other hand, up to terms of the fourth order, 

<T (u + «) O- (m - ■u) = [iti + Wj + + Vxf - + ra)®] [Ml - Ml 4- iiK{lh - Vif 

- Km2 - v^y] 

= uy — vy + — vy ) — § { u ^ uy — v ^ vy ) — 2 { u - iU ^ vy — viv ^ uy ) ; 
in this last the only quadratic terms are those in Mi-; comparing with the 
quadratic terms in 

<r^(u) (r^(v) [A {^22(m) — jJ2j(M)j + ... + H {^2q(m) ^a(M) — Pa.(y<d ^22(m)}]> 
we infer, therefore, that 0 = — 1, ^* = 0, Q = 0; and comparing the quartic 
terms we infer A = 0, J5 = 0, if = 1; on the whole therefore we have 

(r^{u)a^{v) ^ ~ ^21 (m) ~ pa.(l^) ^ 21 ( 1 ^) + Pu(^) ~ Pii(m). 

We return to this formula later; it will he seen that the geometrical inter- 
pretation furnishes another proof of it ; references to another analytical proof 
are given in the Bibliographical Notes, at the end of the Volume. 

31. Next take any even theta function, so that 

<r(t{, q)-l- i(iCo2iy + 2^0'ihUi + + Hi; 

the square of this function is then expressible in the form 

0-2 (u) [AL^22(m) + -Bfiaiu) + + D], 

so that 

1 - (iCouy -p 2y„«2Wi + z^uy) + Hi = A (2u^u^->r Hy) + B {- uy + ny) + G (1 + Hi) 

+ D{uy + Hy), 

and hence A = -y^, J5=«„, (7=1, I)——z^; 

+ «oF2i(m) + «>ii(m) - Zi , 


thus 
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a result obtainable, as we can easily see, from the formula for 

a{u — v) — a-(u) cr(f), 

by making v equal to the appropriate even half-period. 


32. Similarly if cr (u, g), = — + terms of third and higher dimension, 

be an odd theta function, multiplied by a proper constant, its square is 
expressible in the form 


[ 4^22 (^) + 5^21 {u) + (u) + D\ 

so that 

(% — = A + 5 (— ui) -h 0 (1) + i) (u^\ 

and hence ^’^^>22 if) — ^^^>21 (^) + 1. 

o-- (U) 


33. These formulae should be associated with others : writing 
^TB (w, ?) = - 9' log a (u, q)ldurdus, 

we have equations 

0-2 {u, q) prs (u, q) = (u) [Ap^ (u) 4 - ^^^21 (^) + + D], 

where A, B, G, D are different for different pairs r, s, and for different 
characteristics q. Writing 

(t{u, q)=:l-\ {cc^ui + 2yom + z^pi^) 

-f- {Fu^ -h + ^Ruiu^ -f + Tu^^) + . . . , 

the terms up to those of dimension 2, in 

cr- (w, q) ^rs {u, q) = - or {u, q) <Trs {% q) + cr^ {% q) a, (u, q\ 
for the respective cases r = 2, s = 2; r = 2, 5 = 1; r = l, 5 = 1, are 

^0 "h ^ (^0^ — -P) -f* (j^oyo “ Q) 4- ^ (2^0^ “ ^0^0 — -H) 7 

2/0 + i (^0^0 - Q ) ^2^ + (^ 0 - 2^0 R ) W'2Wi 4 “ i (^0^0 - 

•2^0 + i (2yo^ - - iS) u^Ui 4- J (^0^ -T)ui^\ 

comparing these with the terms up to those of dimension 2 in the expression 
by means of the functions (F {u) (u\ etc., that is, with 

A (2u2Vri) + B f uF) + 0 + Dvriy 

we find easily, in the respective cases, the values of A, By G, D] now a {it, q) 
is of the form e^<T (u -h O^q), where H is linear in and v.^, and dq is a half 

period ; if a denote the half period by which we pass from Sr {u) to a (w), and 

A that by which we pass from "^{u) to cr {% q\ we have (pp. 95 — 97) 


(flg)l = J.1 - «! = I “ 4* I — , {^q)% =1 — 4* I 

J a ^ J a ^ J a ^ J a 


'^tdt 

7 ’ 


and ^rs {u, 5) is fn (“ + ; taking account of the formula previously 
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found (§ 31 ) for {it, q), we can thus express each of + ^g) the 
quotient of two linear functions of ^^33 {ii), ^^21 ('^) j ^sing a factor 

of proportionality p, in fact equal to a- (u,q)lcr^ (u), the result may be written, 
if = ilg, 

[p^22 ('^ )y P&21 )? P^n (“^ )j P~\ ” ^ [^22 (^)j ^21 Fu 1] 

where M, a matrix of four rows and columns, is found on computation to be 
such that, if 

j=/0^1 0 0\, i-^=/ 0 1 0 

/lOOOj /_1000\ 

lo 0 0 ll lo 0 O-ll 

Vo 0 -1 0 / \ 0 0 1 0 / 

then 

*Mj= / i(Q- ^oVo) + ~ 23/0^) , 

/ ^{Q-^oVo) l(R-a)oZo) ^(S-yo^o) yo\ 

1 J (i2 + - ^i?) i “ VoZo) \{T- z, I 

\ ^0 2/0 ^0 1/ 

this being a symmetrical matrix. We have previously had the matrix j 
(p. 71 ), in a formula which is essentially connected with this, we have 
found previously the values of P, Q, P, S, T in terms of 2 /oj (p- 94 ), 
and we have found also (p. 95 ) 

^0 = ^+^, 2/o = “^^, ^0 = ^ 5 ,^; 

thus the symmetrical matrix Mj, and therefore also M, can be expressed 
in terms of 6 , and the coefficients in the fundamental quintic. 

It can be verified that each of the four expressions given by 
M (^0, Voy ^0, 1), or Mj(yo, - ~ 1, z^) 

vanishes ; of this the geometrical interpretation will appear. 

34 . Consider similarly an odd function 

a (u, q) = — ^fnu + ^ (pu^^ + + 3r^^2^£l“ + sifc/) + . . • ; 

up to quadratic terms the expressions 

0-2 (u, q) ^22 {Uy q)y etc., 

or a-^ — crcr^y — orcTig, — crcrn, 

where o-g = 9 o- {% 9)/9t^2, otc., 

are respectively 

- (p + q^) ^ 2^1 - {q + r^{r) 

-yfr + l(p + q^^r) 

1 + (g + rxfr) ti2^ + (r + s'yfr) 


- |(r + s>/r) 
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comparing these with the terms up to those of dimension 2 in 
( m ) [^.^22 ( m ) + (u) + Gpn (u) + B], 

we obtain the expressions for 

Pn('U,q), 

we have previously (§ 32) found the expression for cr^ (% q)lcr^ (u ) ; hence as 
before if be the half period given, with d = by 




the functions p^(u + fig), etc., are expressible as fractional linear functions 
in ^>22 (n\ etc., by formulae given, if p be a factor of proportionality, in fact 
equal to q)jcr^(u), by 

[p^o^(u% pp2i(u'\ p&ii(u'), p]=-J^[p22{u), p2i(u), pn(u% 1 ], 

where u' ^u + Hg, and iV" is a matrix of four rows and columns given by 


Nj= / 0 + q + r^jr 

I + ^ ^(r + sy{r) —'xjr j 

I —(q + ryfr) — J(r + 5^) 0 1 ) 

\ ^ -1 0 / 


where the matrix on the right is skew symmetrical, and j is the matrix 
previously employed. We have previously found the values of p, q, r, s 
(p. 93). It can be verified that the expressions given by N (1, — 0, 0% 0), 
where 0 == are all zero. 


If we substitute the values of p, r, s we find 
Nj ^ / 0 - r' 

I r' 0 — p' j 

1-2' P' 0 1 

\-V^ -.|r -1 0/ 

where 

p' = ^ (XQ^lr3 -I- g(' = ~ -I (X^plr^ + \^lr^ + ri = - 1 ; 

compare this form now with that obtained on p. 74; putting, with a slight 
simplification of the notation there adopted, which will not lead to confusion 
because we do not further use the sextic there denoted by 


F (^}r) = + Xf\}r^ + . . . + 4A/r, 

pe = i-ir{ir)t 
Nj = pm~\ j = -iy = -iy~\ 


and 

we have 
and 
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So that ^ 9 )] “ Ve7e 

where [|),.s(m)] denotes [g)22(M), P3i(w), ^ii(m), 1 ]. 

Tims the equations expressing the functions ('z^ + fl^) in terms of 
aT’e the same as those given by the transformation Air of p. 79, 
r having five values accoi'diog to the root yjr, other than zero, of the 
sextic F{’\jr). 

We have at once 

- PeJe~^y ■ rrV = P9'7e"’7 • 7“'79 = p/> 

and hence 


or 


a^(u + nq, q) 
<T^ (U + ilq) 


(^)] — • F" \_^rs — p0^ 


cr- (u, q) 


[Prs (^)], 


(T^-{ uAO ^q,q) ^ 2 0-2 (fu) 

0-2 {u 4 - fig) 0-2 {u, q) * 


Similarly for the symmetric matrix Mj of § 33, we can verify by actual 
computation, on the hypothesis that neither 0 nor </) is infinite, that 

P0P<^7a“V<#. j= ; 

the work is rather long, but is facilitated by using where convenient the 
alternative forms given p. 74 for / and /, and the fact that the coordinates 
— — make all the minors of the determinant A 

vanish ; these minors are given at length on p. 41 ; making use of the 
identities je~^y<f> = 70 ”"^ 7 = — 7“^ 70 , ^tc. (p. 79), and putting 

f (0) = Xo + ... + ^4^^ + 40®, 

and 1^6 = 99^ = f if '{&}, 


we thus have 




70, 


and therefore, when o- {u, q) is an even function, 

[^9 (« + o,)] = - » W]. 

It thus appears that the fifteen transformations Ars of p. 79 are all obtained 
by adding half periods to the argument u. 


When (T (u, q) is an odd function II, is, save for multiples of periods, of 
the form «“■ * ; when a- {u, q) is an even function, H, is the sum of two 
expressions of this form; thus the last result can be obtained by two 
successive applications of the formula just previously obtained for an odd 
function. 
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35. Consider now the formula (§ 30) 




we know, if denote a half period, that 
<r {u + + 

where J-s, B are independent of u, but depend on q; hence adding 


to u in the formula, we have 


(u + v,q)a-(it-v, q)_ a^ (u, q) . o \i 


(u) <r^ (v) a- (u) ' ’ 

thus when cr {u, q) is an odd function, putting in the value found for the 

matrix N, we have, with 

a(u + v,q) o- (u--v,q) . j. , ^ r . 

= PsWe ’7 [!?>« (u)] (i-)], 

which, when 6 is infinite, p^— — i (p. 74), gives, for the right side, 

- i'y [Prs (u)] (^>)] =i («)] [g)« (y)], 

and when 6 is not infinite, replacing yy 0 ~^ by — 7 ^ 7 “^ gives, for the right side, 

-Peye[Prs(u)] [Prs(y)]; 

and when cr (u, q) is an even function, £lq = 24 "’ ^ 

From these formulae we have, respectively, 
for the case of an odd function, 

a{u + v,q)a(u-v,q) _ <tHu) . .. 

<r^{u,q)(T-{v,q) (j^{u,q) a^(v,q)^ LF™'. )JL^r*()J 

— jN . N ^ \_Pr 8 ('^ + • N" ^ [g> 2 -g (y + 

= [Prs (u + XI5)] [Prs (v + n^)] 

ye [^rs (U + O^)] [^r8 + ^q)l 

Re 

and, when a ( 26 , q) is an even function, 

(r(u-\-v,q) a (u — v,q) .0 — 6 ^ . , r\ r / , \i 

a^(u,q),y\v,q) = " ^ 

Now since 7 ^, 70 .^, 7 , Ja^ ya^ are in involution, where c, Ci, Ca, Ui, 
denote the roots of f(P) = 0, we know (Appendix to Part I., Note I.) that the 
matrix 

ya^yar^yc^x' , yya^^yo^xso' , 7ai7“^7<,a;i»' , ycxx' \ 

I 7a27ar“7<!i®®'> yya.fyei^«>, 7ai7“*7«i®^'> yci^Xx' \ 

I ya^yafyciieie', yyar^y<^«;x' , 7a,7“^7»2®*'> j 

\ -iyxx' , —iya^xaf , —iya^xx' , —iyyaf-ya.^xx'f 
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is orthogonal. Let ns suppose the signs of the square roots denoted by 
fjLc, iJicti ••• chosen so that (Appendix, loc. cit.) 

then this matrix can also be written in the form 

( ^'7ci7c 2”^7^^':. 7a27c“V^^' » 7ai7c“^7^^' J 

%7cr'7^^‘' ) 7a27c2“^7^*^^ - 7ai7c2"'7^^^ 

— ir^xx , --ija^xx' , —ijci^xx' , 

but we have seen, if 

ipi 2/3 ~ [^22 ^21 ('^)j ^11 ('^)j 1 ]} 

y\ z\ t') = [^22 {v), (v\ pn (^), 1 ], 

cr(u-\~v) o- (u — 2;) 


r/cO^X 
yc^OCX 


that 


0-2 (24) (2;) 

a {u V, 6) a {u -- V, \ 

cr^ (2^) (2;) 


■ — lyxx , 


'■ - per^QXX , 


cr (2^ + 2;, ^c6) <7 {u — 2;, ^<i) , pbQjjUA , 

where fxe == 9^pQ ; hence if 

<7 (2^ + 2;) cr (2^ — 2;) = [a], 
cr (u + V, 6) O' (u ^ Vy 6) = \d'\y 
cr {u + Vy 0(f)) cr(u — v, 6(j)) = {9, (j>], 

by multiplying every element of the matrix by (u) <t^ (v)y we infer that the 
matrix 


* Co 


P'ClP'Cz 
C2 0 


[Cij Cq], 

[Csj c], 


. a. 


-i [c] 


f^a2H'c 

* 0/2 — Cl 
% 


P'aiP'c 

{0/2} Cl], i — {dly cj, 


f^aiP'Ci 


C Cl ^ -i . (X2 C2 p . CLi — C2 

- [c, Cl]} - z [as, Cg], ^ 


P'CP'CI 




f^aiP'C2 


[Ol, Cj], 


M 


[«l] 




pc 

J. 

pcl 

2 
Pc2 
0/1 0/2 


\ 


W 


[<h, ■ 


Pai " " Pos " P'aiP'a2 ’ 

is orthogonal. As will be seen (Appendix, loo. cit)} there can be formed 
15 such orthogonal matrices ; presumably they are obtainable from % by 
addition of half periods to the argument u. 

A particular case of this result is obtained by dividing each element by 
cr^ (2^), and then putting 2; = 0 ; since we have (§§ 31 , 32 ) 

^ p 0) _ _ ^ p 
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' P 

Cl Cl) 


CiC< 2 J 


•*■<120 1 " -*■ aic > 

PaiH'c 


-P. 

M'c 


C 2 C 3 


. ^ ^ P i 


- P 

•PP a 


-— P 

fllCj 3 •*• Cl 

paiPci Pci 


PciPc2 
Co - C 
PcgPc ‘ 

^ D „• ^2 P / “ <^2 P 1 P 

-^cci 3 “ ■*■ a^Coi " ■^fltiCo3 -^co 

/^cPci IPa2Pc2 r>aiPc2 ' " 

- ^ P ^ P ^ ^2 ■ 

-^dl J “^<Io 3 

Pai Pas PaiPa2 


\ ^ 


■ aifl 2 


/ 


is also orthogonal. For instance, taking the first and last columns, we have 
(c, - c,) + (c. - c) 4 (c - c,) P,,P,,, = (a, - 0 ,) P«,^, 

PaiPfls 

while, since /J'b^ = i f (0), we have 

/ PcPciPca V 

V PaiPoa 

— cti) (c U 2 ) (ci — Ui) (Ci — 02 ) (cg — (ii) (<^2'~ Q^) ^ <^ 2 )^ (^2 pyjo ~ Ci)^ 

“ (ai-“Cfo)^(oti-c)(ai~Ci)(ai~C2)(a2-c)(a2-Ci)(u2-C2) 

= (Ci — C^y (C 2 "" 0 )“ (c — CiYIi^ "* ^ 2 )^ 

so that 

(Cj — C 2 ) P (jP C 1 C 2 "h (^2 0 ) P (.jP cgc 4 " (c Cl) P cgP ccj 

= ± (Ci “ C 2 ) (C 2 — c) (C ~ Cl) P aja 2 3 

an equation easy to verify directly, with the upper sign on the right side. 

Again, if in the matrix 2, we put v = u and then replace 2u by u, we infer 
that the matrix 


2 x= / 


^ (7('U, Cl Co), 
PfilPc2 

. 0^2 ~ C X N 

~ ^ (r(u, UaC), 

PasPc 

i — ^ 0- ( 2 ^, UiC), 

PaiPc 

0 

o-(m, Cjc) , 

PcaPc 

. (X'2 Cl , . 

^ o-m, OsCi), 

PogP^^i 

.Ui-Ci , . 

1 fj- aiCi), 

PaiPci 

0 

PcPci 

-z o-(«^,a2C2), 

pa2pC2 

, Ul C 2 , V 

^ o-^OiCa), 

PaiPc2 

0 

0 

0 

0 

(Xi U 2 ^ 

<r(i 

PaiPaa 


is orthogonal ; thus for instance 


/ Ui U 2 V 
VPajPoa/ 


0*2 (w, 0102) = 


VPciPca/ 


<j 2 (u, C 1 C 2 ) 


+ (u, c,c) + o-’' K CCi), 

VpcaPc/ \ 


pcPci / 
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and 

0 = (ci — Cfl) (aa — c) a (Uy C1C2) o- (z/, a^c) + (co — c) (ag — Cj) cr (w, CgC) <7 (?/, a^Ci) 

+ (c — Cl) (ag — Ca) O' (u, CCi) a {u, OaCa), 

of which the first is equivalent to 



and the second to 

(Cj — * C2) (tta c) J P cic^^ a^c d" (^2 c) (fl^ Ci) J P c^cP aaCj 

d“ <^i) (^2 <^2) J P cciP ~ 

36 . As an alternative method of obtaining results just obtained by 
consideration of the orthogonal matrix, and as an example of the application 
of a principle which appears at first sight slightly more general than that 
so far employed in this chapter, we give now a formula which, in virtue 
of those already proved, furnishes an irrational form for the relation A = 0 
connecting the functions g}22 W; ^23 W, {u). 

As in preceding investigations it follows that an analytical integral 
function of Ui^ which for any integers m, m\ and a positive integer r, 
satisfies the equation 

^ (u + <!> {u)y 

the notation being as before, is expressed linearly by functions of the 
same kind. An analytical integral function may however be such that it 
satisfies an equation 

^[r (u + n^) = M +cm+c'm' ^ 

where cm + cW = Cimi + Cgma -f c/m/ + Cs'tWq'; 

and Cl, Ca, c/, Cq' are any constants; it can then be shewn, just as before, that 
it is expressible also by at most such functions ; we do not give the proof 
because it will appear that this is really included in the preceding case 
(Part II., below). But now, if ^fr(u) be an odd or an even function — and it 
can be proved that this cannot be so unless each of Ci, Cg, c/, Cg' is an integral 
multiple of iri — it can be further shewn that there do not exist always as 
many as linearly independent functions yjr {u). In fact when r is even, if 
^|r{—u) = €^jr(u), SO that 6 is +1 or — I, the number of linearly independent 
functions yjr(u) is at most 2e when each of Ci, Cg, c/, c/ is zero or an 
even multiple of Tri and is otherwise independently of e; so that for 
r=2 there is no odd function for which Ci, Cg, c/, c/ are even multiples of 
Tri and there are four even functions, while when Ci, Cg, c/, Cg' are not even 
multiples of vri there are two such odd functions linearly independent and 
the same number of even functions; it is this result which we proceed to 
illustrate. When r is odd the number which are linearly independent is 
at most where (c, c') = m (yic, fjt!). 



AET. 35] 


109 


irrational form of the equation. 


We have discussed, beside the function (t{u), five odd functions, each 
associated with one root of the quintic equation 

Xq 'Ki6 + 4 “ 4“ 4 * 4 ^® = 0 , 


these being those denoted above by a {ii, q ) ; one of them may be denoted 
by a{u, 0i). We have also discussed even functions, each associated with two 
roots of this quintic; one of these may be denoted by a(u, d^O^). Consider 
the three products 


a {u, 6i) cr {u, 6 <36^, a (u, 62) (u, 9 ^ a {%b, 9 ^ 9 ^ ; 

the function a (u, 9 i) is, save for a constant multiplier, the same as ^ (u, q) 
of p. 25 , where the characteristic q is that associated with the half periods 




(a,),=(r+[“+r 

\J ai J a 


tdt 

S ’ 


while similarly the function a (w, ^i^o) is associated with the half periods 


(fi,), . (/• + r + r+f) f , (fi,).. ( /■ r +/V r 

\J ai J J a J a / ^ ai az cl J a 




as explained before (pp. 94 — 96 ). Thus each of the three products above is 
of the character assigned to the function ^}r in the explanation above, being 
an odd function for which the quantities Ci, C2, c/, C2' are not zero or even 
multiples of 7^^. Thus there exists an equation 

Acr(Uj 61 ) a {iL, ^o^s) + Ba {u, 9^ a (li, 9^9^) 4- Ga (u, 9^ a (m, 9i6.^ == 0, 


wherein A, B, C are constants. 


And the preceding expansions enable us to determine the coefficients; for 
the terms ef first order in the expansion of the left side are 

A (lOj — 9 j~^Uy) + B (ui — ^2“^ + G (ui - 9 r^ 

shewing that A = 9 i (^2 — ^3), B = 62 ( 9 ^ — 9 j), G= 93 ( 9 ^ — 9 ^. 

We have previously (§§ 31 , 32 ) expressed each of the quotients 

6d) cr^ ^1^2) 

cr^ {u) ’ <7-- (w) 

as a linear function of ^22 ('^)> if these forms be substituted in 

the equation above, an irrational form of the equation A = 0 is obtained ; if 

62 + <93, 2/1 = - ^2^3, = ^02, 03 ^ 

and w, y, 0 denote ^22 (u), g?2i i'd), Pu (u\ this is 

2 (do. - ds) {xy^ -yoh + ^i- {y + d^x - = 0. 

If Oj, Oa be the roots of the fundamental quintic other than 6^, 0^, 0^; and 

Z = (01 - Oi) (^1 — Oa), m = (03 — Oi) (03-02), n = (0i — ai)(03 — cQ, 

we find (03 — 03 ) Pet, 9^ = (02 — -Po., o, + inPe^ -nPe,; 
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thus, if O^co— 9-^, 7 } = y-\rd^—d^, + — 

T == mia^-\‘y{ai + cig) + 

and X = ^2 — — — 9^, 

we have 

\k^ {\t -{■ -- nrj)^ + [fiy (/ir-f + {vi^{vT -f Zt; — = 0. 

37. We can give an interpretation of the formula for the function 

<T {U -\- V) (T {u -- v) 

which places the form obtained for the right side in connexion with the 
results obtained above in considering the geometry (p. 76). Though 
entailing repetition it appears well to make the present account self-con- 
tained. 


Regard v as fixed, and Fu(^) ^he coordinates of a 

variable point; the equation 

^22 (^) ^21 (^) ^21 ('^0 ^^22 (^) + (^) pll ('^0 “ 0 , 

which we may denote by 

^ = 0, 


is that of a plane passing through (being in fact that of the polar 

plane of yi, £^i) in the linear complex denoted in the usual notation by 
Ti'i-n'—O), The function (r(u) has been seen previously (p. 96) to vanish 


for u = u^>^, that is for 




where = Xq + Xi^ -t . . . -f- \Jf‘ -I- 4^®, and, save for integral multiples of periods, 
only for values so expressible (the zero values — for example being 
obtainable by taking where {ii) is the place conjugate to (^)); hence 
the product (r{u'\-v)(r[iL — v) vanishes for 

where the sign = indicates the possible omission of multiples of the periods; 
of these, if if!) be conjugate to (j), the second is and, as 

^ 22 (•” '^) = ^22 (^)j gives the same point of the surface A = 0 as does the 
first. The curve of intersection of A = 0 with the plane xy^ - y^*i + — 0 = 0 

has therefore points each representable once by 

^ = ^22 (“y + % y = g? 2 i {v 4- % z = ^11 {y + % 

where (t) is variable. This curve will have a double point, and the plane 
touch A = 0, if we can satisfy, by properly choosing (t) and (^i), the three 
equations 

^rs {'0 -f ^0* 
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Now first, the three equations require, as the differential 

equations of Chap. II. shew, that 

^rBtm if) — ^rstm )> while ^rst if) “ i ^rst f )? 
the negative sign for the functions of three suffixes being capable of deriva- 
tion from the positive sign by changing the sign of u'; similarly by the 
equations derivable by differentiation from the differential equations all 
derivatives of are equal to the corresponding derivatives of Prsf), 

or of Prs (“" so that, for arbitrarily small arguments w, 

Prs ('If' + ^^) = + ^), Prst (u^w) = Prst ( U + w\ 

or fPrs (u + w) = Prs (“ u' + Prst d* ^) = Prst (“ u' + lu ) ; 

we can however express « + ^ in terms of these functions in the form 

^Adx'\- Bdyy + = ^Bdx-\- Gdy, 

where J., jB, 0 are rational in x — p^siiiiAw), y = p%iiu-\-w), ^ = ^ 222 ; 
thus we have 

uAw = u +w period, or = — period, 

and so u~ ±u' period. 

The only double point of the curve now under consideration is therefore 
to be obtained by considering the equations 

or the equations z; + = — (v + ^i)- 

As to the former, equivalent to = 0, uf* = 0, they are satisfied only 
by the obvious solution = (p. 30); the latter, equivalent to 

i ya, ti = — 

are, for general values of -y, satisfied by one and only one pair of positions 
(t), (ti) (P- 29), given (p. 97), by 

^ 22 ( 2 ^)) = ^ + ^!, ^2i(2ii) = tti, S = ^^ 223 ( 2 ?)) + |!>2ji(2'W), Si = iijl>22a(2?;) + P22 j(2t)), 

where 6**^ = A-o + ... -P thus, with Xi = p. 2 Qiv)j etc., and general values 
of Vj the equation 

^yi — + ^1 - ^ = 0 

represents a tangent plane touching the surface A = 0 at the point 

w = v + 

where ~ tp^z i^v) — ^21 (2z^) = 6. 

When a 2v) vanishes identically for all positions of («?), the equations 
ya>,t _p = — 2z; have an infinite number of solutions; this is only when 
2v is a period, and then we may take (t) arbitrarily and (ti) the position 
conjugate to (t); in that case the plane touches the surface A = 0 all along 
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its infce! section ; namely the sixteen singular tangent planes previously found 
are given by the equations 

= 0 , 

when is any half period; we have already seen that a (it) — 0 corresponds 
to the plane at infinity; the equation of the singular tangent plane is given by 

00^21 i^q) ~ y&22{^q) "b ^11 
which compared with (§§ 31 , 32 ), 

0x + y — 6^ — 0, or 6(px + {6 + (p)y + s = 0, 
gives either (O^)/ 1 = - {^q)IO - : 

or |>22 ('^3) = ^ + ^3 §^21 (^3) “ (^q) “ 

shewing that the half periods are the values of 21 at the nodes. 

Considering the case of an ordinary tangent plane, depending on a 
parameter v, with point of contact given by 

20^ V-h 26"’ 

where -h = — 2Vy 

if we take two positions (k), (Jci) given by 

- 224 ;, 

we shall have 24"’ * -f = - 22; - 226"* ^ = 24"^ - 22"’ 
or 26^>* + 26^i»*» = 0 , 

where (t') is the position congruent to (t), hence (p. 29 ) the positions 
(yfc), (ki) are, taken in proper order, the same as (t') and ( 0 > 

2; =24; + 26 "^* 

so that the point (v), ^21 (^), g>ii W of the surface A = 0 is derived from 
^23(24;), P21M, ^11 (^) j^st as this is derived from the former. Thus, if 
4r/=p22(^)> etc., the plane 

touches the surface at the point v. The former plane passing through 2;, 
since every point of its section of the surface is given by 24 = 2; + 22"’ and 
the latter through w, it follows that the straight line joining the points v 
and 24; is a bitangent of the surface A = 0 , and v is one of the six points 
of contact of tangents to the quartic plane section drawn from its double 
point w. Expressed in terms of the parameter w of the point of contact, the 
tangent plane is thus 

xf2i ( w 0 + Pii - 24"> ^) - ^ = 0, 

where (t) is a particular position given, in association with another position 
(^i), by 24">^ + 24"’^* = — 2 ( 24 ;- 24 "’*^), that is 

ti^yaA = ^ 224 ;. 
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Thus tj, t are the roots of the equation 

- ^g>22 (2^) = 0, 

and the points of the tangent section are given indifferently by 


where (6) varies, being {t) or (z^) at the point of contact according as this 
is approached along one or other of the inflexional branches; thus for these 
branches respectively we have at the point of contact w, 


duj 


= t OT ti, 


and the differential equation of the asymptotic curves of the surface is 


fdu^ 

Kdiin^J 




It {t) be a fixed position, this differential equation is obviously satisfied 
by the curve given for variable {&) by 


thus the asymptotic lines are given by 

(2w) - g?2i = 0, 

where t is constant along any particular one. 


Every point of the section of the tangent plane with the surface A — 0 
has a parameter of the form take in particular {\) at a 

bi'anch- place, so that is a half period S2q ; the tangent plane at this point 

is then 


^§^21 ( w — — — etc. — 0, 

where Qi) is a particular position given, in association with another position 
{hjX by 

ya.M ^ ^ 2 (w — + Og), 


or ^ = u^’ + u^’ ^ 2XIg, 

so that (A) is the conjugate position on the Riemann surface either of (4) 
or (t); in the former case the argument w — — would be 

w or —(w — ^lq), save for multiples of the periods; in the 
latter case it would be w -h Xlg ; in either case the tangent plane is 

and passes through w cr {2w + cr (II^) = 0, and therefore if cr (Og) = 0, or 

^ (Op + O^) = 0, where p denotes the characteristic - (cf. p. 34), that is 

if Op + Og be an odd half period. We thus have the result that the 
bitangents to A = 0 drawn from the point w touch the surface in v = -w; — 
where = — 2'Z^, and in the five points t^ + Og, where Og denotes in 
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turn the half periods in which ^ is a root of Xq + Xi0 + ... + 40^ =0 ; for 
it is easily seen that with these values -h Og is an odd half period (see 
p, 32). More symmetrically, with a slight change of notation, the points of 
contact of the bitangents from ±w are given by v = w where {&) 
denotes in turn the six branch-places of the Riemann surface on which 
is computed, and {t) denotes either of the two places given by 

f ~ (2w) — (2w) ~ 0, and 5 = ^^>222 4* (^oai (2w), 

This result is also obtainable by considering the vanishing of the function 
(Tq (u + V) <7q (u — v). 


38. The two points + w, ± v, capable of representation in the forms 

which are the points of contact of a bitangent associated with the first linear 
complex, may be called twin points, or each may be called the satellite of the 
other ; since t, ti are the roots of either of the quadratics 

f - ip 22 (2u>) - fn (2w) = 0, P- tp^ {2v) - pn i^v) = 0, 
these points are such that 

^22 (2w;) = p^ (2v), p,, (2w) = p,, (2v). 

Two arguments u, u' capable of representation in the forms ^ 
u = ^ v! = 

may be called conjugate arguments, and the associated points ± u, ±u may 
be called conjugate points; since ^ 22 (^) = ^ 22 ^21 ('i^) = g> 2 i (^0> follows 
that conjugate points are the intersections of the Kummer surface with an 
arbitrary straight line through the node which lies at the infinite end of the 
axis of Zy what we may call the primary node of the surface ; putting 

w=p^{ul y^p^{u\ z=^p,,(u)y z, = pn(u) 

it follows from the equation of the surface that 


^ ^ _ 2^3?/^ — l-Xg^y + X42/^ -f- JXj X — X^y + Xo 

^+^0 ' 

Further 

f - T - f (f + t) + ^ (v + ■ 

—xdui + 2du^ 


JaP 4 - 4 ^ ^ 

^ f t\dt\ tdt 1 


S tfj_ ” t 

_ 2ydui 4- xdu2 
Va?2q-4^' 


[-*<■' (f + T)+<'- + 0C-f 


t\dti tdt 
4” "™" 
s 
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so that we have, as is easy to verify, with x — y = 


r_ ^ 1 4. A r ^ _ 0 

4- 4y)^- -(^ + 4fv)^- 


(af + 4y)^ 


A r -1 - — r ^ ] = 0 , 

^^^-5 -(a?2-h4y)4J -(^ 2 -f 4y)i- 

and, also, fche incidental consequence that with any point of the Kummer 
surface may be associated, not only the everywhere finite integrals but 

also the other everywhere finite integrals 

^ _ /* — xdui -f 2 cZm-2 ,./_/* ^ydui + xdu^ 

ii^ _ I - j — I ~ — , 

(x^ + 4y)- (^ + 4y)2 

where x = jp 22 ('i 0 » ^ — ^21 (u); the former pair, iq, can each be expressed in 
the form ^Adx Bdy, where A, B are rational in x, y and the 

latter pair cannot be so expressed. 

The line joining the two conjugate points ±u, ± u\ is the intersection of 
the tangent planes 

— t^ — tiX — y = 0, 

of the cone + 4y = 0 ; this is the tangent cone of the Kummer surface at 
the primary node, and its generators each cut the surface in one finite point, 
conjugate to the node = lying upon the unicursal octavic curve ex- 
pressed by 

Fit' t)--2T'T 

where*, as the explicit equation A=0, p. 41, or the value 
making t' = tf shews 

(f j ^)8 ~ t "H A0X4) fiAo) 

— d" ■^^2^4 — 1^^^) ^ 2 X 2 ^ d" } 

while p (f) = Xq 4 + X 2 ^^ 4 • • . 4 4^^, 


* It can be shewn that 


8=ig J ~ 4*^ “*■ ^^3* + 


In general, if ^=^>22 i(“)j I'=S^2u(“)s the coordinates of a point 

of the Weddle stirface, and — + the points 6 , tp of the cubic curve 

may be geometrically obtained by projecting (|, 17, r), from the node (0, 0, 0,. 1), to the satellite 

point 17', r), and drawing the chord of the cubic curve through tj', f', r'). The 

coordinates of 17', f', r') are then in the ratios 




8—2 



116 


A particular differential 


[chap. V 


Each of the tangent planes — y — ti—tiX — y = 0 cuts the Kummer 

surface in a plane quartic curve, with a cusp at infinity whose tangent is the 
generator along which the plane touches the cone. Consider one of the 
points + u where these quartics intersect ; let x, y, z be its coordinates ; for a 
consecutive point of the quartic on — to — ?/ = 0, and the conjugate 

point v! + we have 

dul = = du^, 

^1 


so that, for variable pairs of conjugate points on this quartic, u — u' is 
constant, equal therefore to the corresponding difference ^ for the pair 
of points w = i^' = 0, lying on the generator of contact of the plane 

^2 ^ — y = 0, and cone x^-\-^y — 0. Also, on the cuspidal quartic, 




— xdui + 2du^ 
{aP‘ + 4y) 2 


dv^ = 


2ydu^ + xdu^ 
(x^ + 4y) 2 


both leading to 




which is thus the diflferential equation of the pairs of cuspidal quartic curves 
on the Kummer surface obtained by drawing tangent planes to the cone 


where B^=rf(d), the fourth intersection of this chord of the cubic with the Weddle 

surface having coordinates obtainable from these by changing the sign of <i>. For the case when 
e=(f>=it^ the point 1=^222 etc., is such that there is a tangent of the cubic curve passing 

through (!', 17', t'), namely the tangent at the point t of the cubic; this cuts the Weddle 

/I t 

surface again in ( — : : '"y)’ namely meets the surface in three points 

at t, so that the cubic is an asymptotic curve on the Weddle surface ; the point V» tt 
for coordinates the ratios of the limits, when ^=0={, of 

1^1 

0 ^ 0$0«J> 0$ 

e~<f>' " d-<p' d-ip ’ “ e-<i> ’ 

which are 

or r : : r : ^'=/' * 2 /-i/' : 

and this is the tangential, on the Weddle surface, of the point t of the cubic curve. The locus 
of (^7 '^0 on the Weddle surface is thus a unicursal curve of order 7. The quartic 

developable surface F= 0, of p. 67, is the locus of the tangents of the cubic curve ; its complete 
intersection with the Weddle surface thus consists of the cubic curve counted three times, 
together with this unicursal septic curve, which meets the cubic at the six fundamental nodes. 
The locus of the point ^332 (2^^^’ ^)» etc., can be found, by using the values 

a:=2t, y=-t\ = t)slfit) 

in the expressions of p. 41, to be a unicursal curve of order 16, The cone joining the node 
(0, 0, 0, 1) to the unicursal septic curve, which contains this unicursal curve of order 16, is to 
be found by eliminating t from the two equations + 2t7}' + =0, 2/f =/' + and is of 
order 7 ; its intersection, of order 28, contains, beside the two curves of orders 7 and 16, the five 
lines joining the node (0, 0, 0, 1) to the other nodes. 
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equation and its integral, 

a;2 + 4y = 0 from a variable point etc. of the surface. We have 

^ = 4 + ^, y=-'t^t\ thus along the cuspidal quartic - tia? — 1 / = 0 we have 
dxi^dt, dy-^ = —i^dt, and therefore, du^^ du^ denoting as before increments 
along the quartic ^ = 0, we have 

dy-i_ __ du^ 
dxj^ du-j^ 

the differential equation for the pairs of cuspidal quartics may thus be 
equally written 



an ordinary Clairaut equation with ~ — y = 0 as its integral. To reduce 

this form directly to the former, it is necessary, after substituting 

dx = ^du^ + rjduiy dy = 7)du2+^duri, 
to utilise the identities 

^+ij^x -rfy ^ — + + py 

-y X 1 ^ 

which follow at once on substituting f = f?/ — r]x. Furthermore the identity 

dtbidyi + du^dxi = 0 , 

is equivalent, either with 

du^ [^222 {^) + ^221 ('2^) + du^ [^221 {y) + ^211 {^) d'ih^^'>’] = 0, 

that is ^du^du^^^'^ + tj {du.jdai^^'^ -f dvr^dvn!^^'^) + l^du^dui^'^'^ = 0, 

where du^^\ dui^^'^ are increments along the quartic t^ — tiX — y = 0, or with 
^dydy^ — tj {dxdy^ + dydx^) + ^dxdx^ = 0, 
which, dividing by dxdx^, is the same as the identity 

“ = 0. 

Comparing this work with that previously given we see that the 
arguments v, w of two twin points are connected by 

— f (^'^) __ r 2g>2i (2^) dw^ + g>22 dw^ 

J + ^ J [pss‘(2w) + 4>p!a(2w)]^ 

equivalent to ^> 22 ( 2 ^^) = ^22 ^21 (2^^) = g? 2 i( 2 w); we have shewn that these 

are satisfied by rational expressions for ^ 22 (^)j ^21 in terms of 

g> 22 ('^)j g> 2 i(‘^X Pn(^); it will be seen that ^22 (2u), are rational 

invariants, in x, y, z, of a group of birational transformations. Further, we see, 
if -24; be a variable point on an asymptotic curve of the Kummer surface, that 
the point 2w is a point of a cuspidal quartic (^) — P 21 ('w) — 0 ; that the 

satellite point -y of -m; also lies on the asymptotic curve, and v — w is constant 
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along the asymptotic curve, being equal to also that all the 32 points 

w + where 12 is any period, also lie on the asymptotic curve 

and are common to the two asymptotic curves through w ; and so on. And 
if (ar, y, z) be the coordinates of w, and {x, y\ z') those of v, we have, as 
follows from the equation xy' — yx + z' — z = 0 at 'lo, or from the differential 
equation of the asymptotic curves*, 

— = i^z:z 

dx dy ^222 ('^) ^221 (^) 

so that the tangent lines of the asymptotic curve, at the twin points v, w, 
project upon the plane ^ = 0 into parallel lines. All the cuspidal quartics 
touch the unicursal octavic intersection of a^ + 4iy = 0 given hj u = ^ ; 

thus the asymptotic curves all touch the singular conics of the Kummer 
surface, which constitute the parabolic curve f. 


39 . A bitangent is a chord of the Kummer surface whose intersections 
coincide in two pairs. Consider now any chord. Kor this let the tangent 
plane xg> 2 i («) - 3/^22 («) + Pu (a) - = 0, be called the tangent plane oc ; let 
(^i)j ( 4 )j (^ 3 )> (0 arbitrary positions on the Riemann surface, and let 

a = ^ q- ii^> U q- ^ ^ ii^n> ti _ fg ^ U q- ^ 4 ) ■ 

the four arguments 

a = CL — & = a ~ c = a — c? = — a 4- 

are then such that a (a- a), <7 (6 ~ a), cr (c — ct), o-{d + a) are all zero, and are 
therefore upon the plane a; they are respectively equal to 

and are therefore, similarly, upon the plane y(3; thus they belong to four 
collinear points. Conversely let ± a, ± 6 , be any two points of the Kummer 
surface; take (ii), (taX (^ 3 ), (^i) so that 

__ J ya. ts ^ ^ 


or , . , 

a = J A q- u^> 4 q- q- z= a — 

6 = "I- ( q- q- = a — ; 

then, as before, the line joining these points cuts the surface again in ± c, + d 
where 


* The differential equation of the asymptotic lines, for a surface whose tangent plane is 
lx^my-\-nz=.Oj is dxdl + dydm+dzdn=0. 

t See Klein u. Lie, Berlin, Monatsler. 1870; Beichardt, Nova Acta Leopoldina, l. 1887, 
p 479 ; Hudson, Kummer^ s quartic surface, p. 195. 
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Put U — 

% v ! : 


y = 

= 

j 4- 



then we have 

a-\-h = 

y, c + d = — 

V'; 

a — 


c — 

d = u, 

as well as 

ot + c = 


a- 

~ c = 


^a, 



h + d = 

— 4- 

b- 

-d= 

lia, U 4 . 

ya, 


and 

6 4 c — 


h- 

- c~ 

— 4 

ya, 



a + d = 

— 4 

a- 

-d= 

4 4 . 

ya, 



Introduce now the following phraseology ; if + w, + -y be any two points 
of the Kummer surface, let the two points ± + y), ± (^ — 'y) be called their 

forward derivatives ; they are uniquely determined when ± u, ± y, are given. 
If l-fl denote any half period, ±u, ±v are the forward derivatives of the two 
points + J(7A+y)+4fl, so that ±|(w4-y)+Jfl, ±^{u—'o)+\£l 

may be called the backward derivatives of ±u, ±v; these consist of sixteen 
pairs of points. Then the results just obtained may be stated by saying that 
if four collinear points of the Kummer surface be divided into two pairs, 
either of the forward derivatives of one pair is conjugate to a forward 
derivative of the other pair; thus each mode of taking the two pairs gives 
rise to two straight lines through the primary node, and the four collinear 
points give rise to six straight lines through the primary node; in other 
words, including the whole result, if a, b, c, d be four collinear points in any 
order, we have 

+ c) = + ed), - c) = g>a(a - ed), 

where the signs of a, 6, c, d are arbitrary, but e, = ± 1, must be suitably 
taken. Further the sixteen pairs of backward derivatives ± ■|-((X + &) + -1-0, 
± |■(c 4- d) + consist of sixteen pairs of twin points, the points of contact 
of sixteen bitangents, and there are six such sets, each of sixteen bitangents, 
associated with the four collinear points, two such sets belonging to each 
mode of dividing the four collinear points into two sets of two. 

It is easy to see the modification arising when the four collinear points 
consist of two couples of collinear points (y, y, w, w), lying on a bitangent. 
The forward derivatives consist then of (0, 0), the primary node, of (y + y;, y -f w), 
occurring twice, being the coincident intersections of the conic at infinity 
with a line through the primary node, of (y — w, y — ^y), occurring twice, being 
also the coincident intersections of the conic at infinity with a line through 
the primary node, and of (2y, 2w), which are then conjugate points, as we 
have already found (§ 38). In fact the set of tangent planes a, in 

general four in number, which can be drawn to the Kummer surface through 
the four collinear points, contains in this case coincident planes. 

40. The differential equation given above for the asymptotic lines 
of the Kummer surface 

fdu^X di(^ 
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enables us at once to find rational expressions for ^21 (2m) in terms 

of g?22(w). ^^21 {u), (m). For the asymptotic lines of a surface in homogeneous 

coordinates x, y, z, t being* 


X, Xj, 

y. yi. 

5, z„ 


y^, 


d?x 

d?y 

d?z 


= 0 , 


t, t,, dH 

where x, y, z, t are supposed expressed in terms of two parameters u, v, and 
dx 


^1 = 


du^ 


70 3 ^ 7 0 O 9 ^ 7 J , 9 ^ j o 

(Px = ^ ^ 2 dudv + dv% 

dv? dudv dv^ 


we have for x=p^ (u), y = gJai (^)> = g>ii (^)> ^ = 1, as the differential equation, 
^5 + ^jp^idUe^dUi + ^2211 I “ 

C? ^ 0001 du<^ + ^P^iidu^dui + 

+ ^1111 

where ^=p2S2('^h Comparing this with the form 
(£) “ ~ 

we infer, if as usual Qi = 4 (t^t — Q2 = 4 (97^ — |t), Qs = 4 that 

/« \ _ _ 9 Qi ^2221 (^) Qa ^2211 (^) 4- Qj fall (^) 

Qi ^2222 («^) + Q 2 ^2221 (w) + Qsg> 22 n(^)’ 

/O N ___ _ Qi ^2211 (^) Q2 p 2 in (^) + Qs Pim {'^) 

V (^) 4. (u) + Qs g>2211 (^) ’ 

and, for the equations of the asymptotic curves, 

Ql P^^2222 (^0 "h 2^^2221 ('2^) + ^2211 ('^)] 

4* Q2 P^^^2221 ('^) + 2^^2211 ('^) 4“ ^2111 ('^)] 

4- Q3 ^2211 4- ^tpmi 4- ^UU ('^)] = 

It is found (see pp. 41 and 48) that the quintic terms in this are 

1 6 (xjs: ~ y^y \fx + 2 ty 4- z ~\ ; 

as we can eliminate {xz — y'^y by means of the equation A = 0 (p. 41), the 
asymptotic curves lie on surfaces of order 4. 

Another way of finding the expressions for ^>22(2^^), g?2i(2^), is by the 
equations of p. 117, expressing the integrals at the satellite point in terms 

of those at the original point; these give, if If = [^>22^2^) 4- 4^2i (2t^)]^, 
dv^ _ g>22(2^) ^ dvx 

dws M dwi ’ 

dw-i^ M ’ dw 2 M ‘ 


Darboux, TMorie des Surfaces, Partie i. p. 138. 
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We have however found (p. 78 ) 

dv = Jr + Qid^+Qidr dv =- Q-^dy + Qsd^ 

i{QA,GafioG,fa,'^’ ’ i(Q.GaGaficGcfe:^’ 
where Qi = 4 (t/t - ^), etc., ^ = ^za ( 2 w), etc., Gg= Q^ — BQ^ + thus 
2 _ Ql 1^2222 C'^) d~ ^ 2^2521 ('^) 4 ~ (w) 

if” i(a3a„.a„AaA)* 

together with expressions for ^22 (2^^) and (2w) identical with those above. 
The denominator which occurs here has been seen (p. 78 ) to be the square 
root of o-Qs, where <r is a certain quartic expression in rj, r; if 
A = Q^fp^(u)+ 5 = QiP222i('w) + ---, Qig>22ii('i0 + --v we thus find 

B^^AG=-aQ^, 

41. Another way, depending on the use of Abel's theorem, or rather its 
converse, in which the functions ... may be obtained, is of geometrical 

interest. 

To the points ±u,± 2 u, of the Weddle surface, associate pairs of places 
{ 6 ), (^), and (a), (/ 9 ), of the Riemann surface, by means of the equations 

without alteration of the points of the Weddle surface both {d) and (^) may 
be together replaced by their conjugate places on the Riemann surface, 
as may the places (a), (^). We have then 

q. yp,a ^ = 0, 

shewing (Appendix to Part I., Note II.) that there exists a rational function 
on the Riemann surface, of the sixth order, with all its poles at infinity, 
vanishing twice in each of (0), (^) and once in each of (a), ( 13 ) ; this function 
must be of the form 

f — vf + fit — X + ps, 

where 5^= f{t\ and the coefficients X, fi, v, p are to be determined by means of 
^3 _ yffi ^ ij^Q _ X q- = 0 , — V(f>^ + ficj) ~ X + p<I> = 0, 

S6^-2v9 + fi + ^p = 0, - 2v^ + f^ + ip = 0, 

where <I> are the values of $ at ( 6 ) and (^). The function being so 
determined, the places (a), (yS) are found as the remaining zeros, and thence 
^22 (2u) = a + y8, g?2i (2u) = — a^. The conditions are those found by expressing 
the identity 

(f - + fit- xy - p^f{t ) = (t - oy {t - (j>y {t - «) (t - yS), 

or, if + = = = X = fp^{ 2 uy Y=p^( 2 u), 

by expressing that (f — tx — yy (t^ — tX — F) + p^f(t) 
is the square of a cubic function of t ; when x and y only are given this last 
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form gives the two sets of corresponding values for X and F. 
conditional equations give 





+ 


<f>^ 

@ 


= 0 , 


The four 


shewing that the plane + /jlt} + v^+ r = 0 passes through the point 
— $0), — <J)^, ~ which (pp. 40, 116) is the 

satellite point of u on the Weddle surface, obtained from ± uhy projection 
from the node (0, 0, 0, 1), and lies upon the chord of the cubic curve 
joining the points (1, — 6, 6\ ~ (1, — ~ <^®); the conditional equa- 

tions give, however, also 


de 


/X — pb6 4 - v6^ — 6 

Vo A/ 

V © 

)~ ’ 0<#>\ 


fX — fjb(f) q- v(f)^ 


= 


0 , 


shewing that the plane X^ + /jLtj + + r = 0 contains every consecutive point 

of the Weddle surface ; it is thus the tangent plane of the surface at the 
satellite point of ± u. 


The point 



which clearly lies on the tangent plane, is the remaining intersection of the 
Weddle surface with the tangent line of the cubic curve at (1, —0, 6^, - 6^), 
and is on the unicursal septic (p. 116) which is the tangential on the Weddle 
surface of the cubic space curve. The point having the same derivation 
from (f> is also on the tangent plane. Further the equations 

— va^ + fjua — X pA =0, ^8® — 4- — A + pB = 0, 

where J.®=/(a), etc., shew that the point satellite to ± 2u is also on the 
tangent plane. 

The tangent plane of the Weddle surface at the point P% satellite to ± u, 
has been seen (p. 68) to be the polar plane, of the point reciprocal to P' on 
the Weddle surface, in regard to a cone of Qi + y'Qa + + P4 = 0 with vertex 

at P'; if then the tangent planes of this cone which contain the chord (d, <f)) 
of the cubic curve be momentarily written 

Ai^ + . . . + PiT = 0, -dgf + . . . + P2T = 0, 
there is an identity of the form 

~ p^ (xQi + y'Qi + /Qs + Pi) = (X^ A + 

— (Ai^ + . . . + Pit) (A^^ 4- . . . + P2T) ; 

take the particular case of this when P, ~f; then the 

left side reduces to pf{t), and the first term of the right side to 

(t^-vf + put-Xf; ’ 

as each of the planes A^^ 4 - ... 4 - PiT = 0, A^^ -f . . . + 1 ) 2 ^' = 0 passes through 
6 and <^, the second term of the right side contains the factor (^ — d'f(t ~ 
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the remaming factor is (t - a) (t — where (1, — a, a^, — a^), (1, — yS, /3^ - ^8^) 
are the remaining intersections with the cubic curve respectively of the 
plane 4- ... 4- JD^t — 0 and A^+ D^r = 0 and the identity becomes 
that previously obtained. In other words, if the point 4 w be joined to the 
node (0, 0, 0, 1), the join giving the satellite point P'\ if the cone with P' as 
vertex to contain the six common points of the quadrics Qi, Q^, Qs, P4, be 
constructed; then the tangent planes of this cone which contain the chord 
of the cubic curve through P', cut the cubic curve again in points a, /3, which 
are upon the chord of the cubic through the satellite point of the point 4 2u. 

The condition determining ^ 22 (2m)... may thus also be expressed by 
saying, if Qi, Q 2 , Qs, P 4 , denote the values of Qi, ... for the point ±u 
(cf p. *76 for the equations that the quadric following, for a 

proper value of /z. (= p^Qs), 

{0<f>OL^ 4- [d<f> + (x(0 + <p)]v + (^ + ^ + a) ?+ r} 

X {0<f)^^ 4- 4- )S 4 ^)] ^ + (^4-<^4^)^4-t} 

— p { Q2Q1 "■ Q1Q2 ■“ -P iQs 4 Q3-P4} 

must be the square of a plane, namely of the tangent plane at ±u'; the 
conditions for this are, that in the discriminantal matrix of this quadric, 
every minor of two rows and columns be zero. 

If 4 u' be the arguments associated with P', the satellite point of 4 
we know that g>2i (2w') = ^>21 (22z) ; hence if the cone be 

drawn to contain the six common points of the quadrics Qi, Qo, Qa* P4, with 



its vertex at 4 u, the tangent planes of the cone, passing through the chord 
of the cubic curve through 4 % will also cut the cubic curve in the points 
a, yS, and the satellite point of the point ±2u' will lie on the chord a, ^ of 
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the cubic, and on the tangent plane of the Weddle surface at ±u. If d\ 
be the two points of the cubic curve, on the chord of this drawn through + u, 
we may draw the diagram annexed, where D denotes the node (0, 0, 0, 1), 
which may help to keep the relations in mind. 

In order that — O should touch the cone 

(a, 6, c, dyf, g, h, u, % w)(f, 17 , t) 2= 0 

it is sufficient, beside the condition that the plane passes through the vertex 
of the cone, that 

h f V Zi =0; 

f c w I 2 

V w d Is 

ll I 2 Is 0 


applying this to the cone + ^4 = 0, when Zq = 

Zi = a (^ + ^) + 6(j>, Zg = a + ^ Z3 = 1, we find the quadratic equation for a, 0 
in terms of ^ ; putting x = 0 y = — 0(j^, and using xy' -x'y + / — z = 0, 
we thus find 

x'f g)22 (2i^) == 2X2 + ^3 (^ + ^') + 2X4^??^?' 

+ ^x {x+ x)-\- ^xy H- ^x^y' + 4^ + 4^', 

2 (a: — x ' Y ^21 (2'?^) = •|■X.2X4 — 4 “ 2X3 + X3 ( xx ' — y ') 

4- X4 (;S^ 4“ / — + 8 {xz 4- x'z) — 2 {xx' 4- y 4- yy ; 

/ = 0 being the equation of the Kummer surface we have (p. 76) 

X* = / ^ , and therefore {x--x') ^ ^ • 

dy ! dz ^ ^ dz dz dy 

The cone x'Qt, 4- 4- zQz 4- P4 = 0, with vertex at ± u\ intersects the 

Weddle surface near + in a locus whose projection from the node D gives, 
near ± u, the locus represented by — 4- y'g>2i ( ZT) 4- — Pn ( tO = 0, for 

which then, as our previous investigation of the asymptotic lines of the 
Kummer surface shews, 

fdu^y . du2 __ __ ^ . 




putting here (see p. 117), 

where X = (2 m) = (2 m'X F= ( 2«) = g>2i (2 m0 , it is at once found to 

reduce to 


that is 
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And in fact if and two directions through the point ± i 

which are harmonic in regard to the directions given by 


\du^) 


while y (^') directions at ± u obtained from these respectively 

by projection from the node (0, 0, 0, 1), we have 



42. Consider now the asymptotic lines of the Weddle surface; their 
directions at ± ^£ are given by a determinantal equation 


^222 (w)> 

^2222 

^^2221 ('W')j 

(m) 

= 0, 

^111 ('^)> 

^2m ('^)j 

^mi ('^)> 




but the algebraic work is simpler if we proceed as follows : expressing that 
the tangent plane Xf + ya?; + -h t = 0 contains the point whose coordinates 
are 


f“0 (t )■*■ 


dd^ \@ 




3= /-I 




V = 








and similar expressions, we obtain, beside the three equations already found, 
X — /j,0 + v&‘ — ^ _ X — pid> + 


@ 


4) 


0 /X — „ 0 fX — /i<j> + 

Te I @ J~ ’ ^[ <p J~ ’ 

the further equation 

^ I ® J 5 )’ 

for the asymptotic lines ; putting = f{t), differentiating twice the identity 

in t, 

fX- fit + vt^-fy ,_(p-tx-y){t^-tX-Y) 

■ I T J f{t) 

and then putting t=d,yfe find 

x-ij£+ve^-e^ 3 “ rx-fi0 + ve-^-6^\ j_^fe - a){e - ^) 

- — @ w\ @ j = — . 
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so that the asymptotic lines are given by 

a result obtained in this way by Mr H. Bateman, Proc. Lond. Math, Soc. 
New Series, Vol IIL (1905), p. 235. Putting herein 


dill ■ 


dd dip 




6d0 pdp 


and reducing, it becomes, replacing ^ 4- Opy oc + j3, respectively by 

-y, -V, 




tdu^Y 

\di6T_) 
duo 




this is the relation for when we move along an asymptotic line at the 

point + u'; putting (p. 117) 
du^ 


d iifj 




we can verify algebraically, though the fact is obvious from the geometrical 
interpretation above given for this transformation, that the differential 
dvJ 

equation for is precisely the same, so that the asymptotic directions 

project from the node (0, 0, 0, 1) into asymptotic directions; putting then 
X = X', F= F', = Qi IQs, y = — QilQs, we have the form for the differential 
equation of the asymptotic lines at ±^(f; finally dropping the dashes, the 
asymptotic lines at ± u are given by 


(Q2 XQs 


that is by 


/dusV 

\dt6i/ 


2(Q^+FQ,)^+Q,X+QW=0, 


Qi 

Q. 

Qa 


-F 

X 

1 


2du^dui 


= 0 ; 


and are therefore harmonic in regard to the directions given by each of the 
two equations 

® ®'(a) 

It follows conversely that each of these two equations gives a pair of 
conjugate directions; that the latter (ii) does so can easily be seen geo- 
metrically ; a geometrical proof that the former (i) also does so would enable 
us to write down the differential equation of the asymptotic lines at once ; 
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the fact is equivalent with the statement that the Weddle and the Kummer 
surfaces are such that the asymptotic directions on either correspond to 
conjugate directions on the other, a relation project! vely generalising that 
considered by Lie between two surfaces of which the asymptotic lines of one 
correspond to the lines of curvature of the other (Geom, der Beruhrungs- 
transformatimen^ (1896), pp. 473, 636); it was by relating the Kummer 
surface in this particular way that the asymptotic lines of Rummer’s surface 
were first determined, by Lie, Gompt Rend. Lxxi. (1871), p. 579. In regard to 
these conjugate directions, (i), we have proved (p. 117) that they are given by 

P-tX-T-=0, 

that they are the tangents of the intersection of the cone 

ocQi + yQo + + P4 = 0 

with the Weddle surface at the vertex of the cone, that any element at + w 
of a particular curve t is projected from the node (0, 0, 0, 1) into an element 
of the same curve at ± u\ the arguments u', u being such that v!— u = 
and that the curve t is given by 2u = for variable yS. With regard 

to the directions (ii), consider first the cone joining the point 6 of the cubic 
curve to all other points of the cubic curve, whose equation is given by 

^Q$ “1" Qi — 9 ; 

11 (b 0 

it passes through the point ± u\ or P', for which = 

etc., and, as we have seen, the tangent plane of the Weddle surface at this 
point passes through the point 


9 , 


• ^ 1 


0 

/0=N 

0 f-e^ 

00 


•00\ 

.0/ 

■00 

v@y 

• 00 V @ J 


or T, which (p. 116) is the tangential on the Weddle surface of the point 6 of 
the cubic curve; in other words the quintic curve of intersection with the 
Weddle surface, other than the cubic curve^ of the cone — 6Q^ + = 0, 

is the curve of contact of the tangent cone to the Weddle surface from the 
point T\ let Pj be the point of this curve of contact lying on the chord 
joining 0 to ^ + the tangent planes of the Weddle surface at P' and Pj 
are tangent planes of the cone of contact, touching this along the generators 
TP' and TP/; thus they ultimately intersect in P'T, which is thus the 
conjugate direction on the Weddle surface to P'Pj. Consider now the 
similar cone ~ + Qi = 0, containing the cubic curve, with vertex 

at ; its tangent line at P' joins the points 

1/1 1 ^ 

@ j ’ 00 1, 4> ^@1 

* Also, Lie, Math. Arvrbal. v. (1871); Darbonx, Theorie, Nos. 157, 164. 
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namely is the line PT; thus the two cones 

^Q2+ Qi = 0, 4- ft = 0, 

or the curves of contact of the tangent cones to the Weddle surface from the 
points 


d 


. 3 . 

d /IN 


de 


'dd[® ) 

’ a<#. U/ 

'd4>\^ ) 


give conjugate directions on the surface at P\ We can find the differential 
equations for these curves: for consistence of notation consider the corre- 
sponding curve 0'ft+ ft = 0, passing through + u, where 9\ are the 

extremities of the chord of the cubic curve through + u. This projects into 
' a locus near + u represented by 6'^ — = 0, which gives, as we have seen 

(p. 117) 


herein put 


du^ 

dui 


/ du2 / /\ 


du^ 


du2^ 


dui 


\^(Xp + 2Y)l(2p^X\ 


where p = ^ ; we thence have, for the differential equation of the curve 
the form 

(Z^ - 2Zir' - 42/) + p (4Z F - 4 Yx' + ZV -f 4^Xy') + 4 P -h 2 YXx' - Zy = 0, 

which can be shewn to be the same as 


(Z^ + 47) - x'p - yO - 2 (Xx' + 2F+ 2y') {p^ -pX- 7) = 0, 


so that the curves -f- Qi = 0 through ± u> the curves — ^Z — 7 = 0 

through ± Uj and the curves given by the differential equation p^-px'-^ y = 0, 
or 



+ Qi == 0, 


through ± belong to the same involution ; this is in accordance with what 
we have found, the asymptotic directions being the double rays for the 
involution, and the equations 


(i) 

(hi) ~ tQi + ft = 0, 



defining three pairs of conjugate directions; the directions (ii) are the 
harmonic conjugates of the directions (iii) in regard to the directions (i). 

For the space cubic 

u = ^ ^ Z = 2^, 7= — 1\ Qi = 0, = 0, ft = 0, 
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and the equation of the asymptotic lines is satisfied by the vanishing of its 
coeflScients. For u = 2 u*' ®, d=‘<f> = t, and the equation 

is satisfied; thus the unicursal septic and its projection, a unicursal 16 -thic 
(p. 116 , note), are both asymptotic lines. 


43 - Another method of determining the functions ^22 (2w), etc., is as 
follows ; if in the equation 

we put Vi = 2^~hti, V2 — u2-ht2, where (2 are small, and equate the 
coefficients of ti and ^2? we shall have, from the coefficient of ^3? the identity 

y^-!eri = ^, 

where * = ^22 (w), ^ = ^>222 (“). etc., and from the coefficient of 

cr ( 2 m ) ^ „ 

.^^ = yn-x^-r, =Jf,say; 


taking second logarithmic differential coefficients of this we infer 


^2,(2m) = 


4 !xM^ — MM 22 + Mi^ 
4 M 5 ’ 


^21 , 


Now (pp. 39 , 41 ) 


Pn (2u) = 


4i^M^ - MMu + Mi^ 


“■ 2^'^t + 2ir^T 


. 1 
¥ 


— Xo — 2 y 

JXi -(X 3 + 4 -S;) iX 3 + 2y 2ir 

2.2^ ■|:X3 + 2y — (X4 + 4 ^) 2 

— 23 / 2 ir 2 0 

0 —y 00 1 


0 

-y 

X 

1 

0 


is an integral polynomial of degree 4 , in fact equal to 

-3^ (Xi^X4 4 - X0X3® — 4X0X2X4) 4 - (i-Xi^ — 2X0X2) X 4 XoXsy 4 (i^iXj — X0X4) z 

- iXoXa^r^ 4 (X0X4 4 iXiXs) xy 4 ( 4 Xo - JX1X4) y^ - SX^xz X^-s^^ 

4 4 Xoa; 2 y - 2X1^2 - ^ (Xi^ - ^X^xy 4 Xg^/®) 4 4 ^?^ 4 - Xi^r^y 4 X^x^y^ 

— XzX'f 4 X43/^ — ^i'fz 4 ^yz {xz — y% 
and it is found on computation that this is the same, identically, as 
i [61 ^^2222 (^) + Q2P2221 (^) + Qs 1^2211 (^)] 4 A (Sir 4 X4), 

where is the vanishing expression, given p. 41 , wherein the highest 
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terms are {xz — y'^'f. Further, differentiating the identity y^—xr)—^=0 
in regard to we find 

- 2/^2221 + ^^2211 + f 2111 = “ V% 

and hence 

Jlfg = 2 ( — 7f\ Ml = yi^-ym ^^^2111 &U11 ) 

=r — 2 (^^2211 297^2221 “h ^1^2222)) -^21 = ““ 2 (^^2111 2?7^2211 + ^if^222l)> 

while Myi = f^2211 ^ '^^^21U + 2^^^22111 ^^21111 ^*^11111 } 

SO that each of Mi is a rational polynomial in x, y, and each of ifaa, 
Ifgi, Mil is a linear function of 77, r with coefficients rational in x,y,z\ 
as the squares and products of 97, r are rational in x^ y, z, we can express 
each of ^22(2^^)) ^21 (2t^), ^n(2‘ii) rationally in x^ y, z. We do not develop the 
expressions. 


K or, 


say, by " + v} 


p\> ^ 


44. We have seen (p. 114) that if + -ic be any point of the Kummer 
surface, and (t) be either of the places of the Riemann surface determined by 

- %>22 (2^) - g?2i (2'i(;) = 0] 

S = ^g?222 (2w) 4- ^^221 (2^4/) 
then the other points of contact of the bitangents through + w have argu- 
ments ±{w^ whei'e 6 is in turn one of the roots of the fundamental 
sextic (including infinity or 0=a). We have also seen that 

^22 (2i^) = ^22 (2^y + % ^21 (2'?^) = ^21 (22^ + ^ 5 

as = = z("^^ + half period, the functions iffzi{2w) have 

the same value at as at each of the six derived points If ± be one of 
these six points we have 

2^ = 2w + ^ ^ 4- ^ = vp'> ^ 4- 


where {t') is the conjugate place of the Riemann surface to (t\ Thus the 
place of the Riemann surface associated with v as is {t) with w is the place 
{t'\ and when we derive from v as we derived from w, we obtain places 


that is places (including w itself) whose arguments differ from that of w by 
half periods. The transformation from to -y is in fact that given by the 
transformation Ar (p. 79), and the next step gives places of the Kummer 
surface derived bythe transformations Ar~‘^As. We thus get on the whole 
32 places, as on p. 81. For each of these 32 places the functions ^22(2'«^), 
^21 (2?^) have the same value, and they are invariants of the group of 
32 birational transformations. 

For the Weddle surface the transformations are equivalent only to 
projections from the six nodes in turn. Putting 

+ {(!> + V 

UB(},^f, =* d(f>^jr^ 4- (0-^ 4“ 'yjrO + dcf)) 97 4- (0 + ^ + ^) -j? 4- etc.. 



ART. 43] projections for the Weddle Surface. 


131 


where the six nodes are 


(0,0, 0,1), (1,-<^,...X (i,-^,...), 

and putting 

■p' (^ ^0i|r T7- '^) ly. ('\|r 


with 


6 — m „ T^ — m 

(2 — ^ j o = -7 f C = -7 , 

<p — 


e- 


the Weddle surface has nodes at (0, 0, 0), at the infinite ends of the axes of 
X, Y, Z, bX (I, 1, 1) and at (a, b, c), its equation takes a simple form, and the 
coordinates of the transformed points can be explicitly expressed without 
much difficulty. Regarding X, Y, Z b& rectangular Cartesian coordinates, 
the 32 points are the corners of four rectangular parallelepipeds; one of 
these is obtained from the original point (X, F, Z) by projections from the 
three infinite nodes 9, (^, 4'> others are obtained respectively from 
(Xo, Fo, Xo), (Xj, Fi, Xj), (Xa, Yay Za), also by projections from these infinite 
nodes, where (Xq, Fq, Zq) is the point obtained from (X, F, X) by projection 
from the node (0, 0, 0), and similarly (Xi, Fi,Xi) and (X^^, F^, X^) are obtained 
from (X, F, X) by projection from the nodes (1, 1, 1), (a, b, c). It is found 
that there are two rational functions H, K of the coordinates X, F, X which 
have the same value at all the corners of the first rectangular parallelepiped, 

have also the same values, respectively corners of the second 


rectangular parallelepiped, have also the same values, respectively X, JET, at 
the third set of eight comers, and finally have the same values, respectively 

l^st set of eight corners. Thus any symmetric function of the 

Jx JtL 


four quantities ^ , K, ^ has the same value at each of the 32 points, 

and it would be an interesting problem to express (2w), ^21 

this way; if this is possible. The function H, in terms of our original 

coordinates, is 

(9 — m) (<f> — m)(Sf' — 'm) 


which then has the same value for all the eight arguments 


We have, as remarked in an Example given below, 

~ 4*2^ Q jP , U^tp^ = 4}P (pxpPxf/BPe^) 

where Pe = y + 9x - 6^, Pep = 9^^ ■+ (9 + <j))y X- ^ — eep, 

so that H can be expressed (in'ationally) in terms of y^ 2 ^. 

9—2 
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We do not pursue this matter. See Proc. Lond, Math, Soc. (1903-4), 
Ser. 2, Vol. I. p. 247, where the formulae are given at length. 

45. The formula 

^ ^ (^4^) ^ ~ ~ ~ 

can he used to obtain the expressions for the functions 

+ ^oi(u+v), ^n(u + v) 

in terms of functions of u and v. 

Let (^) = etc., ^22 j etc., (u) = etc., ^3^2 (^) == , etc., 

and M=^xyi — 00iy + Zi — z; 

differentiating logarithmically in regard to U2 and 2/3, and adding the results, 
we have 


M: 


differentiating this in regard to u, and V2, and subtracting and adding the 
results, we get 


M 


d^M ff-M] 
du2^ dvi I 




and 

where 

we have 


4tM^ {Ps 2 (u + v) + ^23 (u) + g>32 (t*)} = jP + Q, 


„ fdMW /dMy ,, /W cPM\ , 


02 ^® 02;2^ / 




02^2 


== - ?== (yi - y) (^1 - 


„ (y^ — 2/) P2222 (^) ^2221 ('W'), 

0W 


0^0t;j 


= ^iV> 


so that P is expressible rationally in z, and both P and Q can 

be expressed, of course, rationally in y, | and Xiyy^.^x- Similar formulae 
can be found for |?2x + v) and + v). 

Or we may adopt another method. Let 

U = ® » -y = qih> a -f -I- 

and + + 

there exists then on the Riemann surface a rational function of order six 
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having its poles at infinity, and vanishing in {6^, {6^, {Og), {64), (Og), (6^) 
(see Appendix to Part I., Note II.); say this is 

+ fit — \ ps, 

where the coefficients j/, pu, \ p are then found from four equations 

such as 

fcdi — X-4-p0i==O, ^ = 1, 2, 3, 4, 

where is the value of s at the place (0i) of the Riemann surface ; and when 
the function is found, the places (^5), {ffe) are determined without ambiguity ; 
there exists then the identity in t 

(f _ yt2 xy p^f{t) - (f> (t\ 

where <}> (t) is the product of the six factors t — 6i, and, since 

P22 W = ^1 + ^ 2 , ^22 (^) = ^3 + ^ 4 , ^22 ('W^) = ^5 + 0 a > 

we have ^22 + -w) + ^22 (“) + ^^22 = 2 z; + 4 ^^ 

where in v, p, determined as above, we are to substitute 

Bi + 62=^^(u), Bid2 = -f2i(u), 0 s + 94 = ^zi(v), 0 zBi==-^aiv), 

®1 = Bi^wi («) + fw. (u), @2 == BsPm («) + F221 (^)» 

@s =!= <93^222 (v) + Pm (v), @4 = B4Pm (‘> 1 ) + Pm W- 

The functions (u + v), (w + v) can also be calculated, their values 
-e.Be, Ee,,9, or {[FiBg, B,) Bef, being determined by the 
knowledge of the remaining zeros of the rational function above. 

The relations are capable of important geometrical interpretation. 
Consider the six points (1, - Bi, 6^, - Bi) upon the cubic space curve, each 
being associated with its proper quantity ©<, definite in sign, as above. 
Denoting by hj, h^, tbe roots of f{t), the identity above gives 

— vhf + fjii — \ = (hj) ; 

the right side we may denote by 4>i; it is definite when X, fi, v are 
determined. The plane 

X^ + AM? + V?' + T = 0 

passes then through the fifteen points of the Weddle surface such as 

(L^L . Bf\ 

\@i @/ 0,- @i ®j’ 0i ®jJ’ 

which we may call the point (Bi, Bj), and also through fifteen points 

¥i <pj’ 4>i'''4>,’ ^i 4>/ 4>i O,/’ \^i’ 4>»’ ^i’ )’ 

and is thus symmetrical in regard to the two sets of six points (^j, ..., do), 
(6i, . , 65, 00 ), lying on the cubic curve. In particular it cuts the edges of the 
tetrahedron (6i, 6^, 6^, 0^ in six points lying on four straight lines, since the 
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points (^1, ^2), (^2? ^1) are manifestly collinear. It can now be proved 

that, to every quadric surface through one of the sets of six points, corre- 
sponds a quadric through the other set of six points, touching the former 
quadric along a conic lying on the plane + [jut) + r = 0^ . 

To see this in the simplest way, put 

^=X+7+Z+T, v = -(^iX + O.Y+e,Z+e,T), 

f 0,^Z+ 6iT, T = - {e^^X + eiY+ d/Z+ /9/T), 

giving 

““ (^1 ^2) (^1 ”* ^3) (^1 ”* ^4) =62^3^4^ + (^2^3 H~ ^2^4 + ^3^4) V +(^2+ ^3 + ^4)^+ 7“, 

and so on, so that X = 0, Y— 0, Z=0, T=0 are the faces of the tetrahedron 
^1; ^ 2 > ^3, ^4; substituting in 

Q = 4}a)(7}T — + 4y - rf) 

^4^^ + 4fT, 

it is at once found that this reduces to 

Q = ^ (@,z + @,Y+®,Z+ %/iy + 4S7^(^2 - ^ 3 )^ A , .3 (I), 

where P,, ^ + (^. + 2 / + ^ - ; 

now, for the point {6i, %), if the difference 0i - Oj be denoted by {ij), we have 
(14') (24) (34') T = (^ 0 _ ( Ij) (2j) (^i ) 

and so on ; thus for the point (dj, ^ 4 ) we have 

(21)(31)(41)X= C^ i> ffl><^^^> , F=0, F = 0, 

(14) (24) (34) T= - ^ 

so that this point, and similarly the other points (0^, d^), (0^, 0^), and generally, 
all the points (d,, 0,), lie upon the plane @iZ + @ 2 ^+ @ 3 ^+ @ 4 ^= 0 , which 
is therefore the same as p/r) 4 -v1^-\-t = 0. Thus, considering the par- 
ticular case of the identity (I) in which the current point is upon the cubic 
curve, namely putting t), t= 1, -t, P, - f, we have the identity 

fit) = A{f-vP + fit-Xf + B{t- 0,) (t - 0,) (t - 0,) (t - 0,) (t - 0,') (t - 0,'), 

* The condition for a quadric surface to reduce to the square of a plane is the vanishing of 
all minors of two rows and columns in the discriminantal matrix of the quadric ; and the 
conditions for a symmetrical matrix of n rows that all minors of w-r rows and columns vanish 
are J(r+1) (r+2) in number [Sylvester, Coll Papers, Vol. i. p. 147]. Thus through four arbitrary 
points a determinate number, in fact 8, quadrics can be drawn to have plane contact with an 
arbitrary quadric. 
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where A, B are certain constants, and 6 ^, l 9 / are the remaining intersections, 
other than 6^, da, dt, of the quadric 

R = %YZ{d.a-da'fPe,,ea = (^ 

with the cubic curve ; as this identity is of the same form as that originally 
deduced from Abel’s theorem, we infer that d^, d^ are the same as d^, d^, and 
have so proved the theorem. And this, to resume, is equivalent to the state- 
ment : Let + w, + 1) he two aTbitrary powts of the Weddle surface, P , Q their 
prelections from the node (0, 0, 0, 1) ; let di, d^ he the extremities of the chord 
of the cubic through P', and da, d^ the extremities of the chord through Q'l the 
arguments i m, + ■y determine definite signs for the associated radicals @i, @2, 
@3, @4, and so determine a definite plane w through the three points 

( 02 - @ 1 , - da®a + da®a, ■ ■ .), (@ 4 “ @ 3 , - ^ 3 @4 + d^z, ■■■), 

-i 9 i @3 + ^ 3 ®i. •••)i 

taking then any quadric Q through the nodes of the Weddle surface, there is a 
definite quadric R through the four points {d^, d^, dg, df) having contact with Q 
along a conic lying on this plane nr ; all these quadrics R, as Q varies, intersect 
the cubic curve again in the same two points d^, dg', with proper signs for @5, @5, 
the point ±{u + v) is the projection, from the rwde (0, 0, 0, 1), of the point 
(@e-@5, -05@6+ i 96@5, The complete geometrical figure, allowing all 
possibilities for the signs of @i, @2, 63, @4, will involve 8 planes; each 
quadric Q will have plane contact with 8 quadrics R through the four points 
da, da, di, and there will be 8 resulting pairs of points d^, dp, the 8 planes 
give two tetrahedra which with the tetrahedron d^, d^ are in fourfold 

perspective ; but we refrain from further consideration of the general figure. 
The points d^, 0^, by substituting 

( 21 ) ( 31 ) ( 41 ) X = {da- 1 ) {da - 1 ) {di - 1 ), etc., 
in the quadric R, are found from the quadratic equation 

S (^2 - ^ 3 ) (^1 - ^ 4 ) B, {t — ^ 1 ) {t — di) + Rle„ 9, {t — da) {t — ^ 3 )] = 0, 
where ~ i [-^ (^> ~ 2@<l>]/(0 — <f>y. 

The quadric R is of the form 

xRi "I" yR 2 d- eRa + ^ — 0, 

where 

Ra=4&{da-daydada7Z, iJ 2 = 42 (^2 “ ^3)“(^3 + ^a) i ?3 = 42 (^2 - ^ 3 )" FF 

are the same as Qa, Qa, Qs, and pass through the cubic curve, while 
S = -4>2{da-dafEB,9jZ 
= - 2 [F {da, da) - 20203 ] TZ, 

contains the sk points da,..., dg. The quadric R, written momentarily in the 
j^YZ + gZJ + hXY-\-uXT+vYT + wZT = 0, 
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will be a cone if 

0 h g u =0, 
h 0 f V 
g f 0 
u V w 0 

or 'sluf-^^vg-\-'^wh=^0, 

so that S (^1 ^4) (^2 ^3) ^ P ^1, ^4 P 02, 03 = 6, 

represents, with x^y, z current coordinates, a Kummer surface. 

Of this P02,03, P0i,04, etc., are six tropes, and therefore as the quadric R is 
symmetrical in regard to the six points ^1, 6^, fifteen tropes are given by 
the fifteen tangent planes 0^ = 0 of the original Kummer surface; the 
plane PQi^ej touches the original Kummer surface at the point satellite to 
0i 0i)^ The planes Pe^.^g, Pq^^b^, Pq^b^ meet the plane at infinity in the 
chords joining the points and since 

^1 -j- ^2 -j- ^3 _ (^ O'i ^2 q. 03^ ^ ya , 0, ^ 

the point + lies upon the plane Pbo^^b^, ^'nd hence is the inter- 

section of P03,03, P03,0,, P0i,02> therefore a node of the new Kummer surface; 
from the relation 

ya , 02 ^ ya , 03 _j^ ya , 04 ^ 0^ ^ ya , Bq _ 

connecting six points on the conic at infinity zx — y^=:0, the planes Pe^^e^, 
Pbs^b^^ Pb,,b, also pass through this point; and thus ten nodes of the new 

Kummer surface are determined by dividing the six points iiito two 

sets of three in all possible ways. Further the point at infinity 

so/1 = — y/di = z/O-^ = 00 

reduces, save for the infinite factor, each of P6^,b^, Pb,,b^^ Pou^y reduces 

each of u, A, g in 

+ v^g^ -h — 2vwgh ~ 2wuhf— 2uvfg, 
to zero, and is thus a node of the new Kummer surface ; thus we have six 
other nodes, at infinity, and the remaining trope, the plane at infinity, of the 
new Kummer surface, which has thus a singular conic common with the 
original Kummer surface. 

By eliminating x, y, z from the four equations such as 

AK + gZ + V/T = 0 

we can form the equation of the corresponding Weddle surface, having 
^1, as nodes, which thus appears as the locus of the poles of the plane 
+ + 4 -t = 0 in regard to a properly chosen oo ^ of the quadrics 

+ 2/Q2 + + P4 = 0, namely the coefficients x, y, z must satisfy the 
relation 

2 (^1 — ^4) (^2 “■ ^3) ^ Pbi , 04 P 02, 03 = 6 . 
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The equation of a Weddle surface referred to four of its nodes as tetrahedron 
of reference is well known, and the new surface will be of the form 

Denoting the quadric S, in terms of 77, r, by 

8 = - x'Q^ - y'Q.^ - z'Q^ - - fL^rf + fH'n^- 

the identity 

P4 = - “2 + t )2 + >Sf 

P 

shews that the polar planes of any point in regard to the quadrics P4 and S 
meet on the plane X^ + fjLTj + v^+t = 0 ; if in 

+ ^'97)- 27^7777' + ... =~^(Xf+ + 

- 4 ^' (77/ + 77V - 2^^') - 4 y (77^' 4 - f t) — 4 ^' ( ' 4 f '1^- 27777') 

- 2/Z^^f' 4 . — 27 ^ 6 TT 
we put 

= = and r=l, 77 ' = --02, 

we obtain 

~ ^ 2 ) = - 2 @,@. - 4 ( 0 , - ^ 2 )^ {x'OA + y' (Oi + e.) + /] 

— 2 (^ 1 ^ 2 )^ [2^ 4 /Z-2i+i (^1 + ^2)]> 

4=0 

whereby the tangent plane of the original Kummer surface. 


6-fi^x 4 (^1 4 ^ 2 ) y 4- ^ — 


4 (( 9 i“^ 2 )' 


at once takes the form 

Q, e, (x - ^') + (^i + Oi) (y-y') + z-/- = 0, 

proper for a singular tangent plane of the new Kummer surface ; with this 
notation also, the equation of the new Weddle surface will differ only from 
that of the old in the substitution of /^, ... for XqAi? denoting them 

by D, fi' we have then, since D is linear in Xq, Xi, Xg, ... (see pp. 78 and 67 ), 

O - O ' ^ 1 ^ 1 

” 0^ 9t 3 077 0? 3 0? drj 0T 0f ’ 

where fi = — (X^ 4 7^77 4 z'? 4 r)^ — (o' Qi — T/'Qg — 

r. r./ 2 ^ / 0P , 0P . , 0P 0P\ 

VIZ. fi-fi + + 

thus the two Weddle surfaces cut (i) in the cubic curve, which is an asymptotic 
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line upon each, so that the surfaces touch along this curve, (ii) in a plane 
quartic curve lying upon + z/f + r = 0, (iii) upon the first polar, in 

regard to the developable quartic surface i^=0, of the pole of the plane 
Xf + fiTj + V 7 J + f = 0 in the linear complex I -f- ZV = 0, previously noticed (p. 67); 
beside the cubic, which is an asymptotic line on this first polar, this gives a 
sex tic curve. 

It would be interesting to follow out the relations between these Weddle 
surfaces corresponding to the relations between the associated Kummer 
surfaces ; we refrain from this. But when 6-^ ~ 6^ = 6 and 0^=^ 6^^^ <^, the 
arguments v become equal, the plane ©iJT + . . . = 0, passing through the 
points 

fi 1 zio-i 1 ^ 


d'p 




becomes the tangent plane of the Weddle surface at the first point, 


and the figure becomes tliat previously considered in determining the 
functions ^22(220,... (p- 123). For that case, virith the notation previously 
used, the new Kummer and Weddle surfaces are to be determined from 


the quadric 


— x') + (y - y') Qi + iz — F) Qa 

+ hA^ + B7) + G^+T) {A'^ + B'7, + G'^+ r), 
P 


where the last term represents the product of the tangent planes of the 
cone sg'Qi + + /Qs + P4 — 0 which pass through the chord 0, </> of the 

cubic. 


It is possible to determine a new Weddle surface with six arbitrary points 
of the cubic ^1, ..., as nodes; this intersects the original in a curve of the 
tenth degree, beside touching it along the cubic. See Darboux, Bull, des 
Sc, Math, I. (1870), p. 357 ; Bateman, Proc. Bond. Math, Soc, ill. (1905), 
p. 237. 

It is possible in another way to determine a new Kummer surface with 
nodes upon the old one, and tropes touching the old one, the two surfaces 
touching along an octavic curve (Klein, Math. Annal. xxvii. (1886), p. 136 ; 
Rohn, Math, Annal. xv. (1879), pp. 350—352 ; Reye, Grelle, xcvii. (1884), 
p. 248; Hudson, Kummer's Quartic Surface, p. 159); taking each of Cj, eg, 
63, 64 to be ± 1, and di,,,.,de arbitrarily, the nodes are the sixteen points 

^ -I- e^U^^ — 61 €2 eg €4U^> ^®), 

and the tropes are the tangent planes of the original Kummer surface 
touching at the points satellite to 

^ (W»> q. + Cl 63 63 €4%^’ ^«). 
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After Reichardt, Nova Acta Leopoldina, L. 18S7, p. 476, the octavic curves 
of contact of the 00 “ Kunimer surfaces so obtainable are given, in our 
notation, by 

m + vfh [P21 (2m) + 61 j 322 (2m) - 61“]^ + . . . + jMs [^>2 , (2m) + 65^22 (2m) - 6/]^ = 0 , 
where m, 7 /^l, , Wg are arbitrary, and 63 ,..., Jg are the roots of the quin tic 


46. The equation expressing the functions ^222 (w); ^tc. in terms of the 
functions etc., of pp 89, 59, is in connexion with the theory of certain 

cubic surfaces with four nodes, which touch the Kummer surface along sextic 
curves represented by *f ... = 0 ; these correspond to plane sections of 

the Weddle surface. As the following brief account shews, the theory of 
these surfaces and their reciprocal, the Steiner quartic surface, is of con- 
siderable geometrical interest. 

Consider the quadric 

+ yQ^ + ^Qz 4 - P4 = 0, 

where ft = 4 {rjr - §2=4 - ^r), Qg = 4 - rf), 

and P 4 = - Xof -f - Xo^rf + ^ 4 ^ + 4fT. 

Take also an arbitrary plane 

^ 0 ^ “1" f 4” ZgT = 0. 


The conditions that the quadric should touch the plane in the point 
(^ 1 , n) are the equations 


<7 = 


sc 

9ft . , 

aft 

ap. 


= 0 , 



SQi , BQs 

9ft 

^ap^^ 


= 0, 


X 


3% 

+ ^ h 

Orji 



X 

9ft , 9^2 

Sfi 

3ft 

ap. 


= 0 , 


X 


3ft 

3ti 

9ti 

'O’Zs 

= 0, 



4- liVi 4- 


+ 4ti 


= 0 , 


«). to 

the sole condition 








2 .a , 

- 

■ 2 y, 


= 0 , 


- (4i£; + Xa), 

-f- 2 y , 


2 ^ , 



2 ^ , 

jXs + 2 y , 

- (X 4 + 4a:), 


2 , 



- 2 y, 

2x , 


2 , 


0 , 



4 j 

4 , 


4 j 


4 j 

0 


?i. Ti), 

to no other condition than 

4fi4- 


4- 4&4- 4'^! 
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If Gr,s denote the minor of the sth element of the rth row of G, we have, to 
express (^„ r}„ n) in terms of (oc, y, z), 

Gu G,, (7,3 “(7,4’ 

where the denominators are quadric functions, and, to express {x, y, z) in 
terms of (f„ %, f,, r,), 

a? _ 2/ ^ _ 1 

A” 

where A» Aj A> A "the determinants, with proper signs, obtained by 
omitting the columns in order in the matrix 

k 


/ 0 ■ 

- 2t„ 

2ri , 


2t, , 

2& , 

-4%, 

^Vi + 

1 — 45i, 

2'i?i , 

2?i , 


\2^, , 

-2|„ 

0 , 

2ri 


and are cubic functions. This gives a representation of the cubic surface 
C/=0 upon the plane + + 4'r = 0. 

By immediate differentiation of the determinant 0 we have, when (^r, y, z) 
is upon (7 = 0, 

g= 4(034- (733), 1^=4(033-0,4), 1^=4(0,3-033), 

dC 

and 7^ “ — ^ ^11 “h ^1^12 ““ ^2 ^22 ^4 ^33 “h 4(784 

ot 

-p 2 (Zq (>16 “h (726 "h ^2 (>36 "h ^ (>45)? 

where ^ (= 1) is introduced, only for differentiation, to render (7 homogeneous 
in y, .s:, t] since OnGrs=^ CjrGjs when (7=0, and 

^o(>16 + + hGss + ^(>46 = 0, 

we have, if we multiply by Gu and replace the ratios On : Gi ^ : Gj^ : G^ by 
: 771 : 51 : n, 

3(7 dG dC ^ ^ j, 

dx ' dy ' dz ' ^ 

and the surface reciprocal to (7=0 is therefore represented upon the 
plane by 

v'-^Q^IPa, ^ = Q.IPa> 

where Qi = 4 i( 7 ;iTi — 51^), etc., and is thus a quartic surface; denote it by 8, 
In terms of the coordinates (a?, y, z) of the corresponding point of the surface 0, 
the tangent plane at any point of 8 is 

xX yY zZ -^1 ~0, 

where X, X, Z are current coordinates ; it thus cuts ^ in a locus whose 
representative upon the plane + ^i^ + ^ 2?+^3T““0 is given by 

^Qi d" 3/Q2 + ^Qs + A = 0 , 
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that is by two straight lines, since, in virtue of 0 = 0, this quadric touches the 
plane. The curve upon 8 which corresponds to a straight line in the plane 
4*^ = 0 is cut by any plane AX + + D — 0 in as 

many points as is the straight line by the conic 4- + CQg + P 4 = 0, 
and is thus a conic. The surface 8 has thus the property of being cut by 
any of its tangent planes in two conics, and the reciprocal surface C has the 
property that its tangent cone, drawn from any point of itself, breaks up 
into two quadric cones. These two conics upon 8 will coincide, and the 
surface be touched by a plane at all points of a conic, if the two straight lines 

^Qi + yQ^ + ■+ P4 = 6, 4“ liTj 4“ 4- IsT = 0 

coincide ; we investigate now the condition for this : the quadric xQi 4- ... = 0 
must be a cone touched by Zo^4- ... = 0. Now a quadric 

U = (a, 6, c, d,f g, A, u, v, 97, r)" 

will be a cone, with vertex at (fo> ^ 0 , Tq), if the four equations 
a|o 4- Ai7o4-gfS>4-Wo = 0, ..., ..., ..., 

are satisfied* it will touch ... =0 at r') if we have the five 

equations 

a^' + h7j' + g^' + UT+'ZirlQ=0, ..., ..., ?ol'4‘... = 0; 


let the minors in 


^0 ^0 4* ^ ^0 4^ . . . — 0, 


conditions that the surface U=0 should be a cone touched by ?o|4- ... = 0 
are that all the first minors of V should vanish"^. This requires, according 
to Sylvester, three algebraically independent relations among the elements 
of r (Sylvester, Phil. Mag. 1850, VoL xxxvii pp. 363 — 370, or Collected 


* In another phraseology the two first invariant factors of the matrix V for the root zero must 
be both of exponent unity, a result following from the two equation sets T rj', t', w)=0, 
r (fo, ”^ 0 ' ^)==0* theorem quoted in Appendix to Part I., Note L 
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Papers, Vol. I. p. 147). ReturDing then to the case now being considered, 
the two straight lines 

^Qi + yQ^ + = 0 , Iq^ + liT) + 4 ? + 4 '^ = 

will coincide if x, y, z be such as to satisfy the three conditions necessary that 
all the first minors of the determinant G should vanish. This agrees with 
the consequence that then each of dC/dx, dCjdy, dCJdz, dC/dt, which as before 
remarked arc linear functions of these first minors, would vanish ; for a 
singular plane of S must correspond to a double point of the reciprocal 
surface^ G. We can further use the representation upon the plane to 
determine these nodes of (7. Let 

be the intersections of the plane ... = 0 with the common cubic curve 
of the quadrics Qi, Qs, so that Iq : : 2^^ : 20 : 1 ; denote 


A 



these points by A, B, G; it is found at once on computation that the Weddle 
surface cuts the side AB in two points P, P' of coordinates 

(@ + ^, -(@<^ + $0), ^ <J)03)) 

and -(@0-4)0), @02-$^2^ - (@03 _ 

where @^ = Xo -4- Xj 0 *{- Xg 0^ "h X3 0® -b X4 0^ q* 40® 

and 4)® = Aq + Xi0 4" X20^ 4" Xg^^ 4" X4 0^ 4” 40®. 

We thus have four straight lines P'QR, Q'RP, R'PQ, P'Q'R\ and the 

* Incidentally we see that any symmetrical determinantal equation, whose elements are 
rational in three coordinates x, y, z, whatever be the order of the determinant, represents a 
surface whose nodes make all the first minors vanish. 
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representation upon a plane. 

diagram given. Or the points P, Q, P', Q\ jS, R\ and hence the points 
A, B, C, may be defined thus: the quadrics Qu 62? Qzy Pa cut the plane 
Zo^+ ... = 0 in four conics; the condition that a self-polar triangle of a conic 

iP'ly ^ 1 } ffly 2^3)" ~ 6 

should be possible circumscribed about a conic whose tangential equation is 
{A, B, G, F, G, m, ny = 0, 

is known to be 

Adi “h Bhi + Gci “h ^Ffi -{- ^G(ji 4* 2 -firAi = "0, 

namely linear in A, B, G, F, Gy Hi thus the general tangential conic so 
harmonically inscribed to each of four given conics involves linearly two 
arbitrary parameters and is one of a set of conics touching four straight 
lines ; among these conics there are three point-pairs, say P, P'; Q, Q'; P, P', 
and these will be conjugate pairs of points in regard to the four given conics, 
and therefore conjugate pairs in regard to the four quadrics Qi, Q2, Q^yPi^ 
It is a known property of conics that if three collinear points L, M, N be 
taken respectively on PP\ QQ\ RR' and then three other points P', M\ N' 
respectively on PP\ QQ', RR\ and so that each of LLPP\ 

HN'RR' is a harmonic range, then L\ M\ N' are collinear. Consider the 
general quadric + yQa + + P4 = 0, where x, y, -ar is any point on the 

cubic surface (7 = 0; the two lines in which it intersects the plane ... = 0 
can be shewn to be two such lines as LMHy L'M'N\ For substituting 
in this quadric the coordinates 

® + 4 > + m (@ - ^)), - (@^ + <^ 6 ) - m (0^ - 
0^2 ^^2 4. ^ (0^2 _ ^ _ ^2- ( 0^3 - ^ 9 ^)y 

putting 

f (pi) = 2Ao 4“ ^ (^ + <^) + 0<f> [ 2 X 2 4* Xg 4- (pyi 4-^0^ [ 2 X 4 4- 4 4- ^)]j 

^ 4^(0 -(f>y ’ 

we find 

xOcp + y(d+ (f)) + z — E\ ^ [x0<p 4 - y 4 - - 2 ? — ^], 

which gives two points harmonic in regard to P and R\ coinciding with P 
or R' according as m = 0 or 00 . The two lines LMH, L'M'N' correspond, as 
we have seen, to two conics lying on a tangent plane of the surface S ; if they 
coincide with one another they must coincide with one of the four lines P'QP, 
Q'RPy R'PQ, P'Q'R' ; for these cases respectively we have clearly 

(i) xcpyjr + y (cp + ^fr) + z — = 0, xd(p + y (6 + <p) + z -- E'b^ = 0, 

xdy\r -{- y 4- '^) 4- ^ — E'e^p^O, 

(iv) x(pyfr + y((p + '\lr)-{-z- Ep^ = 0, x 6 <p y {6 + <p) 2 — Eep = 0, 

xdyp' -h y 4- 4- ^ — E^p = 0 ; 
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corresponding then, for example, to the equations (iv), we have the singular 
plane 

X , Y , Z, T =0 

^ + 1 , 

d<f>j 6 (j> y 1, Eq^^, 

0fy e+ir, 1 , ^Ee^ 

of the surface 8 and the node (sc, y, z) of the surface G ~0. The planes 
X^^jr + y((f> + '^)-i-Z- E^^ = 0, x<f)^}r + t/ (<^ + ^ = 0, 

are tangent planes* of the Kummer surface 

A = “ Ao, , 20 , ^ 2y = 0, 

+ ^2)9 

? “ (^^ + ^4)? 2 

-2y, 2x , 2,0 

both passing through the line at infinity joining the points 

xjl = — y/0 = zjcj)^ = 00 , x/1 = — y/^lr = = oo . 

Further when xQi + yQ^ + zQ^ + P4 = 0 represents a cone, the point (x, y, z) is 
on the Kummer surface A = 0. It appears then that the surface 0 = 0 has 
four nodes, these being, if Iq = — %6, 4 = 1, four of the eight 

intersections, in threes, of the three pairs of tangent planes to the Kummer 
surface A = 0 which can be drawn through the lines at infinity joining the 
three points xjl = — yfO = zld^= 00 , etc. of A = 0 ; and these four nodes lie on 
A = 0. Since every point of A = 0 is capable of representation in the form 

a? = 4 + 4, 2^ = -44, ^ = Et^^t2 

there appears incidentally the algebraic result*f-, that if 6, be arbitrary, 


* In fact, if tlie former has the form iP^ 2 i W ~'2/ip22 W +F 11 W 

touches A=0 at the first satellite point of v ; the second depends similarly on the conjugate point 
Seep. 112. 

t If (d), (<^), (^), be any three places of the Eiemann surface, and we determine two places 
(tj), (tg), so that 

yf‘’> ^1 + u^> ^2 = ^ ^ 

we have ^ ^ 

shewing that the point ± lies on the tangent plane of the Kummer surface touching 

the surface at the satellite point of + and that therefore 

44 (^ + 0) - ^0 (4 + 4) — -^^1, ^2 ■" ^0, </>* 

The places (q), (tg) are thus the zeros, other than {6, - 0), {<f>, -#), {xpy of the rational 
function 

t^, t, 1, -s . 

e\ 0, 1, e 
(f>^, (f>, 1, # 

1, ^ 
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two other quantities t2 can be found so that 

44 (<^> “h — (4 + 4) = Rti t2 "" 

44 (^ + <^>) — (4 + 4) ~ 

44 + '^) — (4 + 4) ““ Roxiif 

and one of the four singular tangent planes of the surface S is corre- 
spondingly 

(4 + 4) 441 ^ 4 Etiuf +1=0, 

the others being derived from this by substituting for tx, U the couples 
similarly derived from 6, tp, after change in the sign respectively of of <E> 
and of 4 ^. Let the cone 

(4 + 4) Qi — 44 Q 2 + Rtit^Qz + P 4 = 0, 

which touches the plane Zof+-- = 0 along the line P'Q'R\he denoted by 
V4 = 0, and the plane 4?+--- = 0 by 'st = 0; draw any plane 0-4 through 
P'Q'R', and let the tangent plane of 1^4 along the other generator lying on 
0-4 be called -05-4; we have then an identity of the form 

F4 = '57^4 — 0-42; 

now the points of the surface S are given by equations X = Q/, Y = Q/, 
Z=Qs\ T=P4, where Q/, Q/, ... are the homogeneous quadrics in t), f 
obtained by writing r = — + 'ZOcp .rj + 'lO .^) respectively in Qi, Q2> • • • ; 

take for <74 the plane joining (0, 0, 0, 1) to P'Q'R\ namely 


1 

V , 

r. 

0 

= 0 , 

1, 

-e. 


@ 


1, 

-4>> 


0 


1. 

-t, 





so that we may write 

<T4 = 0 '?; + f ] + ^ + ^) "7 + ?"] 

or say 0*4 = + ^2 + ys ; 

we have then, if Ti denote a constant multiple of the linear function 

{tx + t2)X--txt,Y+JEJtxt.f+Z 

and similarly X^, Fj, Zi denote the linear functions associated with the lines 
P'QR, Q'RP, R'PQ, as a representation of the coordinates of the points of the 
surface jS, the formulae 

2^1 = (2/1 + ^2 + ys)\ Xx = (- yi + ys + ysf, = (yi ~ 2/2 + yz)\ 

= (2^1 + ^2 - yz)% 

which lead to 

y,(P, + X,--F,--^0 = y2(Pi + F,--?,-X0==ya(Pi + ^i--yz-Fa 


B. 
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and the surface S is given by 

V X-i s/ = 

the reciprocal surface G being given similarly by 

i/Zx+i/F,+i/^i+i/r, = o. 

47. Now let the determinant 
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f 

2^ . 

- 2y, lo, mo 


> 

^(\ + 4}zX 

J^ + 2y , 

2® , lx, nh 


2^ , 

, 

- (\ + 4®), 

2 , k, ms, 


-2y, 

2x , 

2 , 

0 j lo, m^ 


no , 



o 

o 


Po , 

Pi 

P2 

o 

o 

obtained by bordering the determinant A, be denoted by 


we have then cubic surfaces = 0, = 0, when A is bordered by only 

one row and column, the same or dijSferent ; we have quadric surfaces = 0, 
when A is bordered by two rows and columns, the same or partially 

different, and we have a plane = 0, when A is bordered by the same 

three rows and columns. If (f, tj, t) satisfy the three equations 
+ 4 '*’ = 0 , + m^r = 0 , 

WgT = 0, 

the plane = 0 is the same as 

4ix {ifiT - 4- 4^^ (i/f- I^t) + - nf) 

+ (- Aop + + 4fr) = 0 ; 

and the cubic , which has above been denoted by G, has been shewn to be 

a cubic surface with four nodes. Considering the determinant , and the 
minors of the elements (5, 5), (6, 6) and (5, 6), we have an identity 

©O-Q’-O' 

and this shews that the cubic surface touches the Kummer surface A at 
all its intersections with it, and therefore along a sextic curve, as also does 
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the cubic surface , and these two sextics are the complete intersection of 

^ Returning for a moment to the expression 


A with the cubic surface , 
of A = 0 by the hyperelliptic functions, the identity of p. 39 shews that the 
sextic curve on is given by 

^ 0|^222 ( f ) + ^^221 "b ^ 2^211 ( f ) + ^ 3^111 ~ 6 , 

and it is to place this identity in a clear light that we have entered so 


far upon the theory of the cubic surface 


(l\ 


Considering similarly in the 


fl/iyhYC\ 

determinant minors of the elements (6, 6), (7, 7) and (6, 7), we 

have an identity of the form 

I lm\ dn\ I'lmy _ /l\ /lmn\ 

\l) [l 


[ImnJ ‘ 


Thus wherever the plane meets the quadric it touches it, and 

the line of contact is on the quadric ; thus are qua,dric 


flmn\ 


cones with a common tangent plane generators of contact being 

generators of the quadric surface > which therefore is also touched by 
the plane ^^4 the quadric with each of the cones 

(In) ^ ^ common generator, an intersection which is a cubic space 

curve; further the whole intersection of the cone ^^^) the quadric 
(z^) ^pon the aggregate of the cubic surface and the plane ^^^) » 


/Zm' 


of which the latter can only contain points of lyiiig upon its generator 
of contact, so that the cubic space curve common to upon 

the cubic surface ; as, by the same identity, the only points common to 
the cubic surface and the cone (^^)» points of contact of these, lying 

upon the quadric follows that the cone touches the cubic surface 

10—2 
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fln\ 
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j along a cubic space curve, as likewise does the cone , and these two 
the complete intersection with of the quadric surface 
. Further as the cone has a generator upon the quadric , 


cubic curves are 

dm 
\ln 

its vertex is upon this quadric; if this vertex be taken for origin of 
Cartesian coordinates the lowest terms on the left side, in the identity 
under discussion, are of the second or higher order ; thus from the form of 

the right side the lowest terms in are of the first or higher order, and 

the vertex of the cone is thus upon the cubic surface Q ; what is in 

general the quartic cone of contact to drawn from a point of itself here 

contains as part of itself, and so breaks up into two quadric cones. 

Further, taking the origin at the point of intersection of the generators of 
contact of the cones with the plane , this being as we 

have seen also the tangent plane at this point of the quadric the 

lowest terms on the left side of the identity under discussion consist pre- 
sumably of the square of the plane . which therefore, as we see from 


the right side, is the tangent plane, at this point, of the surface j . We 
have already seen that, regarding m^, tKi, ... and Wi, ... as arbitrary, the 
plane ’s the general tangent plane of the surface it is not diffi- 

cult to see that the cone may, by taking nzo, nii, ... suitably, be made 
a cone of contact with vertex at any point of for the vertex of the 
cone makes vanish all the first derivatives of the expression ; 

these first derivatives are seen, by differentiating the determinant , to be 

linear functions of the first minors of this determinant ; as previously remarked 
we can make all these first minors vanish by satisfying three algebraically 

independent conditions ; the vertex of the cone is thus to be found by 

equating to zero three suitably chosen first minors, and the first minors, of 
which two rows and columns are chosen from the last two rows and columns 
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(zm) ’ ill Vy Geometrically, the condition that all the first 


minors of 


(zm) quadric 


Q = ^a^(rjT - + ... + 4 ? t )=0 

should cut the plane Zo^4- ... =0 in two lines of which one lies upon the 
plane mof+... = 0; this may be seen either directly* or by remarking that if 
Zo|+ ... =0, mof + ... =0, Wof + ... =0 intersect in ^,t), we have 

Q =2 (tjt — + ... + (— Xop+ ... + 4fT) = fr j 


^ w ..... V I ... . ^^‘'“VZmnr 

while is a linear function of ten of the first minors of with 

\lmnj \lm) 

coefficients which are squares and products of Ui, thus when all the 

first minors of vanish, the quadric Q vanishes for every point upon the 
line Zo^+... = 0, mof+...=0; that it touches the plane Zo^+... = 0 is ex- 
pressed by the vanishing of the minor (6, 6) of We have thus reached 

the results, that if (a:, y, z) be any point of the cubic surface (7, or , and the 
quadric 

Q = 4a7(77T — ... + (— \)^+ ... +4fT) = 0 

cut the plane Zo^+ ... = 0 in the two lines mof+... =0, mo'^+ ...==0, the 
cone of contact to G from {x, y, z) breaks up into the quadric cones > 


and further that the cones of contact 


lm\ fln\ 
ImJ ' \ln) 


from two different 


points of G have a common tangent plane touching G at a point where their 
cubic curves of contact cross one another. These quadric cones of contact 
correspond to conics lying on two different tangent planes of the surface S 
reciprocal to G, and we remarked before that each of these conics corresponds 
to a straight line in the plane Zo^4- ... = 0; the point of intersection of these 
lines corresponds to a common point of the two conics and to a common 

tangent plane of the two cones hhis plane is one of the four 

tangent planes to G which can be drawn through the line joining the 

* Or in virtue of the theorem quoted, p. 164. If be any two points on 

m^+ ...=0, the iangent planes I g^ + + are both of the form cr (l (^+ .,.) +v (mo^+ ...), 

so that the matrix of six rows and columns 

A— fL I m\ 

ZOO 
\m 0 0/ 

satisfies AigrllW and A 
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vertices of the cones 


/lrrC\ dn\ 
\lmj ^ [inj * 


Further results in regard to the geometry 


are given in the following examples ; the matter is by no means novel, as 
may be seen by consulting the following authorities, in which are placed 
first those mainly used for the account given here, (i) Reye, Geometrie der 
Lage, a beautiful geometrical account; (ii) Clebsch, Grelle, LXVii. (1867), an 
interesting analytical theory; (iii) Humbert, Liouville, 4th Series, ix. (1893), 
p. 99 (Hudson, Kummer's Qiiartic Surface^ in particular, pp. 157, 198); 
(iv) Kummer, Weierstrass and Schrdter, Berlin, Ahad, 1863, reproduced in 
Grelle, LXiv. (1865) ; (v) Cremona, GrelUy LXiii. (1864), a geometrical account ; 

(vi) Cayley, Proc, Lond, Math. Soc. ill. (1872), or GoUected Papers, Vol. vii. ; 

(vii) Laguerre, Nouv. Annal. XL (1872); (viii) Loria, Teor. Qeom, 1896, p. 110, 
where a very full bibliography is given. The surface 8 was discovered by 
Steiner in 1844, and is called Steiners quartic. 


48. Examples, 1. In the representation of the Steiner quartic surface 
S upon the plane two points upon the line BG, of our diagram 

(p. 142), which are harmonic in regard to the points P, P\ give rise to the 
same point of S] and such points of S are upon a double line lying on the 
surface; there are three such double lines meeting in a triple point of S. 
The representation being X : Y : Z : T = : Qz : P4, as before, 

the triple point is X = 0, Y —0, Z and one of the double lines is 

X i Y : Z = 6(j) : 0 (f) : 1. 

The reciprocal cubic surface G meets the plane at infinity in the three chords 
joining the points x/l — zjO^ = 00 , xjl = — yj<j> ~ ao , etc. 


Ex, 2. The sextic curve along which the cubic surface G touches the 
Kummer surface A corresponds to a plane section of the Weddle surface, and 
the set of surfaces G for different values of 4, 4^ 4, 4 correspond to all the plane 


sections of the Weddle surfaces. 


Thus any two surfaces 



touch in 


four points, and the quadric cone is an enveloping cone of both. The 


joining line of any two nodes of 
the Kummer surface. 


lies entirely upon the surface, and touches 


Ex, 3. The two lines, say OL, OL\ in which the quadric 


^Qi + 2/Q2 + + P4 = 0 


cuts the plane 4? + - • = 0, when (x, y, z) is upon 


the cubic surface 



, are 


the double rays of the pencil in involution formed by tangents from 0 to the 
conics touching the four lines PQ', PQ, FQ', P'Q] they are therefore the 
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tangents at 0 of the two conics which can be drawn to touch this quadri- 
lateral and pass through 0. The lines OL, OJJ correspond on the surface B 
to the two conics in which a tangent plane of B cuts the surface. Thus the 
asymptotic lines of B, each defined as being tangent at any point jST of /S to 
one of the two conics in which the surface is cut by the tangent plane at K, 
correspond to the system of conics in the plane + -• = 0 which touch the 
quadrilateral PQP'Q; they are thus unicursal quartic curves in space, all 
touching the parabolic curve, which here breaks up into the four singular 
conics. 


Ex. 4. The tangent lines of the space cubic along which the cubic surface 
G, or , is touched by the cone intersect the surface G again in the 

points of an asymptotic line passing through the vertex of 

This result is given by Laguerre, Nouv. Annal. xi. (1872), p. 342, who 
defines the surface G as obtained by equating to zero the cubinvariant 



ao 

(h 

02 

(h 

02 

Og 

(h 

Os 

04 


of the quartic + 4ia^t + wherein aj, as, are any 

linear functions of the coordinates. He shews that one asymptotic line is 
given by the vanishing of the quadrin variant aQa^ — ^aiO^ -f 

The equations of the asymptotic lines of the surface + = 1, and 

of its reciprocal, are obtained by integration by Darboux, La TMorie des 
BurfaceSy Partie i. p. 143. This includes the case here, by putting m — 
The method consists in writing 

— A {u — a){v — a), y'^ = B(u~~ b){v — 6), zf^ = G{u — o)(v — o). 

For the theory of the Steiner quartic surface and its reciprocal, and their 
asymptotic lines, and for the asymptotic lines of the Kummer surface from 
the point of view of line-geometry, see the following, and the references 
there given. Lie, Oeometrie der Beruhrungstramformationm (Leipzig, 1896), 
pp. 352, 341, 475; Darboux, La TMorie des BurfaceSy Note viii. Partie IV. 
p. 466; Jessop, Line Gomplex (1903), p. 225; Segre, Grelle, xcviii. (1885), 
p. 302; Klein u. Lie, Berlin. Monatsh. 1870, p. 891; Reichardt, Noxa Acta 
Leopoldinay L. 1887, p. 353; Hudson, Kmnmer's Quartic BiurfoMy pp. 60, 111. 


Ex. 5. We have defined the surfaces B, G by means of quadric functions 
Qij Qs) Qsj -P 4 having six points in common. It is not diflScult to see that 
the intersections of these quadrics with an arbitrary plane Zof + •«• =0, which 
does not pass through any of the six intersections of the quadrics, may 
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be taken to be the intersections with this plane of any four quadric surfaces 
^11 Uz, U^\ and the surface S is equally capable of being represented by 
X : Y : Z : T=U, : : Uz : U,. 

The condition that xUi + yU2 + zUz+ 0 should be a cone gives for 
CO, y, z da locus, represented by the vanishing of a symmetric determinant, 
which is a quartic surface with, in general, 10 nodes. 

Ex. 6. When in the preceding theory the plane + . . . = 0 passes through 
one of the six common points of the quadrics Qi, Qzy Pi the cubic surface 
G becomes a ruled surface. 

If = ^5 — JAi 2 , etc., where A 12 , ... are the minors (p. 41) of the 

determinant A, we find that 

[ecj^A +(e + <l>)B+Gf = cl>y^ ((H)P, - 

where 6, cj) are any quantities, 

= Ao + \e + ... + 4(9^ <1)2 = Ao + 4- ... + 4<;6^ 

Pb^ y Geo — ^ 2 ^ Pe4i^ 6<j>x -\-(6 (p)y + ^ 

Ee^ = i{G — [P(Gi <f>) — 2@<I>] 

Thus when the plane Zo^+ ... = 0 contains the common point (0, 0, 0, 1) of 
the quadrics Q2, Q3, P4^ the surface G is generated by the pairs of straight 
lines given, for different values of m, by 

Pe4, = m, 4mPaP^ 4- (^ - (@P^ - ^P^f = 0. 

Ex. 7. When the plane contains three of these intersections, the cubic 
surface G becomes a product of three planes. Namely if @2 or 
/(<^) = 0, / (t/t) = 0 we have 


^0 J 

|x,i , 

2z 

-2y, 



— (X 2 4- 45 ), 

i^3 + 2y , 

2 x , 



iX-3 + 2y , 

-(X,4+4!«), 

2 , 

S6I 

-2^, 

2 x , 

2 , 

0 , 

1 

e4>yjr, 

^04 , 


1 , 

0 


= - 16 [(f^^lrx + {<f>A'f)y + z — [ 64^00 4- 4- <^) y + ^ 

X [Gy}rx + (d + y}r)y‘j‘Z~e0^]. 

Ex. 8. The Kummer and Weddle surfaces being given by A = 0, <y = 0, 
where A, w are certain determinants defined, pp. 41, 70, 78, prove that 

where Qi — 4i{r)T— etc., as before (Schottky, Orelle, cv. (1889), p. 241). 

Ex. 9. Let f if) = Xq 4" . . . + 4Z® == 4P (Z) Q(^t), 

where P (t) = (t — G)(t — <^), Q (t) = 4- At^ + PZ 4- 0. 
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IS 


Prove that the result of eliminating tj, 4 between the equations 
[— 6^ Q (^)l^ + titu, 

C- Q W Q {4>)fz= ^ ~ ^ 

a^X"- + 6- P + - ’ihcYZ - 2ca.^Z - 2a6XF 

- 2 [6cX( - Z^) + caF(P - Z<“) + ahZ{X^ - F^ + eZFF] 
+ {aYZ+bZX-^cXYy=0, 


we have 


where 

e = - 1(0 + <f>) (2^ - 5^^ + 

+ J. ((9" - 4(9^ + - .B (0 + ^) - 20] , 

If . = + = 

where Sj® = f{ti), = /(^). and, as before, 

Pg — y+dx—^, Pg.f, = d^ + {d + ^)y Jr e - ee4„ 

U -0)Q (^)]*Z = - P,, [- (<^ - 0) Q (<^)]i F = - P^, 

and the equation above is that of Rummer’s surface referred to a so-called 
Rosenhain tetrahedron. The value of e is capable of the form 

^ ^ e (<^) {(^ _ 0y ^2 a +B{ e + <i>)] -Q{e)-Q {<!>)}. 

Ex, 10. A Gopel tetrad of nodes is a set of four nodes of the Rummer 
surface of which the joining planes are not tropes. If the roots of f{£) be 
denoted by ai, ao, c, Ci, Cg, such a set of nodes is 

A (oo , — 00 0, 00 &\ D (0, 0, 00 ), 

B (ci + Cs, - CiCi, c (Oi + Oa, - OjOa, 60,0, ); 

putting ai-c = ai, — Ca'~'0 = 7i, 02 — 0 = 72, 

— y P6ti> = 0<f>x -[■ {d + + z — 

where 6, ^ are any two roots of f(f)t we find, utilising the identity 

ipi + C2) O1C2 {(li + ttg) = j 

that the planes DGA, LABy BCD, BAG are respectively 


■Pc + — 0, Pc "b TiYa — Pata^ P c^cj — YiTaPoiOa ^\^P c-^c^ 0 j 

using then (ai72) to denote — 7^2 = Oj — C 2, etc., and cr as a factor of pro- 

portionality, and putting 
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at) = (ai 72 ) (aaTi) [fc + «i«2]> (“iTa) (“aTi) + Ws]) 

O"^ = jPoiOSj ~ -PciOj) ~ 'yi72-^®l«2 ■" *1®2-Pei02> 

we find GjPoiOs! = o' (« 1 « 2 ? ~ '’■)> Oica ~ ■“ '’■)> 

= 0- - 71^? + “i? - '^). (?(ai72)(«270 = o' C’; - D- 

GPa ^^ = O- (0272? - 72’? + «2?- •’■>- ^'(0,7^) (a..7a)P^ = o' (oiO^?- 7172’?). 

where ^ ““ 5 

we have however the identity 

- {Pa,c,Pad)- + («’72) («27i) (“ Pc)' = 0- 
Rationalising this we find 

"h d" (oCi cCg) [yi 72 ] 

- 2S(ijt + aia2??)(?T + 7i72?27) - 2(ai+ a2)(ai70(a272) (?t + 7i72 ?’?)(’?? + 

+ 2/i?7??T + 2 (71 + 72 )(«i 7 i)(ayy 2 )(>-?’- + ’??)(«i“ 2 ?? + ’?t) = 0 , 

where 

^ («i 72 )(°fg 7 i) _ s = (cj + «,) ( 7 . + 72 ) - 2 (OiOs + 7 i 7 «). 

(^i7i) (^ 72 ) 

/i = (ai 7 i)(a 272 )(ai 72 )(a 27 i) "*■ “i“2(7i "fi 72 )° + 7i72(“i •+■ ~ 2(«aa2 + yiyd^- 

The object of forming this equation was to make the remark that it allows 

the birational transformation 

^ 1 AoiOsi ^7 i 72 gi«27i72 

? - 17 , t? — ^/ . ? ^/ . T 

It would be interesting to know* what transformation of the hyperelliptic 
arguments Mi, this corresponds to. 

It is to be remarked that the tetrahedron of reference here taken is 
nugatory for the particular surface called the tetrahedroid, considered below. 

Ew. 11. The surface (cf. Ex. 9, above) 

{a^X^ + h’T'’ + - 2bcYZ - 2caZX — 2abXY) 

- 2X YZ [6cX (F’ - Z^) + caY (F= - X’) + abZ (X^ - F’) + eXFFJ 
+ {aYZ+ bZX + cXYy = 0, 

is a hyperelliptic surface, only one value of the parameters u^, belonging 
to any point ; prove that its hyperelliptic expression, when a, h, c, e have the 
values of Example 9 above, is 

■cr_9r nrACi ^ — %2g ~ fsi 

x-zL-(^{<pn 0^^+(d+cj>}f^ + ^^’ 


F= 

F= 


2 [Qm^ 

2(<f>- df 


+ (^ + <^) p221 + ^211 

+ (^ + <^) g?21 + ~ ^Bcfi 

^<^^222 + (^ + </>) g^S21 + ^211 


* A transformation of similar algebraic form for a Weddle surface is obtained by repeated 
projection from two nodes of the surface, and belongs, we have seen, to a finite group of 32 
self-inverse transformations. JProc. Lond^ Math, Soc, Ser. 2, Vol. i. (1903), p. 257. 
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Shew also that the section of the surface by a plane Ax + By + Cz = 1 is a 
curve of deficiency 9 ; and that for the curve, in homogeneous coordinates 
X, Y, Y, 

[a?X^- + ...]- 2 ZF.^ [hcX {Y^ - Z^) + ...-\{AX + BY + GZf 

■^{aYZ+hZX + cXYf{AX + BYACZy = 0, 

the adjoint quin tic is 

0 = XYZ \uX^- + vY^- + wZ^ + 2u'YZ + 2^ZX + 2 w'ZF] 

+ [\YZ{Y-Z) + fiZX {Z- X) + rZF(Z- F)] (AX + BY+ CZf 
+ (PFF+ QZX + RX Y) (AX + BY+ OZf, 
where u, v, w, u', v , w, P, Q, R are arbitrary, but 

vG^ + wB-^ - 2u'BG 
^ 'iB'+G)iBc + Gb) ’ 

while fjb, V have similar linear expressions in terms of u, v, w, u\ v, w\ Of. 
Humbert, Liouville, ix. (1893), p. 439. 

These results have been worked out in view of an application in the 
second part of this volume. 

Another hyperelliptic surface 'T' (x, y, ^) = 0 we have met with in the 
text (p. 43); it would be interesting to have the form of the integrals of 
the first kind for any plane section of this surface also. 


Ex, 12 . It has been remarked that the cubic surface 


of p. 146, 


becomes a ruled surface when the plane 1^^ + = 0 passes through 

one common point of the quadrics Qj, Q 3 , P 4 , and breaks into three 
planes when the plane Zo^+... =0 contains three of these common points; 
when the plane contains two of these common points the intersection of 
the surface with the Kummer surface also degenerates; in fact, from the 
formula (p. 102 ) 


6<f)) 

(u) 



-h 

a 

u 

-9' 

-b 

h 

V 

-f 

-f 

9 

w 

— c 

— V 

u 

d 

— w, 


l^ra (^)] = M [frs (^)], 


where u=6 + 4*, 'v= — 0<p, cZ=l, comparing the result of twice 

differentiating logarithmically the last of the four equations represented by 
it, with the other equations it represents, we shall obtain each of the following 
expressions (wherein Pq^ = ^^^22 (^) + (^ + ^) fsi (w) — eB<^) 

[^<^p222 + (^ + ^) ^221 (^) + Sf 211 (^)]V ^ o <(» 

(u) + (0 + <^) (w) + Fai W] [<?#22i {u) + (^ + <^) W + Pill 

[^#221 M + (0+^) (u) + g7m iu)f/Pe4,, 
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expressed as an integral polynomial in ^22 (f), (^)> Fn their respective 

values being 

^^ 8^2222 ( f ) 4 - + 0 ) ^^2221 ( f ) + ^2211 ( f ) 

+ 2 [ - %22 (w) + apsi (u) + y^fii (f) -g]- (^) • Pe<t> , 

“h (^ + <^) g>2211 C^) 4" ^2111 (f) 

+ 2 [ - 6^22 (u) 4- (u) 4- vpn -/] ” ^21 (f) • Pe4>, 

(f) 4“ (0 + <^) ^2111 (^) 4“ |«riiii {u) 

4- 2 [ (u) 4" ^jp2i {'^) 4- (f) — — (f) • Poif)^ 

Thus, with X arbitrary, the cubic surface 

[A0<^jp222 ('^) 4- (Xd 4" X^ 4* ^<p) ^221 (ji) + (X + d + <p>) ^211 (f) 4" (f)Y ” 
contains the singular conic upon = 0. 

Notice also, from this formula, if ^ = ^22 (^)j y=^ 2 i('^)> 

e<f>\ H)> 


[ — 4- uy' dz' -- w'll — vx uy + dz -- w] 

= [M(xyzl)]i 4- ilf42 [M {xyzl)\ 4- -M43 [M {ccyzl)\ + [M (^y^l)]4 

“ 4“ 4" 4“ *^44'^4i) X -\“ ... 

= {M%x 4- {M%y 4- {M^) 4 ^z 4- {M%. 


Now = — thus the product is equal to the constant . 

(P - <P) “* 9^ 

This formula is analogous to the formula of the theory of elliptic functions 

[> if) - li^ 4- «) “ e] = (e - e') (« - )• 

Ex. 1 3. The tetrahedroid. When the roots of the fundamental sextic are 
in involution, so that 00 , c ; Ci, Cg are conjugate pairs, and therefore 

{c — Cj) (c — C2) == (c {g U-2), 

or say ttiOg = 7172, where ai = Oi — c, ag = 0^2 — c, 7^ = Ci — c, 72 = Cg — c, write 

_p = VaiOg^ V7172; 


/V^- Vy^y 





then, with r — t — c, x = 


izpY 

■+pj 


is equal to 


M 2 -(i>+c)Wi, = f— ^ 

2 [t (t — ctj) (t 


, we find that 


(r—p) dr 


■a^)(T-y,) (T-73)]i’ 


y' 


p 


f dx 

J V(l--x) fa — 


\/(l — (a — x) (h — x)' 
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and, with 
v^ + {p — 0)111, 


/r + »y 1 

_ r (t +]p) dr 

J 2 [r (t - e!j) (t - a^) (t - 71 ) (t - 72)]^ ’ 

_ iy (i=^7ri)(b-.-l) /• 


dy 


P 


J d(y-l}(y-ar^)(i/-h-^y 


There are, thus, two everywhere finite integrals (of ambiguous sign) each of 
which is elliptic and possesses only two linearly independent periods. 

If we put 5" = «! + ag — 7i — 72 and 






02 


0-2- 


V = -PaiOs - f = Pa,a^ + - H 


a^P^- ajP, 






T — P 0,^02 — (Ot 2 P + Oti-P 02)5 

where, 6, (j) being roots of the fundamental quintic, 

Pe = y+Ox— 6 -, Pb^ == 6(j)x + {6 + (f))y + z — 

it is easy to verify that each of the planes ^=0, '?7 = 0, f=0 , t =0 contains 
four of the sixteen nodes, the three summits of the quadrangle formed by the 
four nodes in any plane being the angular points in that plane of the tetra- 


hedron namely 







^ = 0 contains the nodes 

(°o). 

( 0 ), 

(Ol. 

<h), 

(pi. 

Cj)) 

Tj — 0 „ ,, ,, 

(«l)> 

{<h), 

(c, 

(h), 

(c, 

<h), 

?=o 

(Cl)> 

(^2)1 

(c, 

Cl)) 

(0, 

02), 

T ~ 0 

• ^ 3) 7> « 

(Ci, Ch), 

(Ci , Gs), 

(^21 

ai), 

i<k, 

Ch), 


where ( oo ) denotes the node (0, 0, oo ), (0) denotes the node 

x/1 = — yjd = = 00 , 

and {9, <f>) denotes the node (9 + <l>, — 6^, ; through each corner of the 

tetrahedron pass four tropes. We have previously (Ex. 9, p. 153) 

given the relation connecting the quantities Pag* Poio^^ under the form 
of the equation referred to a Rosenhain tetrahedron. From this the equation 
referred to the tetrahedron can be calculated. But in fact this equation 
can be solved in terms of two arbitrary parameters y in the form 

(?.-x){i)-or-) = M^,, (b-^)(y-b-) = ilfp. (1 - x)(y- 

where if = 1 GoiCkHoii - (ji - 72)^; 

thus the curves x = constant, y = constant lie on quadrics ; in particular 
each of the planes ^ = 0, ^ = 0, ^=0 , t = 0 cuts the surface in two conics, 
intersecting in four nodes of the surface. This expression in terms of two 
parameters should be capable of derivation from the expression of the 
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Kummer surface iu general, by use of the elliptic forms* of the integrals of 
the first kind. At full length the equation is 

+ Dr]* + 2 (AH - 5=) (rj^^ + 

+ 2H(A- H){r)^r^ + - 2HA = 0, 

where A^Ui + a^, B = ai — <x.^, jS’=ai + a 2 — yi— 73 , D = + B^ — 2AH', 

and the surface is a form of the wave surface. We may put 


j— | = sn^(?),^), 

yf ~ ^ = saP(w,k), 


^ ^ •> / Iv\ 

T — - = - cn" (v. A), 
y — - ==-e,v?(w,k), 

cl — i 


| = -dn=(«, h), A® = 
- ^1 = — dn® (w, k), k? = 


1 - a 

r^’ 

a-i-1 
b-> - 1 ’ 


and so have 


-GL^anv cn w, 




’ 72 ) dn V dn w, ^ = («! — ^g) sn v sn w. 


The asymptotic lines, which are capable of derivation as a particular 
case of those previously obtained for the general Kumraer surface, and the 
lines of curvature, are considered by Hudson, Rummer's Quartic Surface, 
Chapter x, and by Darboux, Theor. Oen. des Surf Note viii. Partie iv. p. 466. 


Ros, 14. Consider the degenerescence of the Kummer surface when two of 
the six roots of the fundamental sextic become equal ; as has been explained, 
we may, making a linear transformation, suppose, without loss of generality, 
that they both become infinite. For this, taking the equation for A on 
p. 41, we may render it isobarically of weight 12, when x, y, z are reckoned 
of weights 4, 3, 2 and of weight % by supplying in each term a proper 
power of the equation will then correspond to the form 


of the fundamental sextic ; putting then Xg == 0 the equation reduces to 

a surface having = 0 , y = 0 as a double line, which, putting 


y 

~ = — W, Xo + \lU + + Xgt^® + = f(u), 

X 


is satisfied by 




/(«)’ 


X ^ X ^ aP' 

utP yp rP 


* By drawing variable planes througli 2 nodes, any Kummer surface is expressible by elliptic 
functions of variable, modulus. This modulus, I believe, is not constant so long as the six roots 
are distinct. 



ART. 48] of Kumniefs mrface, ichen two roots are equal. 159 


Now if in the equation 


“tH — r + -r-i hX 4 + Xstt = 0, 

or a® a® a 


we make a = oo, Xg^O, we have X^a = —X^; hence, with 

FiOi, 0j) = 2\ + X, (0i + dj) + + T^did^ {9i + 9j)+2\,9i%^+\A%^ 

= — {9i — [X 2 4- X^ (^9i + 9^ 4* \4,(9i 4* 9^^ + X 5 (9i + 9^ {9^-\-9i9j -\- ^/)], 

we have the following correspondences : 


Kummer Surface. 


New Surface (a=co). 


Nodes : 


(0, 0, CO ), 


1 -a a3 


X 

I 


-Bi 



Nodes : ( 0 , 0 , oo ) twice ; four given by 


X y z 
T”* ^2“^* 


Six nodes : 


Nodes : three on axis of z^ each of the 
form 

0} "" i [^2 + X 3 A 4 ^j) 4 X 4 A + ^j)% 
the third coordinate being — JX 4 
at each of these the two tangent planes of 
the surface coincide. 


Four nodes : 

JXs (04*^1), -jXsa^t’, 

Four tropes : 

beside y+ax=^X 5 a% 
and plane at infinity. 


Four nodes : 

— iX4, iX4^^, J(X3^t4X4^^2). 

Four tropes : y+^^x—O, beside x= — iX 4 
and plane at infinity. 

Along ^+ 6 ^x =0 section of surface is 
two coincident straight lines, constituting a 
so-called torsal line. 


Four tropes : 


Six tropes : 


d,- 4 y (^i 4 Slj) -hz— 


d,) 

i{d,-e,r 


Four tropes : 3 ^ 4 ^ == 0. 

Thus as 8 nodes of original surface 
coincide in pairs in 4 new points, so 
8 tropes coincide in pairs in 4 new planes. 

Six tropes : 

xQiOj+y (^i4 Bj) 4-2?4i-X4 {6^BJ 4 

These intersect in pairs on planes 

X {Bi Bj — B]cBi)-\-y{B^+Bj~Bjc— Bi ) = 0 , 
which is the single tangent plane at the 
singular point 

Oj 0, —iX4(^t^j4-djfe^i). 


Thus the double line x = y = 0, contains four singular points ; through 
the double line pass four singular planes y + 9iX = 0, each touching the 
surface along a torsal line; and each of these torsal lines contains two 
singular points, one being at infinity, the four finite ones lying on the 
plane ^4-iX4 = 0. 
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Substituting in terms of the parameters u, v we find 

X = xd^ 6 ^ + y (^3 + ^3) + ^ + :| [A2 + X3 (^2 + ^3) + A4 (^2 + ^3)^] 




’■ ^ ” ^2) {n-e^) + i 


{e, - e,)f{u)+{e,^u)f{e,)^{u^e,) f{e,) 


(<?2 ““ <^3) - <^2) - <93) 

_ ■" ^2) - ^3) + i /(^)? . 

{u-e^){u-6^ f(u) ’ 

putting similarly F = + etc., F = xO^d^ + etc., 

so that X = 0, F=0, ^=0 is the singular point 
— 

we thus find 




(^2 — 6 ^^X {y + d^x) + (^3— ^1) V^F (2/ + 02^) + (^1 — ^ Z {y Ozx) = 0, 

which is the same as 

S V( 02 - 03 )X(r + m^~^Y), 

where i, m, ?^, Z', m', n' are respectively 1, 1, 1, ^^4 (04 ~ (02— ^s), 

i^4(^4 — ^2)(^3— ^1), i^4 (^4 — ^3) (^1 “ ^2)? aiid are the coordinates of a line 
(the axis x = 0 , y=- 0 ); thus the surface is Pliicker’s complex surface. See 
Hudson, Kummey'S Quartic Surface, Chapter vi. The irrational equation is 
the degenerescence of such forms as those on pp. 108 , 110 here. 

Now it can be shewn by actual substitution that the doubly-periodic 
function 

<l>(u) = p [? {u - tti) - S' (u - a^)l 

satisfies the equation 

provided the invariants of the elliptic functions be 

92, ~ \)^4 ” 4- ^X2", Qz — |•AoX2X4 + — tV^O V ” 

and p^\4 = 1, f (ctj — Og) = - 8 X 2 X 4 )/ 48 X 4 ; 

and that these give 

^ (% “ 0^) = ip^j ^ (oti “ 0^2) — (■^^^^4 ^1^4^ ““ 3 

and also 

^ + iv [?(w-“i)-5'(«-«2)]+i [^(m - Hi) - 5'(it-a2)?=i to(w-ai) + g) (w-a^)]. 


Further the differential equations = etc., of p. 48 , when we 

render them isobaric (reckoning ^22* ^21, as of weight 4 , 3 , 2 , i) by 

supplying proper powers ol JX5, and then put Ag = 0, can be integrated 
(as in Camb. Phil. Proc. Xli. ( 1903 ), p. 230 ), and give for the corresponding 
tr-function, essentially, 
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where m = ^ VX 4 = ^p, say ; putting 

a- (Ml - a,) = (Ta, o- (?«i - ai) = 0 - 1 , ^ (mj - Oa) = fa, etc., 

and A = e™“=<r 3 + e~’"“’<ri, this leads to 
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_ 4mVi(ra _2»l<ri(7-a(fi-fa) 




” 12 A 


A^ 


and hence, with the relations above, 
1 


* = 4 ^= I = - p (fi _ f,) = - (Ml), 


so that we have the same relation connecting y, z before. 
The functions x, y, . 2 ^ are rationally expressible by the three * 

which are a set of three functions with three pairs of periods 

Ui 


y 


y\ 




while 


0 , 

2co , 

2a>' 

Tvi 

’7 («! - 02 ) 

1 

1 

m * 

m ’ 

m 


but the reverse expression is not rational. 

Other particular cases when the roots of the fundamental sextic become 
equal can be similarly dealt with. 

Ex, 15. The relations 


<= f 

JQ 


^32 ('^) + ^P2l dUi 2C?^2 P 22 (^) dUy^ 

Jo 


— I ===1:;::=:::==:^^ y 

^^^22^ W + 4*^21 W ’ J^ V|>22"(^t)+4p2i(ti)' 

have been shewn (p. 117) to give ^21 “ (P 21 ('w;)* is 

found that for small values of ibj, v^y the function <r^ {u) 

on expansion, has for its lowest terms 

fiyki ^n) = + XfLi^u^ + X^uiu^ + 4 - 

so that, to the first approximation, the relations are, if 'y — 

/ oT f c. r 

* Tliese functions occur in a paper of Painlev4’s, Acta Math. xxvn. (1903), p. 40, as a case of 
the degenerescence of Abelian functions of two variables. 


B. 


11 
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I 




Ex. 16. The most general linear homogeneous transformation which 
gives xz — y^ = XQZQ — is that used in the text, 

{x, y, z) = ! , 2/t2/4i , \(^o, 2/o> 

i 2X2X1 , Xi" 

where Xj, fii, Xg, fJh are arbitrary quantities for which Xi/ui^ — = 1* 

Ex. 17. If in the equation 

(x{u + v)a-{a — v) — (r^(u) <r^ (v) [^>22 ('^) ^21 (y) — ji «?22 (^) ^•? 2 i ('^0 + Fn (^) ” ('^)]» 

we expand both sides in powers of Vi and v^y and put 

g =: -y 4 - ^ _ 

dui CU^ 

we infer that the coefficients of the various powers of Vi, in the expression 

{h-h')^<T{u)a{ii')y 

where, after differentiation, Uiy are to be replaced by 2 ^ 1 , ztg, are all linear 
functions of the four quantities 

(^) ?>22 <^2 ( iC ) ^21 ( u \ 0-2 ( u ) (^)* 

Ex. 18. If BP'P be a chord of the Weddle surface through the node B, 
and BP'S the chord of the space cubic through P\ the plane BBS touches 
the quadric cone whose vertex is P which contains the six nodes. 

Ex. 19. If 6 be a root of the fundamental quintic f{x)y the so-called 
principal asymptotic curve of the Kummer surface expressed by 

6^ - &P 22 {2u) - g> 2 i (2w) = 0 

is such (§ 37, p. 114) that the satellite points, for all the roots, of any point 
{w) of it, are obtained by the addition of half-periods one of these being 
zero. Thus the corresponding curve of the Weddle surface is the curve of 
contact of the enveloping cone from the node (6); and (cf. Ex. 12, p. 156) 
the curve on the Kummer surface A = 0 lies upon 

_dx 

(cf. Ex. 18, and p. 123), and is an octavic curve. Applied to any point of 
this, the usual birational group of 32 transformations reduces to 16, all linear. 

Ex. 20. Prove (see §§ 32, 35, 43) that the square root of 

5^22 (2'w) ^21 (2'i^) 

is expressible in a form 

^{i{p' + qz-ry) + r,(f +rx- pz) + f (r' +py - qx)], 

where M=yy —xi^ — r', and hence as the quotient of two polynomials 
rational in x, y, z, where f=^ 222 (w), etc. 


[y + hx — 6 ^] 


- BAI , 1 9A - 



APPENDIX TO PART I. 


NOTE L 

SOME ALGEBRAICAL RESULTS IN CONNEXION WITH THE THEORY 
OF LINEAR COMPLEXES. 

1. If {x, y, Zy t)y (x\ y\ z\ t') be the coordinates of two points upon 
a straight line^ the quantities 

l = ta/ — t'x, m — ty[-- t'y^ n — tz' — t'z, 

U = ysf *— y'zy mf = zx* — z x, ri = xy' ~ x'y, 
which satisfy the identity 

IV + mm' + nvf = 0, 

have ratios independent of the position upon the line of the two points, these 
being, if 

aX+hY+ cX+ dT:= 0, a'X + h'Y+ c'Z +d'T^0 
be any two planes through the line, the same as the ratios of the quantities 
he' — b'c, ca! — da, ah' ~ a'h, da' — d' a, dh' — d'h, do — d'e. 

The condition that any point {XYZT^ should be upon the line consists of any 
two of the four equations 

(i) UT+mZ — nY=Q, m'T -\-nX — IZ —0, n'T + lY — mX^O, 

I'X -^ni'Y + nZ^^Q, 

and the condition that any plane 

AX + BY+GZ + DT==0 

should pass through the line consists of any two of the four equations 

(ii) ID + m'G — nB = 0, mP + n'A — I'G = 0, nD + VB — m'A = 0, 

lA + mB + tzG = 0. 

If I, m, n, V, m'y n' be any quantities satisfying the identity 

U' + mm' 4- nn = 0, 

then two points {x, y, z, t), {x , y', z', t') can he found such that tlte quantities 

tx ~ t'x , ... , yz — y'z , ... , 

have the ratios of I, m, n, V, m', n' ; namely these are any two points on the 
line whose equations are given by (i). 


11—2 



164 


The Tiiatrices for a straight line. 


[appendix 


2. Denote by a>i, Vi respectively the two matrices 


eOi= / 0 , 

, -‘>h , 

mi, k' , 

, 1^1— y 0 , 

-V, 

mi. 

k 

1 % . 

, 0 , 

-k, irh \ 

/ < , 

0 , 

-li, 

mj 

1 -mi: 

, k , 

0 , ni’ j 

\ 

k', 

0 , 

fii 

\-l': 

, -mi', - 

- ni', 0 / 

\ - 4 , 

- Wi, 

-Hi, 

0 

where m^, 

rii , 4 > > 

111 are any quantities satisfying the identity 



— liti “l~ Hh — — 0 j 


then the determinant of ©i, and of every first minor of 6>i, is zero, and 
the matrix satisfies the equation 

ft)! + m'2 + = 0, 

and a similar statement holds for Vi ; while also 

COiVi == 0 = ^?l6>l. 

Denote similar matrices by oo^, supposing likewise that Ao = 0 ; assume 
also that 

Aoa = lil^ + mi ms' + + k'k + m/m-s + n^'n^ = 0 ; 


i 


we have at once by multiplication 

■“ ”“^1^2 "“TTlj Til m3 TllsTli j 92^ /'S'™" ^2^1 

, miTis'— mgtii' , — wijma'—Jiis'—Tii'Tis, iimg— 

-mi'Tis'+ms'ni' , - , - iiW+^'mi' , 


and hence^ in virtue of Aig — O, 

a)it>2 + 0)2 2;i = 0 ; 

similarly ' 2^10)2 4- ^30)1 == 0, 

and thus = 0, ('Wi 0)3)^ = 0. 


3. It is difficult to avoid references to the following algebraical theorem^, 
part of which we utilise below : let a be any square matrix, say of n rows and 
columns; let 6 be any root of the determinantal equation |a— p| = 0, of 
multiplicity l\ let the highest common factor in regard to p, of the first 
minors of the determinant | a — p |, divide by (p — the highest common 
factor of the minors of (n—2) rows and columns divide by {p — 6f\ and so 
on, the minors of {n — r) rows and columns not vanishing for p ~dj so that 
— 0 ; put 61 ~ Z “ ^1 , ^2 “ ~ ^2 J • • • > ~ ^T—i ) that 

. ip - =(p- ^y* (p - • - (p - ; 

the factors (p — (p — d)% ... are called the first, second, . . . invariant factors 
of the matrix a — p, or of the matrix a, for the root d; the exponents 

* See, for one proof, Jordan, Cours d’Analyse^ iii. (1896), p. 173; another is given Proc. 
Camh. Phil. Soc. xii. (1903), p. 65. 
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Theorem of invariant factors. 


165 


ej, ,,,,€r are known to satisfy the inequalities ei ^ Cg ^ > 0. Let 

€i, € 2 i , €i \ ... be these series for the other roots d\ &\ . . . of | a — /> j == 0, 

then the matrix a satisfies an equation 

(a - ey^ (a - &y< (a - . . . = 0 , 

and no other equation of the same or lower order. Further, denoting a set of 
n numbers by a single letter, such as rci, or OJa, ... or ... or iTj, or , 
I sets, linearly independent of one another, can be found to satisfy the 
equations 

(a — 0)a?i = O, (a — ^)^a = ^i, •••, = 

(a-^)2/i = 0, {a-6)y^ = y^, {a,-d)y,=y.^_^. 


(a-0)^ri = O, {a,-d)Zi = Zy, {a-e)z,^ = z^i, 

where {a — d)xi denotes n equations for the n elements of , and similarly 
{a — 6) x^ — oc^ denotes n equations for the n elements of x^, and so on ; and 
then the most general solution of the n linear equations for the n elements of 
X which are represented by {a— 6) x=^0 is a linear function of the sets 
3/1 » •••? the most geneml solution of the equations (a— = O is 
a linear function of the sets x^, ... , z^, x^, •^2) so on. Further, if 

V be the multiplicity of the root ff ^ similar V sets of n quantities can be 
chosen to satisfy the corresponding sets of linear equations for the root ff, 
and similar sets for the remaining roots 6'\ . . . , and the whole number 
n — l + V-\-r + ,,, such sets can be chosen to be linearly independent of one 
another. Conversely, when we have independent knowledge of the equations 

(a — 0) a?! = 0, . . . {a — 6) x^^ = 


(a - 0) 2^1 = 0, ... = 

for all the roots, the sets x^, x ^, being linearly independent, we can infer 
the values of the exponents of the various invariant factors. 

4. Thus the equation (ci)i'y2)^=0 of § 2 shews that the equation 
I — p I = 0 has no root but p = 0, occurring therefore with multiplicity 4, 
and with multiplicity 2 in the minors of | — p | of three rows and columns, 

the exponent of the first invariant factor being 2 ; it can be verified, in virtue 
of Ai = 0, A2 = 0 , Ai 2 = 0, that every minor of of two rows and columns 
also vanishes, so that the second and third invariant factors of ooiV^ — p are 
both linear, and there exist linearly independent sets 

(^l> ^2) (^3? ^3^ P^f '^4} '^4? P^} 

such that 

€01% Pi) = 6 , W 4 , Pi) = (u^, Vi, Wi, pi), 

Q>i% {'th, %, ^2, P2) = 0 , © 1 % ^ 3 , ^ 3 , Ps) = 0 ; 

now we have coi-ys 0)2=0, o)iU2Ci)i = — 0)21^16)1 = 0 ; the equations coiV^(O 2^0 
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Three intersedtAng straight lines. [appendix 

* express that the elements of any row of are proportional to the homo- 
geneous coordinates of a point lying on the line (4, U, n^), or wg ; 

similarly ca-^v^(jd^ = Q express that the line Wi contains the point whose 
coordinates are the elements of any row of 5 in virtue of = 0 the lines 
ft)i, 0)3 have one point in common; this is then given by the elements of 
every row of the ratios of these elements being the same whatever the 
row; since ©1%= it follows similarly from the equations 

0)2^1 = 0, Vi(jO2V2^0y that the coefiScients in the plane containing are 

proportional to the elements of any column of wiV^; the equations 
o>iV2 (% Vy Wy p)=^0 express that the plane (w, v, w, p) contains the point 
whose coordinates are proportional to the elements of any row of oy^v ^ ; thus 
(uiy Vj, Wiy Pi), (uq, v^y w^y p^)y y y , p^) atovo apo any three independent 
planes drawn through the point (wj, co^); and, denoting the plane and point 
(wi, 0)3) respectively by (ciy 6, c, d) and y, t)y we may wTite 

6)1^2= / cLy> azy at 

/ hx, hyy hzy ht 

I CXy Cyy CZy €t 

^ dXy dy, dZy dt 

where if t be assigned, d must have an appropriate value; putting 

0 0 Ov, 1 1 1., 0 0 0 

/060o\ I 0 y 0 0 

loOcoj llllll IOO 0 O 

^OOOd:/ NOOO^ 

this is the same as a)it^2 = aE^. 

5. If now we have three matrices cdi, co^y o)s such that Ai=:0, Aa-O, 
Ag = 0, and A23 = 0, A31 = 0, A33= 0, the associated lines have either a common 
point or a common plane, hut, in the absence of further conditions, not both. 
When they have a common point we may write 

and thence, if we denote by M, momentarily, the matrix 

Af = ai®! + 

we have Mv, = (0) -f «3 (- a,E^) + 

or, since the diagonal matrices Og, are commutable, Mvx == 0 ; similarly 
— O and Mva^O; thus the elements of any row of M are the coefficients 
of a plane containing all the lines coi, cog, cos; as they have no plane in 
common we infer that 

«!&)! + Og 0)2 + = 0, 

which is equivalent to + ay^a^ 4- oj^cfs = 0. 
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NOTE i] Two matrices in involntion. 

Similarly when ©i, 0)3, have a plane, but not a point, in common, 

or Vx 4* = 0. 

Also, when a>i, coo, co^ meet in a point, 

0 ) 1 ^ 261)3 = = a^ar^ co 2 V^(Os= 0 , 

and this is the same as 

(OxV^cos = 0 = — (O^VxCOs — + (CzV^coi = — cosVqCOi = WsViCOq = “ ci)i%g)2 ; 

and when a>x, Wg, co^ lie in a plane, we have similarly 

V^ciy^V^ ~ 0, 

wherein again the suffixes may be taken in any order. 

6. Now consider 


0 , 

-ri , 

?i , 

P.'\ 

n , 

0 , 

~Pi, 

1 


Pr > 

0, 

n' ) 

-Pi> 


-n', 

0 / 


where + 5^1 5^/ + rir*i' = — 1, so that the determinant | Fi [ = 1 and 

Tr' = / 0 , ~ r/, qx\ Pi K . 

I n', 0 , -pi, qi \ 

I 0 , n 1 

^ -n, 0 / 

Take two such matrices Fi, Fg, and suppose that 

Aj2 == pipi + qi qi + Tiri + pip.^ + qiq^ + rir^ = 0 ; 
it is then at once verified, as in the case of the matrices coi, co^, that 
TiTr^ + V.Tr^^O, Fr^Fs+F^-^Fi^O, 
and hence that (Fj Fg^^)^ = — 1, (Fi'"^F2)®= — 1. 

Consider the determinantal equation | FjFg"^ — p | = 0 ; it follows (§ 3 ) from 
(FiF 2~^)^ = — 1 that its roots are i and — t, and that each occurs in the first 
minors of FiFg”^ — p with a multiplicity one less than in FiFg"^ — p; hence 
each is a double root of | FiFg”^ — p | = 0, and the exponents of the invariant 
factors are 1, 1 for each root; we can therefore find four linearly independent 
sets {cci, 2/i, ^1, ti), {x^, y^, ^2, ti), etc., such that 

(FiFa"-^ - i) {xi, yi,Zi, ti) = 0, (TiTf^ + i) (^2, y^, 4) = 0, 

(FiF2""^ + ^) (^3, y^j ^3)^6, (FiFg ^ i) 0 ^ 4 , 2/4) ^ 4 i ti) = 0 . 

Further ] Fi — iFa 1 = [ Fj — i 1 1 Fg | = 0 , and so on ; thus the matrices 

a>i=Vi-ir,, a>/=ri + iF2, vi=:Vr^-iTr\ vi^Vr^+irr\ 
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Six matrices in involution. 


[appendix 


have each a vanishing determinant; the pair Wj, Vi are related to one another 
as are the two previously (§ 4 ) discussed with the same notation, and belong 
to a straight line ; the pair «/, belong to another straight line ; but, as 

= 2 + ^ ~ r^rrO + 2 + i (r,rr^ ~ 

these two straight lines do not intersect. 

7 . Suppose now we have six matrices, of the form considered here, 

Fi, F2, F3, r4, F5, Fg, 

for which = — 1 , = 0 , r, 5 — 1 , 2 , . . . , 6 . 

Take any three of the six, Fi, Fg, Fg; take the remaining three in any order, 
say Fa, r4, Fg ; we have then six straight lines 

0)1 = Fj ^'Fa, oJa^Fg ^F4, 0)3 = Fg “J^Fg, 

fit)/ = Fi 4- ^Fa, = Fg + ^F4, = Fg 4- ^*Fg ; 

now, if e — i or —i, 

(F, + iFa) (Fg-^ 4 6F4-O + (Fg 4 - 6r4) (Fr^ + 

= r,Fg~^ 4 - FgFr^+f (FaFg-^-f FgFa-^) + e(FiF 4 ~^ 4 - r,rr^)+ie(r,rr^+ 

= 0 ; 

thus, while the straight lines coi, q)i do not themselves intersect, each of 
them intersects the other four ; similarly for the other couples CO2 and 

f 

COsi COg. 


D 



Take the point of intersection of cji and cDg; call it D; the line 0)3 
intersects both coi and co^ and so lies in their plane or passes through their 
intersection; the same is true of 6)3', which however does not intersect 
thus either 0)3 passes through D, while co^' does not, or the converse ; if we 
suppose the sign of every element in Fg changed, if necessary — which still 
leaves all preceding conventions and results unaltered — we can then suppose 
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Wg to pass through D, and <$3^' to intersect and say in A and B \ then 
G)/ intersects and gj^, but not g>i, and so passes through B, and it inter- 
sects g> 3 , say in 0 ; while caJ intersects gji, g)^' and 0)3 and so passes through G 
and A, so that we have the figure annexed. 

Let the points A, B, G, D be {sc^, j^i), (^2, ysj 'S’2, 4), ••• ? each, for 

clearness sake, being associated with four definite numbers, not with three 
ratios; let the opposite planes be ai^ + ijy 4* + diif = 0, etc., with the 

conventions aicc^ + hiyi^ CiZi-\- etc.; if oLt denote the diagonal matrix 

whose elements are 6^, d^y and the diagonal matrix whose elements 
are Xr, yr, ir, the sign of Vq being settled by (see § 5) 

(r,- ir^) iPrO in) = o, (r3+ in) (rr^+ in-^) = o, 

the tetrahedron is determined without ambiguity by the equations following, 
in which a constant factor is omitted in the right side of each, 

(OjV2 = 013 ^^ 4 , (^2^2 =CCiB^4, ~ 

G> 1 < = a>2 , 0)2 Vi = ; 

(O2V2 0>sV = «4i?f2, 

Gy^Vj =0tiJ9'^3, ^2 

There are manifestly 15 such tetrahedra, according to the pairs (1, 2), 
(3, 4), (5, 6) into which the original matrices Fu n> n^ ••• ? n divided. 
Corresponding to the triplets of intersecting lines 

(g)i, G>2, Ws), (Ct)/, 6)2', 0)3), {0)2, COs'y 0>i), (0)3', G)i', 0)2), 

we have now 

GJi-ya^s = 0, 0)1^2 (Os = 0, coiV^ats = 0, o)^ v.20)s = 0, 

and hence (G)i'y2 + 0)1 V2) co^ — 0, {(OiV^ + coiV^) 0)3' = 0 ; 

but 

o>x^2 + = (n - in) (n-^ - ^n-o + (n + ^n) (n-^ + irro 

=2(nn-^~nrr^x 

o)x< + co ,% = (n - in) (n~^ + irr^) + (n + in) cn^^ - in-o 

=2(nr3”^+nn-^), 

0 = J (g>i% + «l'0 ®3 + i "b W'^2) "s' 

= nPg-^ (cos + w) - nn-^ ("a - "/) 

=:2nn-^n+2ir2rr^n, 
nn-"^n-~inrr^n, 

giving n“^nn"'^nn“^n= —ij ol ^s r2"‘^ri=~rr^n>^tc,, 

rr^nn-^nrr^n=i. 

Similarly by considering the triplets of coplanar lines, changing the sign 
of i throughout and replacing by Tr~^y we have 

r^r^-rgrr^r^ra-^-i. 


so that 


or 
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The reduction to canonical form. [appendix 


8. Assign now definite directions, DA, DB, DC, BG, GA, AB to the 
edges of the tetrahedron, and let the coordinates of a line directed from 
(«i. Zi, ti) to {x^, ya, ^ 2 . ta) be defined by 

If — ^2 rti “ ya tf2yi, tl ~ > 


p = yiZ2-yiZi, q=ZiX2-Z2<^i, r^x^y^ — x^yj-, 
there will then he six such sets (k,..., n), {I 3 , ..., Vs) for the edges of the tetra- 
hedron, the coordinates occurring in them being those of the corners ; put 
further 


1 

0 

Jpi \ , 

Vf-f 

0 , 

-n, 

?i. 

Zi ' 

1 

0 


1 

n, 

0 , 

-pi. 

mi 

— mi , Zi , 0 , 

n ) 

1 - 


pi. 

0 , 

Ui 

1 

1 

1 

0 / 

\ 

k, ■ 

-TOl, 

-Ki, 

0 

a ; we shall have then 







eVii , 0)/ = 6)2 = 

=/n., 

co'^f'€l' 

, <»3 

II 

P 

0>3 = 

II 

. /. /'. 9 > 9 are certain 

constants ; 

and 

as Vi ■ 


— iFs 


obtained by the same rearrangement of the elements in Fi”!, as is 
(Oj = Ti — iPj of the elements in Fj, Fa, we shall also have 

Vi = eVj, Vi=e'Vi, v^^fVi, V2=f'Vi, v^ = gyi, <=y'Fs'; 
and the equations 

F, = \ (efi, + e'a'). Fx-i = i (e F -f- e' F/), 
give, in virtue of fliFi = 0, 

l = iee'(fl 2 F 7 -ba/F), 

which, as before, is the same as 

1 = - iee' {fxK + ■+ ri«i' A'pik + ql'nh + 

= iee'| 



Vi 

-^4 

k 

Xi 

Vi 

^1 

ti 

CC 2 

2/2 

^2 

4 

^3 

2/3 

•^3 



= Jee'(4il23), say; 

so we find 1 = li7'(4231), 1 = iyy'(4312), 

or, if (1234) = A, 

Take now 
B: 


so that 


ee ■ 

= — 

4A-S 

ff- 

11 

1 

yy = 

= — 

4A-h 


Xi, 







Oly 

di 

yi> 

2 / 2 , 


2/4 ' 

1 

aa, 

l>2} 


9/2 

^ 1 , 

^2 > 

^Zy 

^4 j 

’ 1 

«3, 

^Zy 

(/3» 

4 

4 ) 

4 > 

y 

k ' 

> 

^4, 

hy 


4 


QP= 1 ; 
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if fl be a matrix formed, as are here fli, , in association with a straight 
line, which we suppose drawn from (f, f, t) to , r( , f', t'). the sth element 
of the rth row of the matrix PflP is given by 

(PflP)™ = SSPwnijP,, = Sfly (PriP^ - PrjP«i) 

i i i.i 

= n,4 {XrU - a;* #,.) + ... + flas {yr- Zg - y^Zr) + . . . 


^ V 

r 

T 

r 

r 

t' 

yr 


; 

ys 


4 1 


we therefore find (PfliP),j=0, unless r = 2, s = 3 or r’=3, s = 2, while 
(P£liP)„ = — (POiP),y, and so for the others, and then 

(PfliP>3 = (4123) = -A, (PX1,'P)„=(2314) = A, (PflsP)^! =(4231) = - A, 


(Pfl/P)^=(3124) = A, (Pn3P)i. = -A, (Pa'P)34 = A. 

Now take 

m= t \ 0 0 0\j Tm = w, 

I 0 fi 0 0 \ 

\ 0 0 V 0 j 

\ 0 0 0 p / 

where X, fz, v, p are to be determined ; thus 

wriw = i mP (wj + 6>i') Pm = ^ m (ePO-iP + e'PS\'P) m 

= |^m , 0 0 0 e' V m 

/ 0 0 -e 0 \ 

I 0 e 0 0 j 

\ - e' 0 0 0 / 

= JA . 0 , 0 , 0 , Xpe' V , 

/ 0 , 0 , — pve, 0 \ 

I 0 , p.ve, 0 , 0 I 

\ - Xpe', 0 , 0 , 0 / 


tn-PaOT = ^ mP (®i — oji') Pm = 


0, 

Xpe' 

\' 


— pve, 

0 



0, 

0 

J 


0, 

0 

/ 


0 , 

0, 

0 , 

— Xpe' 

0 , 

0, 

- pve. 

0 

0 , 

p,pe. 

0 , 

0 

Xpe', 

0. 

0 . 

0 
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similarly 




'GjVa'S^ = 


tzrr5'or = |A 


0 , 

0 , 

Xvf, 

0 

0 , 

0 , 

0, 

P'pf' 

-Xvf, 

0 , 

0, 

0 

0 , 

- MP/'. 

0, 

0 

0 , 

0 , 

Xvf, 

0 

0 , 

0 , 

0, - 

ppf 

-Xvf, 

0 , 

0 , 

0 

0 , 

w/'. 

0, 

0 

0 , 

-Xng, 

0 , 

0 

Xgg, 

0 , 

0 , 

0 

0 , 

0 , 

0 , 

vp9‘ 

0, 

0 , 

- vpg'. 

0 

0 , 

-X/jg, 

0 , 

0 

Xgg, 

0 , 

0 , 

0 

0 , 

0 , 

0, - 

-vpg' 

0 , 

0 , 

vpg, 

0 


herein take p equal to either of 
and \ = \elp, M = 

AXpe' = — 1, ^Afjbve == 1, \Appf' = 

and so 

fy^ = ^rit!r= / 0, 0, 0, — 1 > 

I 0 , 0 , - 1 , 0 

i 0 , 1 , 0 , 0 

\ 1, 0, 0, 0 - 

ry5= OTrgtzr = y 


the two quantities given by p- = ^ Ae/^, 
then, as ee' =ff' =gg’ =^-^, we have 
= - 1, iAi;X/= 1. ^Avpg' = - 1. 4 AX/t^r = 1, 


' tv Potv — 


0 , 0 , 1 . 0 

0 , 0 , 0 , -1 

- 1 , 0 , 0 , 0 

0 , 1 , 0 , 0 


, ■ST 1^2 W" — 


0, 0, 0, i 

0, 0, -i, 0 

0, i, 0, 0 

-i, 0, 0, 0 

fYs = Srat!r = 


0 , - 1 , 0 , 0 

1 , 0 , 0 , 0 

0 , 0 , 0 , -1 

0 , 0 , 1 , 0 

, 74=®'r4tv = 


0, -i, 0, 0 

1, 0 , 0 , 0 

0, 0, 0, i 

0, 0, -i, 0 


0, 0, i, 0 

0, 0, 0, i 

■ i, 0, 0, 0 

0, -i, 0, 0 
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for each of which the invariant {pp + qq + rr') is — 1 ; and if we take 

tsr (X, Y,Z, T)=: (x, y, z, t), tff {X\ Y\ Z\ T) = {x\ y\ /, t'), 

namely 

X = ^ {di^ 4- hy + Ci^ + dit), F = i (aa^ + hy + + dsi), etc., 

A. P' 

and put L=^TX'- TX, P=YZ'- Y'Z, etc, 

we shall have, if Fj {x, y, z, t) {x', y', z', t') and 71 {X, F, Z, T) {X', Y , Z', T') 
be respectively denoted by V^xx' and y^XX', 

Fiica;' = ^iXX' = — L + P, V^xx' = y^XX' = — M + Q, 

T,xx =y,XX' ^-N-{-R, 

V,xx' = y,XX' = i{L + P), r,xx' = 7,ZZ' = i (M + Q), 

T,xx’ = y,XX' = i{N + B). 

9. These forms have various properties. Firstly by putting in —L + P, 
X =-il Y Z T =T, 

X' = -it, F' = tV, = T = r', 

TX'-T'X changes to YZ' -Y'Z changes to i{yK' -y’K\ 

and so, if L', P' denote the same functions of jj, t, f', y', T. t' that 

L, P are of X, Y, Z, T, X', Y', Z', T', we have 

-i + P=t(i' + P'); 

in other words 

— i 0 0 0\=72 

0 0 0 

0 0 0 

0 0 0 1 

Similarly by Z = 7;, 7=?, F=f, r=T, we find o=7i<r = 7s where 
0 -= / 0 1 0 0 

0 0 10 

10 0 0 

0 0 0 1 

it appears thus that all the six forms 71, 73, , 75 are capable of being 

written J57ifr where fi is suitably chosen in each case. Nextly we find 

7i^ = -l. 73^ = -1. 75= = -1. 

7i73 = — 737i = 75) 7375 = “7s7s = 7i> 7s7i = — 7i75 = 73. 

73*= 1, 7/=l. 73“= 1. 

7374= — 7473 = ^7s. 7476 = — 7674 = ^73> 7673= — 7376=^74 > 


'-■£ 0 0 0 

0 0 0 

0 0 0 
0 0 0 1 



while 


ym—i — y^m y2nr-i' 
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Further we have 

S { [i - P]=“ + [i (L + P)P } = - 4SPP = 0, 

and hence 

(T.xcc'f + (FaW)^ + {r.xxj + (TiXteJ + (T^xodJ + (T.aix'y = 0. 

And lastly, to come to a set of relations of particular importance to us, w« 
have, as follows from the identity, 

/ X+iY, Z+iT \ / X'-iT', -Z'-iT' \ 

[-Z +iT, X-iY ) \ Z' -ir, X' + iY'J 

= / E-i{-N+R) , -M+Q-i{-L + P)\. 

i _(_if+Q)_i(_P + P), E + i{-N+R) J 
where E denotes XX' + YY' + ZZ' + '£T', the equation 
E^ + i- L + Py + {- M +Q'f + {- N+ Rf 

= (X^ +Y^ + Z^+ T^) (Z'^ + Y'^ + Z'^ + T ^) ; 

now = - 71 7*76 = — 75’“ = 1 > 

so that 

7i7b-*7»(X F, F T){X', Y',Z', T), or y.yr^y^XX', =P; 

thus 

{y^XX'f + (y,XX'r + (y.XX'f + (y^y^y.XX'Y 

= (X‘+Y‘ + Z‘ + T^) (X'^ + F'= + Z'^ + T '’‘) ; 

let, momentarily, a denote the matrix 

a = . ( 71 ZX , ( 71 -FX > C7iZ)3 , (7i-F)4 \ . 

/ (y,X% , (73ZX , (73^)3 , (73ZX ] 

i (73ZX , (%X% , (73Z), . (73ZX ] 

' (7i73"^75ZX, (7i73~*75Z)3, (7i7s“’75Z)3, (7i73'‘'75-FX 

where (7iZ)r denotes the rth of the four quantities yi (X, Y, Z, T); then if 

(r.^'.r.o=«(^'. y',x',t') 

we have =yiXX', rj' = y 3 XX', etc., and so 

^'3 + + ^'-2 + r'^ = (X= + F® + ^ + P) (Z'“ + Y'^ + Z'^ + T'% 

of which the left side is aX' . aX' or aaX '^ ; we thus have 

act = aa = + F® + T^, 

and the matrix a is orthogonal, in the sense that the sum of the four products 
of corresponding elements in any two rows, or in any two columns, is zero, 
while the sum of the squares of the elements in any row, or in any column, 
is the same for each, being equal to X^+Y‘‘ + Z^+T\ Again we have 
ysyP^ys = 727473 = = X ^“4, as before, 

E^+iL+ py +(M+ Qy + (X + Ry 

= (X^ +Y^+Z^ + P“) (X^^ + Y'^ + Z'^ + P'0, 
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so that, if h denote the matrix, 

b=.i(y,X% i{y,X% i{y,X\ X'y 

/ i{y,X% i{y,X% i{y,X% Y' \ 

i i{y,X% i{y,X% Z' j 

\ i{y,X'\ i(y,X% iiyeX% T ^ 

we have as before 

hl = hh=X'^+ + + 

Now, with x — 'mX, that is (cc, y, z, t)= ^(X, F, Z, T), as in § 8, we have 

yiX = ^Vi'stX 

and 73X = ^r^o), y^X = ^Fsic?, 

yiJz^^JsX = . ^Ts-crX = OTriFs'^rsir ; 

while iy^X' = 74“'^76X^ = 'zzr”^ F4“"^^“^ . mT^'crX^ = F4"^Fg/r', 

where and similarly iy^X' 'UT~^Tf^T2x' and iy^X' = 'ur-^r2~^TiX' ; 

thus we have 


a 6 = y (to-Fifl?)! , 

I ('®'Fs^)i , 

I (S^Fsirh , 




(wFiOiX 

(t3'rs^)2 , 

(SFsX^ , 

(SFsO!)^ 

('arT'iCc)2 , 

('^Fia!)s , 

(SFsa;)^ 

(^FiFs-'rsxyj, 

(vrFjFs 

(^F.Fr^F, 


(t!T T 4 ^FgFX, ('ST ^Fg ('ST ^Fg ^F 4 ir')i, ('ey ^x')i 

(«y-i VsX'}^ , {'ST-^ Fg-^ Y2X')2 , (tar-i Fa*"^ F4^')2 , ('cr”^ « 7')2 

(w ^F 4 ^Fea 7 ) 3 , (■Sr ^Fg (“CJ ^F 2 ^F 4 ^) 3 , (ct 

(zT-^rf^Fex^, ('^~^FG^^r 2 x% (zT-^r 2 ~^^r 4 x%, (zr-^x'x 


ab.ab = abba = (X^ + + T^) (X'^ + F'‘^ + + T'*^) ; 


S ('nrri^),.('sr ^F 4 ~^FeiZ?'),. = tErFiO? . “sr ^F 4 ^Fg^*' 

r=l 

= FeF 4 ~^OT“^ . ^Fixx'^ FgF 4 “^Fi^^c^, 

and, since (§ 7 ), FiFg-^Fg = — ir2F4“^F6 = - iF4F6-^F2, 

S (^riFs-iFs^)^ ('cy”^F 4 “"^F 6 a 7 ')r = F 6 F 4 “^FiF 3 “‘^F 5 ^F = — ir^xx' ; 

r=l 

thus the matrix 


FsFf^FiXx', 

raPr^riiKa;', 


Fixx' 

FeFi-'FsaxB', 

FiFf-^Fsiex', 

F4F2-iF3ii;< 

Fgxx' 

rsFi-^Fsa^a;', 

FiFg-^Fsanv', 

FiFa-^Fs^ea/, 

r^xx'' 

— iF^aia;' , 

— iFiOxe' , 

— zFe^ixc' , 

-iF2F4-^F. 



AheTs Theorem. 


176 


[appendix 


where {x, y, Zy t), {x\ y\ £, t') are arbitrary quantities, is shewn to be such 
that cc = cc = a number, which in fact is 

X + {'UT--^x)i + 

namely, the matrix c is an orthogonal matrix. 

Herein, as will be recalled (§ 7), Fi, Fg, Fg are any three of the original 
six matrices, and Fg, F 4 , Fg are the remaining three in any order, but of these 
there is one, Fg, of which it may be necessary to change the sign of every 
element. It is at once seen, however, the matrix being written as here, that 
in expressing that the sum of the products of corresponding elements in any 
two rows, or any two columns, is zero, or in expressing that the sum of the 
squares of the elements in any row or column is the same for each, both 
signs for Fg lead to the same result, and indeed any one of the six matrices 
Fi, Fa, Fg in the orthogonal matrix may be changed in sign without 
affecting the result. This caution is therefore unnecessary, and the result 
that the matrix above is orthogonal holds for any decomposition of the 
six matrices into two sets of three, independently of the order of those in 
a set, and independently of a factor — 1 attached, or not attached, to any one 
or more matrix Fi, Fg throughout the matrix c. 


NOTE II. 


INTKODUCTORY PROOF OF ABEL’S THEOREM, AND ITS CONVERSE. 


If 


H (x) = integral polynomial in oj + 


a? — a 


+ . 


+ 


B 


{x ~ x-~b 




Bu 


(x — 6 )^+^ 


+ 


be any rational function of x, it is obvious that the coeflScient of x~''^ in the 
expansion of ff(x) in descending powers of Xj which is .4 + is equal to 

the sum of the coefficients, of a)~^ in the expansion of H(x) in ascending 
powers of x — a^ of (x ~ 6 )""^ in the expansion of H{x) in ascending povrers 
of ^— 6 ,..., all the values a, which are roots of the denominator of 
£[(x) being taken. 


If A (x) y'^ Ai{x) y'^-^ + . , . +.4^(^) = 0 

be an irreducible equation in y, the coefficients A {x)y A^ (x\ . .. , An(x) being 
integral polynomials in Xy and a be a finite value of x which is not a root of 
A (x) = 0, we assume that the values of y which satisfy this equation for 
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Cycles of roots. 
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values of x near to a, break up into a certain number of cycles, the 
constituents of a cycle which consists of m roots being expressible by power- 
series such as 

y = 6 -f- hit + 6-2^^ + ^3^® + . . . 

wherein i is to be replaced in turn by the m roots of f^ = x~-a\ thus when 
the phase of — a increases by 27r, the phase of t increases by 27rjm, and 
one of the roots of the cycle changes into another ; for = a all the roots of 
the cycle give y = 6 , and the point x= a, y = h, regarded as the centre of the 
m expansions is said to constitute one place ; if there be h cycles, consisting 
respectively of roots, we have mi+ + nijc — n; the ordinary case 

is when k = n and mi = tws = ... =mfe= 1 , and it is only for a finite number of 
values of a that any other case arises ; but we may have k==l and mi = n. 
The case of a finite value of a for which ^ (ic) = 0 may be dealt with by 
putting yA {x) = 77 ; for any one of the places which arise the appropriate 
expression for y is thus of the form t~^ p (t), where A. is a positive integer and 
p (t) a power-series in t ; the case of an infinite value of x may be dealt with 
b}^ putting X = ; the appropriate expressions for any one of the places are 

then of the form x = y — t~^p (t), where m is a positive integer, X is an 
integer and p (t) a power-series. This general statement has been sufficiently 
illustrated for the hyperelliptic case in the first chapter of this volume ; the 
quantity t, which always vanishes at the place under consideration, and is 
to be chosen so that no point in the immediate neighbourhood of the place arises 
twice over for different values of t, is called the pararneter for the place. A 
formal proof of the assumption as to the existence of such cycles is given 
below, in the first chapter of Part II. (p. 190). 

The value of any rational function of x and y in the neighbourhood of any 
particular place can clearly then be expressed in a form t^ p (t), where p (t) 
is a power-series in t not vanishing for t = 0, and y is an integer. If is 
positive, the function is said to vanish /Lt times at the place, or to the ^ath 
order ; if ytt is negative, the function is said to be infinite (— y) times, or to 
have a pole of the (— yfAi order at the place ; and it can be proved that 
any function of x and y which has about every place a definite expression 
^ p (^) in which ya is a finite integer, is a rational function of x and y. The 
sum of the orders of zero of any rational function, for all the places where the 
function vanishes, is clearly finite, these places being obtainable by algebraic 
combination of the fundamental equation and of the condition obtained by 
equating the function to zero ; we proceed to prove a theorem which, as will 
be seen, has as one corollary the theorem that the sum of the orders of the 
existing poles of the rational function is equal to the sum of the orders of its 
zeros ; if for any place the (finite) value of the rational function R (^, y) be A, 
and, in the neighbourhood of the place, R (x, y) — A be of the form p (t) 
where p (t) is a power-series not vanishing for ^ = 0 , we say that the function 

12 


B. 
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A fundamental theorem, 

is m times equal to A at the place — the general statement is that the total 
sum of the number of times that the function is equal to A at the 
various places is independent of A, and this number is called the order 
of the rational function. 

The theorem in question, for a rational function R {co, y)^ is expressed by 



the meaning being that in the neighbourhood of every one of the (necessarily 
finite number of) places where either R {x, y) or x is infinite, each of R (x, y) 
and dxjdt is to be expressed by the parameter the coefficient of t~'^ in the 
product R {x, y) dxjdt is to be taken, and the sum of all such coefficients is 
zero. The result is obvious if the elements of the theory of a Riemann 
surface be assumed, since the vanishing contour integral JR (x, y) dx Yound 
the period-loops is equal to the sum of the values of the integral round the 
logarithmic infinities of the integral ; cf. p. 4 above ; we can, however, give 
an elementary proof, which has also been previously given for the hyperelliptic 
case (p. 4). Consider a finite place which is the centre of a cycle of 

m roots yi, and having substituted, in R{x^ y), the value x — a + t^ 

and the appropriate series for each of yi, y^ in terms of t, form the sum 

yO + ... + JS {cGy ym)\ 

each constituent of this sum is a series of integral powers of t with only a 
finite number of negative powers, and if c*> = series are the same in 

the quantities t, cot, q)% , . , ; thus the sum is a series of integral powers of 
OT X — a; and the coefficient of (x — a)~\ or in this series in x — a is 
equal to the coefficient of t'’^ in 

dx 

R (iv, y) or R (x, y) . 

Consider next a place arising for an infinite value of x ; putting x = and 
the appropriate series for yi, terms of t, and forming the sum 

we similarly obtain a series of integral powers of x~^, in which the coefficient 
of x^^, or is equal to the coefficient of in 

R {x, y) or -R (x,, y) ^ . 

Now consider, for any value of x, the sum 

^ (a;) = jB ( a?, yi) + ... + (^, y^), 

where yi, ...,y^ are all the roots of the fundamental equation; this is a 
rational function of x only ; for a finite value ^ = a, the coefficient of {x — 
in H (x) is, as we have seen, equal to the sum of the coefficients of in 
R (^, y) dxjdt at the various places arising for x = a; while for infinite x^ the 
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negative coefficient of x~^ in H {w) is equal to the sum of the coefficients of 
in R {x, y) dxjdt at the various places arising for ^ = oo . It follows, therefore, 
by the remark at starting that, in the sense previously explained, 



and this is the theorem. 

Remark, If K{x, y) be any rational function, such that, near any place, 
K (x, y) — A is of the form ^ (t), we see at once that, near this place, 

has, for coefficient of the integer m. The number of times that K (x, y) 
takes any value A is thus equal to the total number of its poles, as was 
remarked. 

To apply this result to prove AbeFs Theorem, let Z denote any mtional 
function of x, y, these being connected by the -fundamental algebraic 
equation f(x^ 2 ^) = 0 ; the rational function Z — fi, where is a constant, will 
then have a definite number, Q, of zeros, this number being independent 
of ; and as varies these zeros will vary ; for simplicity of statement we 
shall regard each of the zeros as of the first order, for all the values of 
which we consider, though, as will be seen, the result we obtain is unaffected 
by supposing two or more of them to coalesce into a multiple zero. Also let 
R {cOy y) be any rational function of {Xj y) and I = JR {x, y) dx, Now apply 

the equation 

r ^ ^ _ A 

\_Z— ya dx ' dt^ t~i~^ ' 

written in the form 

1 \ d/1 _ ^ 

\z — yx/ dt\ir-T^ \dt) Z — 

where on the left only those places are considered where Z= y and dijdt is 
finite, and on the right those where dijdt is infinite (and possibly also 
Let (xi^ yi) be one of the places for which ^ = and t the parameter for 
the neighbourhood of this place, so that, for a near position {xi + dxi, yiAdyi)y 
the value Z is given by ya + 4- . ; the corresponding contribution 

to the sum on the left is then given by 

1 ^ d^ _ ^ d^ 

A dxi dt ’ dxi * dya ’ 

and the equation leads to 


12---2 
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thus if (xi), ( xq ) he the places where ^ vanishes, and (uj), . . . , (uq) the places 
where ^ is infinite, we have 

1,/w [(s) 'S 

if we assume that no one of the places where ^ is infinite coincides with a 
place at which the integral I is infinite, we can write, for large values of jll, 


(g)log(^-M) 




log(^-^) = log(-/.)-f-i5- 

/i. fl 


dt 




= 0 , 


and hence, in virtue of 
infer the result 

i./w ^ [(f) 

which we may regard as a statement of Abels Theorem. 

Some particular cases may be referred to. 

(i) When / =/iJ (^, y) dx is an integral of the first kind, the right side 
vanishes, and we have the result that if be any integral of the first kind, 
and (iTi), . . . , (iTQ) be the zeros, and (ai), ..., (a^) the poles of any rational 
function of {x, y), then 

it being understood that, in the absence of a convention as to the paths of 
integration on the left, there must be added on the right a sum of integi'al 
multiples of the periods of the integral 

(ii) When J is an elementary integral of the third kind, that is, is 
infinite at one place (a) like log where to. is the parameter for this place, 
and infinite at another place (/3) like — log but not elsewhere, we have, 
whatever Z may be 


^ I! i ^ 2 ') 

i^lJ (ai) 


mr 

where Z{ol), Z{^) denote the values of Z at these places. 

(iii) If the fundamental algebraic equation be 

and jR {x, y) = xjy, while Z is taken to be {y - nix — o)/(y — m^x ~ Co), we have 
Q = 3, and dljdt is infinite only for a? = qo ; putting, for the single place there 
occurring, 

y = - 2^3(1 ...), 


we have 


dl 1 /-| 1 J4 \ 


, y-mx--c , 1 4- + icf - ... 

° i»g r+ fc+lct i- — 


y — m^x -- Co 
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and 



= 4 - Wo); 


if then {x^, y^), (x^, y^) and (^3, y^) be the three intersections of the straight 
line y = inx+ c with the cubic cuiwe y'^ = ^cc^ — g^x — g^, and (ci), (cg), (Cs) be 
arbitrary places, we have 


xdx xdx j^’ 

J(ci) y J M y J( 


xdx 

y 


yi-y2 _Q 

Xi^X2 ' 


where (7 is a quantity unaltered by replacing the straight line y = mx + c by 
any other ; putting, as usual 


=/: 


y ’ 


X — 


1 r“ 

. C(^) = ^ + J 

^ Jo 




du, 


this is equivalent with 

^{u)+^{v)~^{u^-v)+\ = constant, 

for arbitrary values of u and v ; by expansion in powers of u for small values 
of u we at once find the constant to be zero. 


Converse of Abel's Theorem. 

If p denote the number of existing linearly independent integrals of the 
first kind, and two sets, each of Q places, (iTi), and (cs&i), . . . , (uq), be 
such that 

4 - = 2Mie0i^i + ... 2Mpa)i^p + + ... 2MpCo'i^p, 

(i=l, 

there being one such equation for each of the integrals, ifi, being 2p 

integers independent of i, and ..., 2ci>'i^p being the periods belonging to 

the integral ", then there exists a rational function of {x, y) having 
(^tq) for zeros and (Oi), ...,(aQ) for poles, of the first order. The paths 
of integration on the left are supposed to be the same in all the p equations, 
but are arbitrary; a modification of these paths will generally entail a 
modification in the integers ifj, ..., Jfp'. 

The proof of this result is similar for all cases, and may be explained in 
the hyperelliptic case, p = 2, for which we have given the necessary pre- 
liminary theorems in the text. The equations then lead, for paths on the 
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Converse of Abels Theorem. 

dissected Riemann surface upon which the normal integrals Di®’ ® are 

single-valued, to the equations 

«I q- »<!. = Mx + ilfiVu + Ta , 

Va®» + Da®«> “fi = -Ma + MiVai + JfaVaa ; 

consider then the function where 

J3'=n"'“ + -2wf + 

the function being the normal elementary integral of the third kind ; in 

virtue of the period properties for the integrals the function is at once 
seen to be unaltered across any period-loop, and it is expressible near any 
place by a series of integral powers of the parameter for that place, 
having zeros of the first order at (iTj), . . . , and poles of the first order 
at (Oi), (a^). It is thus such a rational function as is required. 
(Of pp. 7, 29.) 



PART II. 


THE EEDUCTION OE THE THEORY OF MULTIPLT-PERIODIC 
FUFTOTIONS TO THE THEORY OF ALGEBRAIC FUNCTIONS. 


CHAPTER VI. 

GENEBAL INTRODUCTORY THEOREMS. 

49. Ip a power-series, in the independent variables x, y, 

«« + Ojo® + OviV + . . . 4- + . . . , 

converge for x = x^, 2/ = yo. then it converges uniformly and absolutely for 

kl<i«o|, \y\<\yA- 

For, convergence for Vq requires that any batch of terms taken 
sufficiently far from the beginning of the series, and in particular any single 
term, shall be of arbitrary smallness ; we can thus suppose l^ss in 

absolute value than an assigned finite real positive quantity M, for every 
value of m and n ; then if ^ = £r/^o> V = VIVo we have amn^^y'^ ~ 
and thus, for | f j < 1, [t/ ] < 1, the absolute values of the terms of the series 
are less than those of the series 

Mil + p 4- 1 ^+ 972 +...). 

which is convergent, having Mil — (1 ~ rj)-^ for sum. This enables us at 

once to prove the proposition as stated. 

The given series thus represents a continuous function in the open region 
1 ^ 1 < I ^ 0 1> 1 2/ 1 < i 2^0 Ij it can easily be shewn that this is true also of the series 
formed by differentiating the given series in regard to x or so that the 
given series is differentiable in the same region. 

If r<j^ 0 | and |^i|=r, the series can be rewritten as a power-series in 
x — and y converging certainly for 1 2 )^ j < 1 2 / 0 1 > 1 ^ 1 < 1 ^0 i ~ If ffi*’ 

every such that \xj\ = r, the rewritten series converge for | — oji | < | | + JD — 

then the original series really converges* in the open region \x \ <\x(y\-^ D, 

I y [ < I yo 1* It may be, however, that there is a point (x', y') upon the 
boundary of the region of convergence of the original series, such that if 

* A formal proof is given Proc, Lond, Math, Soc. Vol. xxxiv. (1902), p. 290. 
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{pli Ui) taken anywhere in its neighbourhood, the rewritten series in 
x — xl, y — y-l converges only for — 1 < l^r' — a?/ 1, | y — y/ 1 < j / — 2// 1 5 such 
a point is called a Angular point of the function represented by the original 
series. With this definition it is clear, in view of the proposition just stated, 
that the region of convergence of the original series can be taken to be 
given by \x\<R, | y i < with a singular point {x\ y) where \x\ = R, 
W\^S ov \of\^R, W\^S. 

Thus the value adopted for one of the two quantities R, S modifies the 
values possible for the other ; in particular it may happen that R can be 
increased without limit if 8 be suitably diminished. As this is a point of 
difference between the cases of series of one variable and series of more than 
one variable, it may be desirable to give an example. Consider the power- 


senes 

— + .....(A) 

obtained by writing the series 

1 + 4- -f- ..(5) 


as a power-series in x and y. If the series (A) converge for ^ y == yo, it 
will as we have seen converge absolutely, and therefore written in any order, 
for I I < I ^ 0 1 j ! y 1 < I yo I J it will therefore converge when written as the 
series (B ) ; if however x = y = f -h fr, the series (B) converges only 
for l^rl<l^^l or 5'>logr. Thus, near the origin, the series (A) converges 
only if r < 1, and taking a particular ro < 1, a region of convergence about 
the origin, circular for both x and y, can only be of the form |a;|<ro, 


I y j < log - . Conversely 5 < log or < 1, ensures the convergence of 

Tq t 

l + r^l + s + |-j+ +'r‘{l +2s + ~ + ...j + {B') 


and so the absolute convergence of the series (B) written in the form 
l + «(l-2/+ |-j+ ..?j + a^(l~2y + ^ + ...) + .... 


which can then be rearranged as the series (A). On the whole then a 
region of convergence about the origin for the series (A) is given by 
\x\<r, \y\<Sf r <e~'^ ; thus r is less than unity but can be made as near 
thereto as we wish by taking s small enough ; but on the other hand s may 
be made indefinitely great by taking r small enough. 


60. Suppose that the original series converges uniformly in regard to 
the phases of x and y upon the two circumferences | | = r, | y | = 5 ; and that, 
for these values of x and y, the sum of the series is, in absolute value, less 
than the real positive quantity M, It can then be shewn that, for these 
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values of x and y, every term of the series is also less than M, in absolute 
value ; so that 

1 I JL 

1 I < • 

2n i 

Denote the sum of the series by f{x, y) ; put e = co = e*, where 
h, k are positive integers ; we have then, for x = re^, y = sco*', 

(re^)"^ (50)*')“"/ (re^, 5o)*') = o (50)*')“" 4* . .. + n + ... 

+ am', n' (r€^)"^'“"^ (50)*')"'“" + . . . + jff, 

where H represents the remainder of the series beginning with terms of 
dimension p — m — n + 1 in x and y, after division by Taking or 

arbitrarily small we suppose p so large that j | < cr. In this equation 
give to ya in turn the values 0, 1 , /i-' — 1, and to v the values 0, 1 , v — 1, 
add the results, and divide by the number of these, namely pv \ we thus 
have 


equal to 


1 pf—lv—X 

—T} 2 2 (r6^)“’"(5o)*')“"/(r€^, SO)*') 

t^v fj.-Q v=0 


1 1 ~ (e~~^Y 1 — (oiT^y 

— -T- > - . i^r + • - + ^ + 

fiv 1 — 1 — 0)^ 


\ rf , ^ ^ l j 

^ fjfv' ® 1 _£»»'-»! • 1— ^ 

it being understood that h, k are taken so great that no one of the 
denominators 

(1 - e -^) (1 - o )“^ 0 , (1 - (1 - «"'“"), 

is zero, as can be supposed by choosing A, k after cr and p are fixed. If Mi 
be taken less than M to exceed the greatest modulus of f{x, y) for |^| = r, 
I y I = 5 , the left side of this equation is in absolute value less than r~^&~^Mi ; 

on the riffht side the term %H is in absolute value less than cr. and the 

° pv 

other terms, except a^,n, diminish indefinitely when the arbitrary positive 
integers p\ v' are indefinitely increased; thus we have 

1 . 1 . 


», « { 


+f. 


where ^ is arbitrarily small, and hence, as desired, 

M 




Corollary, We have 

l/(®> y) I 


^0, 0 1 


2 

m— 1,^=1 
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and, if |i»|=:p, \y\ = a-. 


i Om.nX^'y^ 

<Mt(^) (-] <M 

^ 1 


\tJ \sJ 

[('-9(^-9 J 


SO that 

3/) i > i «0,0 i - 
which does not vanish so long as 






M 


^ + i ^0, 0 


Herein r, s are arbitrary values such that the series converges for 
1 ^ I = r, I y 1 = and M is any real positive quantity greater, absolutely, than 
f (x, y), when [ | = r, | y | = 5 ; so long as [ | > 0, we can always take p, a* so 

small that the inequality is satisfied. Thus if the origin is not a zero of the 
series it is an interior point of an assignable finite region within which no 
zeros are found. 


51. Consider now the case when the origin is a vanishing point of the 
series. Arranged in powers of y let the series be 

^0 + Aiy -f Aay^H- 

where Jo, ••• are power-series in of these Jo vanishes for x==0; 

we assume in the first instance that not all of Jj, Jg, ... vanish for ^ = 0; 
let An be the first that does not, so that the series is of the form 

f{x, y) = a; (j?o + + . . . + 4* (C -h xBn) 4- Jn+iy^+' + . . . , 

where jBq, JBi, Bn-x> Bn, Jn+i, are power-series in x, and (7 is a non- 
vanishing constant. 

We shew now that a real positive quantity r can be assigned such that 
for any value of x less than r in absolute value, there are n values of y 
satisfying the equation 

f(x, y) = 0, 

all diminishing to zero with x, and that these are the roots of an equation 

where are power-series in x, vanishing for and converging 

for I ir I < r. 

Let /o=/(0,y) = Cy~ + i)y'"+' + ..., 

and fi^fo-f(oo,y), 

so that fi vanishes when x vanishes, identically in regard to y. Choosing cr 
so that /q does not vanish for 0<|y|^ cr, and so thsit f(x,y) converges for 
I y j < O' and sufficiently small x, and choosing o-i so that 0 < o'! < o-, we may 
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choose p so that \f ] < j/o ! for \x\< p and a-i<\y\< a-. 
X, such that \x\< p, since / —fa 


Then for a definite 


/dy /o9y 3yx=iXV/o/ /o% dy y.=-^ 




where {w) is a power-series in os vanishing for =: 0, 

where G (y) is a power-series in y ; let the number of values of y, less than cr 
in absolute value, which satisfy /(aj, y)= 0, for the definite value of x, be m, 
and denote these by y-^, ym, multiplicity being allowed for by repetition of 
these ; then the difference 


1 L_ 

fdy y-yi 

is expressible, for | y | < <r, as a power-series in y, say K (y), and so, for y less 
than a but greater in absolute value than the greatest of yj, . . . , y^ and greater 
than 0 - 1 , we have 


as this must agree with the preceding expression we can infer 
m - n, y / + . . . + ym*' == I' - p (^) ; 

putting then 

iy-Vi) ••• (y-yn)=y’‘+Piy’^"'+-^-+jPn=^, 

we have 

Pi + (t -1 { oo ) = 0, 2^2 + {x) -h 2G^ {x) = 0, 

3^3 -^-p^G^i (x) + G^ (x) 4- 3(?_s {x) = 0, 


and so on, whereby it follows that PuP^y ... are power-series in x, vanishing 
for a? = 0 ; also 


so that 


13/ 13^ 

fdy 'tsdy ^dy 


+ G=(y)-|- 2 0,{x)r, 

oy fA-o 


/ = «r!7. 


where U is of the form 


JLe * = .d. (Xo + + Aay® + ...), 

and Xi, Xs, ... are power-series in x, of which Xo reduces to unity for ar=0, 
while A, independent of y, is obtainable by comparing coefficients of y" in 

A + ^ly + Ay^ + . . . = ^ (Pn + i>iy + . . . + Pi y"“" + y"") (Xo + Xiy + Xay" + . . .), 
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and is given by 

A == An (Ao 4" 4" • * • 4" 

so that it is a power-series in a> reducing for x = 0 to the constant term in 

the power-series An^ For the values of x and y for which the series G {y\ 
00 

2 OfjL {x) y^ converge, the factor U does not vanish, as its exponential form 

shews; these series converge however for all sufficiently small values of x 
and y: thus all the roots of the equation f{x,y)=^ 0 , for any sufficiently 
small X, which vanish with x, are those of the equation tir = 0. 

If, still supposing /(O, y) not to be identically zero, the terms of lowest 
order in f{x, y) are of the ^ith order, so that -do vanishes to the ?^th order, 
Ai to the (n — l)th order, ..., An-i to the first order, when x = 0 , then the 
lowest terms in f are of aggregate order n in x and y, as are the lowest 
terms in f ; thus the lowest terms in {x) y^ are of order zero at least and 
G^y (x) is a power-series whose lowest terms are of order v ; the same is then 
the case forp„, which vanishes to the z^th order when We can if we 

wish, by a substitution, X + /My for a?, in /(x, y), where fju is indeterminate, 
always suppose the case to be as here. 

The case when /(O, y) is identically zero has been excluded from the 
preceding; putting then ^ 4- y — 4 * the value oif{x, y) when 

^ = 0 is which is not identically zero in regard to 9; if /x and f be 

chosen with sufficient generality. Thus /(^, y) can be written in the form 

/(®. y) = (’?” + + . . . + ffm) !7, 

where gi, ..., qm power-series in f vanishing for ^=0, and Z 7 is a power- 
series in 7 ) not vanishing for ^ = 0 , 97 = 0 . Supposing Xf — X'/x not zero, 
this decomposition replaces that of the preceding case. 

A theorem, and demonstration, exactly analogous to the foregoing applies 
to the case of an equation f(xi, X2, ..., x^y y)==0, in which the number of 
independent variables is m. 

Corollary. If are n convergent power-series in the Ti-i-m 

variables x^, all vanishing when these n + m variables vanish, the 

linear terms in the series 0i, ..., </)^, say 

4 " . . • 4 - 


4 * ••• 4 “ 

being such that the determinant formed by the coefficients of x^, .,-,Xn, 
namely 

I ^1,1 ••• L 
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is not zero, then the equations 

= 0, ” 9, 

regarded as equations iov are satisfied by convergent power-series ir 

Xnj^^y these being the only solutions of these equations for 
within a certain neighbourhood of the origin. 

For put 

-{- . .. 4" •••? 4" • • • 4" 

SO that the equations = 0, . . . , <^n = 0, are 

4" Ori,n-\-i^n+i 4“ ... 4“ 4" Wj,2 4* '2^1,3 4“ ... = 0, 

4" 4“ ... 4" "h ^n,2 4" ^n,3 4" . . . = 0, 

where Wr,s is a polynomial of dimension s in the n'^-m variables 

j ^71+1 j •••? ^n+m* 

If in the first equation we put ^2 = 9, ..., fn = 0, a7^^.i = 0, ..., ^n+m==0 i1 
reduces to a power-series in whose first term is fi. It follows then, bj 
the foregoing, that the only sets of values of fj, ..., the 

immediate neighbourhood of the origin, which satisfy the equation 0i = O 
are given by fi4”P = 0, where P is a convergent power-series in 

?2> •••3 ^n+i> •••9 

vanishing when these n + m — 1 variables are all zero. If the resulting value 
of fx be substituted in the remaining equations <^2 = 9, ..., 0, they reduce 

to convergent power-series in ^2, ..., ^n+i> •••» of the form 

4" 4* ... 4" 05'r,n4-m^n+'m 4" ?^r,2 4" V-r^z 4" . • . = 9, (r = 2, . . . , 7l) 

where Vr^g is a polynomial of dimension s in the 4- m — 1 variables. Solving 
the first of these equations similarly for and substituting, and proceeding 
in this manner, we eventually obtain fn as a power-series in ..,,Xn^ 
only, from which, by retracing the steps, we obtain in turn ..., fx, and 
so eventually all as power-series in Xn+u 

52. Consider now what is represented, for sufficiently small values of 
X and y, by the equation 

'UT{Xy y) = 2/^4-jpi3/’^^4-... +i?« = 9, 
where *•* are converging power-series in x vanishing with x. 

If the left side be capable of being written as a product of factors of the 
form 

wherein p^y - are analytical functions single-valued about the origin, 

then pr is of the form where gv is a converging power-series in x, and 

then, as all the roots of any factor are roots of tsr {x, y) and therefore vanish 
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at the origin, we must have hr = 0 and qr must vanish for ir = 0 ; every factor 
must thus be of the same form as y\ As we could then deal similarly 
with each factor in turn, there is no loss of generality in assuming that 
is incapable of such decomposition. 

This being assumed it can be shewn that the n roots of (w, y) are 
expressible in the form 

y ^ a{t 

where the right side represents a converging power-series in which t is to be 

1 

replaced in turn by the n values of ; thus the n roots constitute one cycle, 
and belong to a single monogenic function, each root changing into another 
when X makes a circuit about the origin, and so on throughout the cycle, till 
after n circuits the original root reappears. 

We have 

'^y y\ = S'®- y)l^yy = + • • • + ; 

form the Sylvester y-resultant of 'sr (^, y) and 'UTy (x, y), which, being a 

rational integral polynomial in pi, pm is a power-series; this power- 

series cannot vanish identically, or ^ (x, y\ 'UTy {x, y) would have a common 
factor 

obtainable by the rational method of greatest common divisor; thus 
Ply would be rational in p^, p^, and therefore each of the form 

x‘~^qr; we have excluded this by hypothesis. The Sylvester ^-resultant 

vanishes for aj = 0, since both 'oj {x, y) and 'zsr/ (x, y) vanish for = 0, y == 0 ; 
but a region can be put about a; = 0 within which no other zeros of this 
resultant are found; this region, taken circular, we call, momentarily, the 
domain of the origin. Let Xq be a point of this domain other than the origin, 
and yo one of the corresponding roots of -cj (xq^ y) = 0, so that 'UTy {Xq, y^) 
is not zero ; put y = yo 4- in -cr (a;, y), so obtaining 

■ 9^(a?o,yo) „ , 

^ dyo ’ 

by a particular case of the theorem in the Corollary of the preceding article 
this leads to a series 

y^yo-hAfx- Xo) -h A^ix - x^y + 

expressing, about x^y the only root of -sr (xy y) = 0 which reduces to yo when 
x = Xq. a precisely similar form, as power-series in is possible for the 

other roots of ^(x, y) = 0 in the neighbourhood of o^o. Let r be the least of 
the n radii of convergence of these n series belonging to Xq, Putting a small 
circle about the origin, and another circle just within the outer circumference 
of the domain of the origin, and considering the closed annulus so deter- 
mined, and the value of r for each point Xq of this annulus, we desire to shew 
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that a number greater than zero exists such that r is everywhere greater 
than this ; in other words that the lower limit of r for the points of the 
annulus is greater than zero. 

To prove this we may proceed as follows: let be a point within the 
circle centre of radius r ; to this point belong n expansions of y in powers 
of X — Xq\ directly derivable from {x, y) = 0, as before ; let r' be the least 
of the radii of convergence of these; on the other hand, any one of the 
expansions in ^ — x^^ may be rewritten as a power-series in — Xq, converging 
at least as far as the circle centre Xq of radius r, and in this form must agree 
with one of the series directly derived from {x^ y) = 0 for the neighbour- 
hood of Xq ; we see thus, that r ^ r — \xq — x^'w but we similarly prove, 
beginning with the expansions about Xq, and supposing Ixq-- Xq\< r\ that 
r ^ r' —\xq — Xq\, and so have, for suflSciently small \xQ — xd\, 

r-\xQ-xd\^r'^r + \xQ-xd\ 

which shews that r varies continuously as Xq varies ; a continuous quantity 
over a finite region is known however to reach its lower limit, while r is 
never zero over the annulus considered; thus its lower limit is not zero. 

Denote this lower limit by p ; let Xi be a point within the closed annulus 
and within the circumference of convergence of the series 

y yo + Aj{x - Xo) + A^ix - x^y + , 

but at less than p firom this circumference ; let yi be the value represented 
by this series at x-^\ there exists then, when x is near to x^, one root of 
'sr(^, y) = 0, reducing to y^ when x^x^, expressible by a power-series in 
x — x^ converging tor \x — o[>i\< p, and therefore forming a continuation of the 
series above, beyond its circle of convergence. 

It is thus clear that any root (yo) of -cr {x, y) = 0 can be continued 
completely round the closed annulus back to the neighbourhood of ; it 
may not however, after one circuit, resume its value ; it may change into 
another root. Let it resume its value after p circuits; put then x = t^, so 
that the phase of t increases by 27r when the phase of x increases by ; 
now, as we have considered the equation 'ur (x, y) = 0, consider the equation 
y)j the root of this reducing to yo for ^ where = Xq ; by the 
reasoning given, this root is a single- valued function of t within the annulus, 
and developable, as a power-series in t — about any point toi thus, by 

00 

Laurent's theorem, it is capable of a representation 2 valid for the 

m= — CO 

whole of the annulus ; if however M be greater than the modulus of this 
series for 1 1 1 = JS, we have | | < MR ^ ; as all the roots of lar (x, y) = 0 

vanish for iX? = 0, it follows that the negative powers of t, and the zero power, 
are absent from the series. Consider now the p roots of -sr (x, y) == 0, given 
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by the series for exp {2irislfi\ where s = 0, 1, . . . , ^ ~ 1 ; denote 

1 

them by yi, y2> ••• j j if A be a positive integer the sum + y/ -f* -• + yij!^ 
arises as a convergent power-series in t which is in fact a single-valued 
function of x and is thus a power-series in x, manifestly vanishing for = 0 ; 
we infer then that yi, are the roots of an equation 

wherein ... are power-series in x vanishing for = the factor of 

'ST{x,y) given by the left side must then, by our initial hypothesis, be 
identical with ^ {x^ y) and And the proposition above stated is so 

proved, namely all the roots of -cr {x, y) are given by a power-series in t, and 
constitute a single monogenic function. 

63. Consider now what is represented in the immediate neighbourhood 
of the origin by a simultaneous set of equations 

^2, ..., ^n) = 0, ..., ^2, ^n) = 0, 

wherein eaeh of (?i, ... denotes a power-series in the n variables vanishing 

for £!?i = 0, ^2 = 9, . . . , = 0, the number of equations being less than, equal 
to, or greater than n. We suppose x^, Xn replaced by independent linear 
functions of new variables, yi, ..., y^, with unspecified coefficients, which 
coefficients we regard as implicit constants; then we may suppose that in 
the new equations in yi, ..., y^i there is no specialty of form which gives a 
distinction to any variable above the rest. We now introduce explicit 
constants, replacing yg, ..., y^ by 773, •»,, r)n by means of the equations 

%=^^2/i+^y2+y3, ..., vn=Kiyi+ ••• +K, yni 
the power-series then take forms 

%; •••, '^7i) = 0, £'„,(yi, 772, ..., 77,,) = 0, 

wherein the constants A21, ^31, ••• occur explicitly. We require the 

solutions (yi, ...,yn) independent of these constants. 

It is possible, as is shewn by an argument pre‘cisely like that previously 
given for the case of two variables, to deduce from Kr{yi, ^ 2 j ^n) = 0 an 

equation 

= + = (r = 1, 2, . . . , m), 

wherein kr^i^ ..., are power-series in 772, ..., vanishing for 772 = 0, ..., 
7fn = 0, this equation giving all the solutions of the yi-equation Ar,.= 0 which 
vanish for 772= 0, 77,^ = 0 ; as we are considering the equations G^i = 0, ..., 

Gm = 0 for the neighbourhood of the origin it is thus sufficient for our purpose 
to consider only the equations ki = 0, ..., km, = 0. Any one of the m poly- 
nomials in yi denoted by ki, ..., km may be capable of being written as a 
product of factors of the form 
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where hi, are con.v'ergent power series vanishing for 972 = 0, 97^1 = 0, 

and any such factor may occur in any polynomial to higher than the first 
power ; suppose the decompositions of this form carried out as far as possible, 
and let denote the product of the different factors of this form which enter 
into the polynomial kr\ every set of values of yi, 972, 97^ which satisfy the 

simultaneous equations = £^ = 0 will satisfy the set of equations 

^V = 0, km =0, and conversely; we therefore consider the s^^stem A:i' = 0, 
km=0, instead of the system ki — 0, km=^0. If km have a 

common factor, a product of irreducible factors of the form which has been 
referred to, denote it by the exponent denoting the number of variables 
which (presumably, or possibly) enter into it, and let ki , ..., km be the results 
of dividing i /, km respectively by Then any point yi, 972, ..., 97^, 

in a certain near neighbourhood of the origin, which satisfies the original 
system of equations Gi = 0, ..., Gm = ^y satisfies either or all the 

equations ki = 0, . . . , km' = 0 ; and any point of this neighbourhood satisfying 
either = 0, or all the equations ki'^O, ..., km'—O, satisfies the original 

system of equations. 

Consider first of all the single equation = 0, and, of this, any factor of 
the same form 

q{n) = yK 4. nyi^-^ + ... + rx, 

wherein 7*1, ..., rx are converging power series vanishing for 972=0, 97^= 0, 
the factor being chosen so as to be incapable of further decomposition into 
factors of the same form; the points yi, y^y ym the neighbourhood of 
the origin, satisfying the equation = 0, are first to be divided into two 
categories : those which do not, and those which do, also satisfy the derived 
equation dq^'^ydyi = 0; the points of the latter category satisfy an equation 
JS = 0 , where E is the Sylvester resultant in regard to yi of q^^'^ and dq^^'^jdyi, 
which, being a rational integral polynomial in the coefficients ri, ..., in 
q^'^\ is a power series in 972, 97^, manifestly vanishing at the origin; thus 

the points satisfying = 0 are divided into the two categories 

j(») = 0 qi^) = 0 

=J= 0 R = 0i 

consider the solutions of iJ = 0 in the immediate neighbourhood of the 
origin ; these are given by the vanishing of a certain number of irreducible 
factors of the form 

q^'^-'^'> = 972^ 4 - + ... + 

where Si, ..., ^^ are power series in 975, ...,97^ vanishing at the origin ; these 
in turn can be divided into two sets : those for which dq^^~'^'^ does not also 
vanish, and those for which it does ; consider a point of the former set ; the 

B. 13 
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arbitrary coefficient which, it will he remembered, was introduced in the 
substitution 

% = ^yi+y2. 

enters explicitly in the series ,,,, it enters also implicitly in 
differentiating the identity in X^iy 

(KiVi + (^ 1^1 + y^Y"" + ... 4 - 5 ^ = 0 , 

in regard to X^, we thus have 


ag(n-i) 


: 0 ; 


thereby the solutions of = 0 are divided into three kinds 


gW = 0 
9g'"> 


9yi 


+ 0 


fpn—l) — Q 

0% ■ ax,/ ~ ^ 


dq 


(91-1) 


9^3 


- + 0 


^(n-i) ^ Q 

9V - 


where it must be understood that there are as many sets of equations of the 
second and third kinds as there are irreducible factors of iJ. We may now 
proceed similarly with the points of the third kind. By combining the two 
equations = 0, 02^^“^73% = O, we derive a power series in 773, 97^, 

vanishing at the origin, and hence a certain number of irreducible factors 
such as 

where ti, are power series in 774, ..., 77^, vanishing at the origin; in 
there enter explicitly the arbitrary coefficients introduced by writing 

Vi — \iyi 4” ^2^2 + Vz I 

considering first the points satisfying = 0 for which 
zero, we obtain, differentiating in regard to and X32, 


2/1 


9% 


3X34 3773 9X32 9773 


while the points for which Jdvz = 0 lead similarly to equations not 

containing 773. The points, in the neighbourhood of the origin, satisfying 
= 0 are thus finally distributed into kinds, those of any kind being given 
by a certain (finite) number of sets of equations of the form 


Mn-r} - 0 V + if - 0 V 

® 027m 927.4.1 




wherein is of the form 


^(n-r) = 


I I 


.. + Mb- 


V+1 V+1 

Ui, denoting power series in 27^4.,, 27^ vanishing at the origin, and is 
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incapable of being written as a product of other factors of the same form, 
while Hiy Hr are each of the form 

+ + 

«;i, denoting power series in 'ijr+2, The points represented by 

such a set of equations do not form a closed aggregate; the aggregate is 
closed by the points satisfying = 0, = 0 . 

We saw that the points satisfying (?i = 0, . . . , Gm = 0 were given either by 
pin) = 0 or by the simultaneous equations 

consider now the points satisfying these simultaneous equations. As the 
2/i-polynomials ki \ have no common factor of the same form, they 

cannot all be satisfied for arbitrary values of 972, ..., 7 ]^', our first problem is 
to find all the relations connecting 973, 97^ which follow from the hypothesis 
that ki' = 0, . . . , km' = 0 have a common solution. Let , . , . , and 

be arbitrary unassigned quantities ; from the two equations 

TJ = uJCi' + . . . + Urnktri' = 0 , V = vJCi' + . , . Vmkm' == 0 , 
we can eliminate 3/1, so obtaining an integral polynomial in Ui^ 

Vu •••> with coeflScients which are integral polynomials in the coefficients 
of the various powers of yi in h[', ...'^km\ say 

every one of the coefficients A must then be zero, and we so obtain a system 
of equations 

-Si (%j • • • 3 'Hn) “ 9 , , Hg (972, . . . , 9771) = 0 

wherein each function jff is a power series in 972, . . . , 97,^ ; these are all satisfied 
by the common solutions of the equations k^' — 0 , . , . , km' = 0, and in particular 
by the origin 972 = 0, . . . , 97,1 = 0. Conversely, to any set of values of 972, ...,977^ 
satisfying all the equations ATi = 0, . . . , = 0, corresponds at least one value 

of y-i satisfying both ? 7 = 0 and F = 0, and this whatever values are given to 
, Umy ; such value, or values, of y-y will therefore be independent 

of Wi, Um, Vj, Vmy as appears also from the equations given below for 
determining them. Now let the equations Hi = 0 , ..., jS'^= 0 be replaced, for 
the neighbourhood of the origin, as before, by a set of equations 

htr = rj/ + -f ... + P/= 0 , (o' = 1 , 2 , ..., 5), 

wherein Pi, are power series in 973, . . . , 977^, vanishing at the origin ; further 

let ha be written as a product of irreducible factors of the same form, and let 
hj be the product of the different factors ; the equations V = 0, . . ., V = 0 
then give all the points in the neighbourhood of the origin which satisfy the 
equations ^ii, ^8 = 0; of the 972-polynomials hl^ A/ let be the 

common factor of the same form, and the results of dividing these polynomials 

13-— 2 
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by this factor be respectively A/; then all the solutions of 

jEfi = 0, Hg — O in the neighbourhood of the origin satisfy either the 
equation = 0 or else they satisfy the system of equations 
/i/=0; and conversely. Consider now first the equation in the 

variables letg^"~^^ be an irreducible factor of the same form ; it 

contains the arbitrary parameter explicitly, and, since '?72 = ^iyi + y2j it 
contains it also implicitly ; separating the solutions of = 0 into those 
for which does not vanish, and their limiting points for which 

we have, in the case of the solutions of the former kind, by 
differentiating the identity in X 21 expressed by = 0 when 2/1 + 2/2, 

the equations 


q[n^i) ^ 0^ 


0^(n-l) 0g(n-i) 

dr}^ ^ d\ 


^^2 


+ 0. 


This is precisely the mode in which we previously dealt with the equation 
= 0 ; we can now proceed in the same way as before with the equations 
q[n-i) _ dq^^~^^ld'n 2 = 0. Considering then the equations A/' = 0, . . ., A/' = 0, 

we can proceed as before, beginning by the elimination of And this 
mode of procedure can be continued until all the possibilities are exhausted : 
if at any stage we are considering an irreducible factor 


'CD- = 7]ff + + ... + 'STp, 


wherein 'QJi, . . . , -cTp are power series in Vfi+D - -iVn, vanishing at the origin, we 
first consider the solutions for which is not zero; we have then an 

identity in arbitrary coefficients 1, ..., obtained by replacing 

in w by 

Vf^ = X^, 1 yi + Xp,2 2^2 + ••• + V, M-i Vh-i + 


the coefficients X^,i, ..., X^*, entering explicitly in tvi, ..., to-p; thus by 
differentiating this identity ^*7 = 0 we have solutions given by 'or = 0, 
o /o 1 d'ST ^ dw 

0'Cr/0^p={=O, yi:^ + ^ = 0, ..., yp-i ; 


0'>7^ 0X^ 


1 


0^A d\ 


- = 0, from which, if desired, 




^2, 


be expressed in terms of ^7^, 77^+1, 77^ by means of 


772 = X 21 2(^1 + y2j ^3 = Xgi^i + X 32 2^2 + 2^3? 

The outcome of the whole investigation is thus as follows : If 
(iTi, . . . , . . . , 6^^ (^1, . . . , be any m power series in . . . , vanishing 

at the origin, a neighbourhood of the origin, defined by such equations as 
I iTi I < 01, . .., I I < can be found such that all the solutions of the equations' 
(ti=: 0, ..., (?m=0 lyi^ig ill "tbis neighbourhood are given by a finite number 
of sets of equations of the form 

'SD- = 77/ + %7;/”i + ... 4-'itp = 0 1 
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where 171, . are independent linear functions of oji, the number s is 

one of the numbers 1, 2, (n — 1), the coefficients power series 

in 7 ] 8^1 , 7 ) 8 +^ , * . . , vanishing when these are all zero, the function tut is incapable 
of being written as a product of other factors of the same form, the denomi- 
nator 'st' denotes the numerators Ui, ..., Ug^i are each of the form 

where ..., Vf^^j are power series in vanishing when these 

are all zero, and only such values of tjs+i, Vn are to be considered that ts-' 
does not vanish simultaneously with tsr; subject to this condition every 
solution of any one of these sets of equations within the prescribed neigh- 
bourhood of the origin gives rise to a solution of the original system. Herein 
each of the functions Ui, Dg_i is such that each of rj 8 ^j vanishes 

when 975^1, ..., 7 jn all vanish, and every one of the functions ..., satisfies 
an equation of the same form as that, == 0, satisfied by Vs> with coefficients 
depending upon 17^4.1 , . . . , 77n . 

The points satisfying such a set of s equations may be said to constitute 
an irreducible construct of rank or of 2(71 — 5) dimensions, or an 

irreducible 2 (n — 5)-fold ; it is an open aggregate whose limiting points are 
those for which both «r = 0 and d'urjd'rjg^O; about any point (?7Vi^ •••> ot 
it, other than the origin, each of %, 77,_i, ..., -71 is representable as a power 
series in 77^+1 — ..., 7 jn'^v\i ^ proved by an argument already 

applied for the case w — 5 = 1 ; that all such power series are capable 
of analytical derivation from one of them is a proposition presumably true 
and presumably capable of a proof analogous to that which has been given 
for the case when — 5 = 1 ; when this is proved the construct may be 
described as monogenic, it being remembered that we consider its points 
only for the immediate neighbourhood of the origin. 

Two such irreducible constructs, of the same or different dimensions, may 
have points, even in infinite number, in common with one another : but in 
every neighbourhood of such common point there are points not common to 
the two constructs. 

Let tET = . . . , ■+ , . . + (^, . . . , = 0 , 

be such an equation as has been considered, the coeflficients 
{wij Xn)m being power series vanishing at the origin, and the left side 
being incapable of being written as a product of factors of the same form ; 
the points in the neighbourhood of the origin which satisfy tar = 0 are upon a 
certain 27i-fold ; of these the points which also satisfy dtsr/Sy = 0 are upon 
a certain (27i — 2 )-fold passing through the origin ; in fact by elimination 
of y between tar = 0 and dwIdy — O we obtain a certain necessary relation 
connecting Xi, ..., For the neighbourhood of any point (uj, ..., On), near 
the origin, which does not satisfy this relation connecting Xi, ..., every 
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root 2/ of w* = 0 can be expressed as a power series in — ai, ...,Xn — an ; this 
is obvious as in the case n = l. Now let 

be another irreducible 2n“fold ; consider the quotient 'urjv. We may eliminate 
y between the equations tsr = 0, = 0, and so obtain a relation connecting 

Xi, Xn defining, for the neighbourhood of the origin, a (2^1 — 2)-fold, 
passing through the origin, upon which both m and v vanish ; the hypothesis 
that this relation vanishes identically is impossible since we have assumed 
that -cj and v are irreducible. For any values Oi, .... an not satisfying this 
relation, and not satisfying the relation obtained by eliminating y between 
OT = 0 and d'urjdy = 0, we can determine m power series in — ai, ..., Xn — an 
making -sr = 0 but not making = 0 ; there are thus points in every neigh- 
bourhood of the origin at which the quotient zrjv vanishes ; there are similarly 
points at which this quotient is infinite. 

Suppose Xi=aij Xn = an, y — h to be values for which both tn- = 0 and 
tj = 0, in a near neighbourhood of the origin; let H = 0 be the 
condition that -^ = 0, ^; = 0 should have a common root, and Uj, ..., be 
taken within the region of convergence oi H{xi, x^)] putting ^^1 = 0^+ fi, 
. . ., Xn — an + ^n, y — + expanding -cr = 0, -y = 0 in powers of 

•••} ^n>v> it is conceivable that the resulting power series may divide by a 
power series in fi, . 17 vanishing when these variables all vanish ; in such 
case, for arbitrary values of x^, ..., Xn in the immediate neighbourhood of 
Ox, an, the equations tir = 0, -y == 0 will be satisfied by the same value of y ; 
the equation Hixi, = 0 will therefore be satisfied for all arbitrary 

values of , . , . , iTw in the immediate neighbourhood oi Ox, ...,an\ this however 
would involve that in H{xi, x^ all the coefficients were zero, and therefore 
that 'ZJT = 0, ?; = 0 had a common root for all arbitrarily small values of 
Xx, Xn, contrary to hypothesis. 

There exists then about the origin a region within which there is no 
point (Oi, ..., an, h) such that the series txr = 0, ?; = 0 are divisible by the same 
power series in Xx — Or^, ...,Xn — an, y — h vanishing for Xx = ax , ..., Xn — an, y = h. 
See Weierstrass, Ges. WerTce, ii. (1895), p. 154. 

Note. In the case of a simultaneous set of rational equations in several 
variables a similar theorem, but with a simpler proof, can be given. This is 
postponed to Chapter ix. below, where various propositions for rational 
functions are considered. In both cases it is necessary to bear in mind that 
we are considering only the solutions in the original variables (here denoted 
by yi, which are independent of the parameters (X^i, X31, ...) intro- 

duced ; the indeterminateness of these is essential to the process as we have 
described it. 



CHAPTER VII. 


ON THE REDUCTION OE THE THEORY OF A MULTIPLY-PERIODIC 
FUNCTION TO THE THEORY OF ALGEBRAIC FUNCTIONS. 

54. Suppose that a function, cf> (u), of n independent variables, 
is known to exist, its value about any finite point ((Xi, being unique 

and expressible by a quotient U/V, wherein U and V are power series in 
Ui — cbiy..,, u,n,-’Ctn converging in a certain neighbourhood, expressed say 
by I — Oi [ < S, . I tin — «n 1 < where S is not zero. It is understood that 
two expressions UIY and U'jV' for the function which belong to the 
neighbourhoods of two points (oi, ...,an) and (ai', . . . , agree with one 

another at all points common to their respective regions of validity; and 
it can be shewn that the existence of a definite number 8 for every point 
(cti , ..., an) involves that the lower limit of B for every finite region is 
other than zero. If V do not vanish at (a^ ..., a^), then 1/P is expressible, 
and so therefore is the function, by a power series in u-l — ai, — 
converging for a certain neighbourhood of (oi, a^) ; then (cti, «•%) may be 
called an ordinary point of the function. If V vanish at (ai, ..., 0 ^), but 
U do not vanish, then in whatever way we approach the point the 

value of the function increases indefinitely; such a point may be called 
a pole of the function — it is an ordinary point, and a vanishing point, for the 
inverse of the function. If U and V both vanish at (oi, let each be 

written, as previously explained, as a product -GritB-g ... <l>, where, y, £Gj, ,..,Xn~~i 
being independent linear functions of Wi — Oi, ..., — Ony each factor -cti, tjrg, ... 

is of the form 

= . ..)i y/*-i + ... 

in which (i^i, etc., denote power series vanishing for ^^1 = 0 , ^2 = 0, ..., 
and is incapable of being resolved into other factors of the same form, while 
<I> is a power series in % — ai, ..., not vanishing at (oi, an) or for a 
certain neighbourhood of this point ; then, either, every one of the factors 'cr 
occurring in V occurs also in U, and may be removed, in which case (a^, ... , an) 
is again an ordinary point of the function, or this may not be the case ; when 
this is not the case there are points of arbitrary nearness to (ui, 
at which V vanishes but U does not vanish, these lying on (27i — 2)-folds 
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given by tbe vanisbing of one of the factors 'cr of V — these are poles of 
the function (zi)— and there are points of arbitrary nearness to (oi, , aj at 
which both U and F vanish, these lying on {2n - 4)-folds given by the 
simultaneous vanishing of one of the factors tir of F and one of the factors isr 
of JJ — for such points the function assumes the form 0/0, the point (Ui, a^) 
being the only such point in the neighbourhood considered when zi = 2 ; 
it can be shewn that in this case the function ^ (u) has no definite value at 
(a^, ; for let A be an arbitrary quantity; as U and F both vanish 
at (Oj, it can be shewn that there are points in every neighbourhood of 
(oi, ...,an)atwhich Z7~u4F vanishes, while F does not vanish ; byapproach- 
ing (Oi, . . . , Un) by a suitable succession of points the function <j> (u) can thus be 
made to take the value A at (oi, we thus call (oi, ...» in this case a 
point of indeterminate value, or sometimes, an unessential singularity of the 
second kind, the name unessential singularity of the first kind being applied 
to poles. When z^=2 the points of indetermination are discrete, that is 
about every one can be put a region containing no other such point ; when 
n = 1 they are absent ; and this difference constitutes one of the special 
difficulties of the theory of functions of more than one independent variable. 

55. At the risk of interrupting the general description now being given, 
it may be worth while to examine the preceding in more detail. Assuming 
that in the expression of the function <f)(u) about the point (Oi, ..., a^) 
any power series in - Oi, . , vanishing at (oi, . . . , which divides 
both U and F has been divided out, there is a region about (Oj , . . . , a^)y which 
we may take to be given by an inequality of the form 
1 1^1 - <Zi I 2 + ... + 1 Wn — I ® < ^, 

such that if U, Fbe rearranged as power series in zzi — . . ., about any 

point (uj,..., Un) of this region, there is (p. 198), no common factor, a power 
series in . . ., - Un, vanishing at V, • • • , let this region be momen- 

tarily called the proper region of (oi, . . . , a^); further, let any region be momen- 
tarily called a suitc^le region when it is wholly contained in the proper region 
of some point within or upon the boundary of itself. Putting Ur = + i^or, 

where fi, - . . , are real, we may speak of (z^i, . . Un) as represented by a point 
of real space of 2n dimensions; taking then any portion of this space, 
bounded suppose, for definiteness, by 4n planar (2zi ~ l)-folds expressed 
by equations = c^, this may be already a suitable region according 

to the definition given above ; if not, let it be divided by planar (2n — 1)- 
folds expressed by equations of the form = dr into a certain number, say m, 
of cells equal in all respects ; among these cells fix upon any one, if any 
exist, which is not suitable in the sense explained, and let it be again 
divided into m cells, equal in all respects; and so on indefinitely; we say that 
by a finite number of steps the original region can be divided into sub- 
regions every one of which is suitable according to the definition. For 
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an indefinitely continued sequence of cells, each continued in the preceding 
one of the sequence, and a definite fraction thereof in linear dimen- 
sions, must have a limiting point contained within or upon the boundary 
of the cells of the sequence; to this limiting point however belongs 
a proper region of assignable radius r, as above, and this proper region 
will contain all the cells of the sequence after a certain stage of the sub- 
division, and all these contained cells are thus suitable regions according to 
the definition. It follows thus that any finite portion of space can be 
divided into a finite number of suitable regions. Denote such a set of 
suitable regions say by ..., and let be a point whose 

proper region contains Kr ; suppose Kry to be two suitable regions with 
a common (%n — l)-fold interface ; the expressions for the function ^ {u)y 

say ^ and ^ , which are valid over the proper regions of and 

Vr y S 


will both be valid on this interface, and if ('2^',...,'%') be 
any point of this interface, and we suppose each of Z7r, F^, Ug, Vg rearranged 
as power series in — and in this form denoted by Z7/, F/, 

tfgyVgy we shall have for the immediate neighbourhood of the 

equality 

v/~v/ 


wherein Z7/, F/ are not both divisible by any power series in — t //, . . . , 
vanishing at nor CT/, F/ similarly divisible. If now F/ vanish at 

(%'j which may or may not be the case, then any point in the im- 

mediate neighbourhood of (wi', ... , at which F/ vanishes but Ug does not 
vanish, must be a vanishing point for F/, since otherwise Cf/ = F/ UgjVg 
would not be finite, and any point in the immediate neighbourhood of 
{uiy at which F/ vanishes and Z7/ also vanishes, being a point of 

indetermination for the quotient Ug'jVg, must be a point of indetermination 
also for tTy'/F/, so that F/ must also vanish (as also ?7/). We see then how 
the points within Kr at which <j)(u) is infinite (or indeterminate), if any 
exist, are continued into Kg ; there is what we may call an infinity {2n — 2)- 
fold for the function (u), expressed in any region Kr which contains points 
of it by the equation Vr— 0, and then in a contiguous region Kg containing 
points of it by the equation F^ == 0 ; and there is similarly a zero ( 2^1 — 2)- 
fold expressed in any region which contains points of it by the vanishing 
of the associated numerator U : over the zero (2n — 2)-fold the function 
<f> (u) vanishes, over the infinity (2n — 2)-fold it has poles, except for points 
common to both these * ( 2^1 — 2)-folds; these constitute a (2w“ '4)-fold over 
which the function is indeterminate. 


56. Functions with the character which has been explained for <f> {u) are 
the nearest analogue, among functions of more than one independent 
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variable, of the single- valued functions of one variable having for finite values 
of the variable no singularities other than poles, and, as those functions, they 
may be described as behaving like rational functions for all finite values 
of the arguments, or as being meromorphic. Such a function of one variable 
which has no essential singularity at infinity is in fact a rational function; 
and similarly, for the case of n variables, if such a function is expressible, for 
all sufficiently large values of as the quotient of power series 

in and for all values of which •••, are sufficiently large 

while % — 6i, are sufficiently small, as a quotient of power series in 

Ui — hi, ..., Ur'-hry u'~^r+i) •••? ^n'~\ and this for all positions of 6i, hr, and 
for all values r = l, 2, — 1), then the function is actually a rational 

function (Hurwitz, CreUe, toy, ( 1883 ), p. 201 ). In the case of functions of one 
variable, a single-valued function of meromorphic character can be expressed 
as the quotient of two integral functions; the same is true of functions 
of any number of variables, and the integral functions can be taken so 
that they vanish respectively only for the zero construct, and the infinity 
construct of the function, and the quotient assumes the form 0/0 only for the 
points common to these where the function is indeterminate. But the proof 
of this result is more difficult than in the case of functions of one variable. 
(See the Bibliographical Notes, at the end of the Volume.) 

57 . Leaving these general considerations we introduce now a further 
limitation for the function cf) (u), by assuming it to be periodic, in the sense 
that there exist sets of n constants Pj, Pn which added simultaneous!}^ 
and respectively to leave the value of the function unaltered, 

so that we have the equation, holding for every set of values of -Wi, for 

which (f> {u) is definite, 

(56 (Ui -f- Pi , . - . , P n) = (p (Ui , . . . , Un) J 

if there be more than 2 n such sets, or columns, say (Pi^^\ ..., Pn^^^) for 

1, ..., (2?^), (2n + 1), it is manifest that among every 272 + 1 such 
columns there exists a linear relation expressed by n equations 

Cl Pa<^J + C2 Pa^^^ + . . . + P^ ( 271 + 1 ) ^0, (A = 1, . . . , 7 ^), 

in which Ci, ..., Cgn+i are real quantities (independent of h); there must then 
be a positive integer r lying between 1 and (2n + 1), such that every existing 
column of periods can be expressed, in terms of r appropriately chosen 
columns, in the form 

Qh = Ai P^(i) + ... -f X,. P/,(^) (A = 1, ..., n), 

wherein Xi? are real constants, independent of A. We assume now that 

if) (u) is not capable of being regarded as a function of less than n linear 
functions of ni,,..yUn — which, clearly enough, would be a special case; 
it can then be proved that the constants Xi, ..., X,., are necessarily rational 
numerical fractions, and that r columns of periods can be chosen, in place of 
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in terms of which every other column of periods Q can be 
linearly expressed as above hut with rational integers for the coefficients 
Xi, X^; further we a^ume that r has its greatest possible value, namely 
2n. Thus we assume that there exist 2n columns each of n quantities, 

for ^ = 1, 2, (27 i), such that, for every set of values of 

Uij ...,Un for which ^{u) is definite, we have 

while every column of constants Qi, which, for all such values of 

Ui, ...,Un, give the equation 

(f> {Ui Qif , Uyi + Qji) ~ <j> {ill, , Un)f 

is expressible in terms of the 2n columns linearly with integral 

coefficients in the form 

Qa = + ... + Qi = 1, n\ 

wherein ifi, are integers independent of h. The assumption then 

that ^ Qjt) is not a function of less than n linear functions of can be 

shewn* to involve that there exists no column of wholly infinitesimal periods; 

* For the results assumed the reader may consult Weierstrass, Ges. WerJcSy n. (1895), p. 55 
(reproduced in abstract in the writer’s AheVs Theorem, p. 572) ; Riemann, Werke (1876), p. 276; 
Kronecker, Werke, m. i. (1899), p. 81. The argument of Weierstrass is for analytic functions ; 
the following argument, suggested by Kronecker’s paper, affords an easy and suggestive view of 
the connexion between the existence of infinitesimal periods and the reduction to less than n 
linear functions of the variables. Put regard <f>{u) as a function of the 2n 

real variables ^ space of these take a finite region throughout which <l>{u) is 

continuous ; then if e be of foreagreed smallness, a number r other than zero can be assigned 
such that if (|) be any point within this region, we have {^') - ^ (|) 1 < e for every neighbouring 
point (!') for which S (^'j. - Suppose now if possible that 0 (w) has infinitesimal periods ; 

then a set of real constants ... , 73,1, each in absolute value less than r/(2n)^, can be found such 
that 0 (^i+7is — » ^ 2 n+ 72 n )=0 (li> — * 5 taking points |i, ... , such that 

— — ... — , — A, say, 

Ti 72 7^ 

where ... , is an arbitrary point within the r^on considered, and allowing X to increase 

from zero, so long as X is less than unity we have S(4-^j,(®))2<r2 and therefore | ^ (|) ~ <Pi^) | <e, 
while, when X is unity, 0(^)=^(^); putting as X varies from unity to 2, we 

have S and therefore 1^ (|)-^(?) |<€, that is [ 0 (^) I <«, while when 

X=2 we again have It appears then that for all points we have 

\<p{^)~<p{^)l<e; now e is an arbitrary quantity; this can only mean then that for all these 
points, lying within the region considered, we have ^(1)=^ (?). But, if 72m-i + *72m=^m 
points satisfy Uf^=UJ^i^^ +'SQf^, (h=l, ..., w) ; not every one of Oj, <2an be zero, sayil^ is not 

zero : put then 

Oa O3 0,2 


so that when M;^=%W + XOft we have etc., and ^{u) has in general the form 




what we have proved is that, so long mv^, unchanged, ^ (tfi, t72» ••• > is unchanged, 
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namely, ife is not possible to assign a set of n real quantities ei, each of 

arbitrary smallness and then to find a column of periods Qi, for which 
all the inequalities |Qi|<ei, hold; thus the lower limit, for 

all possible integer values of Ifi, of the sum 

h=i 

is greater than zero. From this it follows, if + ian+A,** for 

^ = 1, ri and i? = l, (27 i), where otA, * and oin^h.h are real, that the 
determinant of 2 n rows and columns [ Or, « [ for r, 5 = 1, (2?i), is other than 

zero; for the vanishing of this determinant would imply the existence of 
2?i equations 

2w- 

XXrdr.s— 0, (5=1, ... , 2n), 

«•=! 

in which Xj, are real, and hence, if, with integer values of 
we put 

2m. 

2 CLr^ $ ^8 ~ 
s-l 

would imply the existence of the single equation 

2n 

2 XrAr = 0 ; 

r=l 

in this suppose is a coefficient which is not zero; we know* that it 
is possible to choose the integers ifi, ...,if2n so that A^ shall 

be respectively less in absolute value than any arbitrarily small quantities 
ei, 62W-.1 previously assigned; this single equation would then make it 
possible at the same time to take A^n arbitrarily small; we have however 
proved that the function has not infinitesimal periods. 

With such a system of periods we can then, if be any 

complex values, find real quantities jE^i, ..., such that 

Uk = 6 >a^^ + . , . -f (A = 1, . . 

or, putting Ej^ = Jf* + e*, where is an integer and 0 ^ e* < 1, 

- ... - ifan + . • • (A = l, 

the points given by the right side with the limitation 0 < 5jb < 1 are said to 
be interior to a period cell whose initial point is the origin ; we speak of it as 

even when tii changes. For the region under consideration, it is thus possible to write ^ (u) so as 
to he a function only of the (n~ 1) linear functions of Mj, It appears then 

that no single-valued function of n variables which is continuous over a limited continuum, and 
not a function of fewer than n variables, can have infinitesimal periods. 

* For this proposition see Jacobi, Ges. Werke, t. ii. p. 27, or Crelle^ xiii. (1835), p. 55; 
Hermite, Orelle, xl. (J.850), p. BIO, Grelle, lxxxviii. (1880), p. 10; Clebsch u. Gordan, Abelsche 
Functiomn (1806), p, 130, and particularly Kronecker, Werke, iii. i, (1899), pp. 49-109. Also 
Biemann, Werke (1876), p. 276; Appell, Liotiville, vn. (1891), p. 207. 
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constructed in the real space of dimensions wherein the co-ordinates are 
given by it is bounded by 2^^ pairs of opposite 

( 2^1 — l)-folds given by ejc = 0, = !• The whole of the 2w-fold space may 

be supposed divided into such cells, and any point of this space is congruent 
to one point of the primary cell, the congruence being expressed by the 
equation above. 

It should be remarked at once, however, that not any set of quantities 
satisfying the conditions so far imposed, can constitute the 2?i period 
columns of a function of n variables ; one main result of the enquiry upon 
which we are now entering is that it is further necessary that, between the 
2?^ periods associated with any one of the arguments and those 

associated with any other of these arguments, there should exist an identical 
relation linear in the periods associated with each of these arguments ; and 
that also, between the real parts of the periods associated with any one of the 
arguments 2 ^ 1 , and the imaginary parts of these same periods, there 
should exist a relation expressed by saying that a certain expression linear in 
these real parts and also linear in these imaginary parts must be positive. 


58. Take now n sets of constants r=l, such 

that = is a regular point for the function (u), namely, a 

point about which ^{u) can be expressed by an ordinary power series 
in — a<ny\ and define n functions hy means of the 

equations 

(u) = ^ (2^1 + ^ • • •; (r = 1, . . ., n), 

so that (0) = 0, 

while the Jacobian » 


d<f>. 

d(f>i 

du^ ’ • 

dUn 

d<f>n 


9 mi ’ ■ 



reduces for 2 ^= 0 , = 0 to 

0<^(a(^O 0(^(aW) 


0<^ 0j)(a^^^O 


this determinant is not zero for all positions of the n points 
since otherwise there would exist an equation 
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holding for all positions of wherein J.i, are independent of 
and hence 4^ {u) would be expressible, over a 2?i-fold, by less than n linear 
functions of 

We can thus suppose chosen so that the origin is an 

ordinary point for each of the functions and a zero point for 

each, hut not a zero point for their Jacobian ; there is thus about the origin a 
finite region not containing any pole or singular point of (j>i (w ), ^,1 (u), or of 
their Jacobian, or any point whereat this Jacobian vanishes, and the functions 
are expressible, for the neighbourhood of the origin, by power series 

such that the determinant | |, for A, 5 = 1, 2, ...,72,, is not zero. 

Instead now of considering all possible values of we apply (7^— 1) 

restrictive conditions, and so obtain a construct of two (real) dimensions — 
as follows. Suppose (p^iu) to be expressed in terms of the n 

independent functions 

= i^ + ... + 

let (A= 1, 

be n convergent power series in a single complex variable x, all vanishing for 
a? = 0; consider the values of Vij...,Vn obtained by equating the functions 
0j, ..,j(j>n to these power series, each to each. These conditions are 
expressed by 

Vr= Cr,ia} + Cr,2^+ ... + ^>r, (r= 1, 

where represents the terms of second and higher orders in (j>r, with their 
sign changed, and these equations enable us, as we have shewn (p. 189), to 
express each of Vi, as a convergent power series in oc^ for sufiSciently 
small values of x, these being the only values of Vi,,..jVn satisfying these 
equations when x is sufiSciently small. Let these series be represented by 

Vr = kr,i a? + fcr,2 ^ ; (r = 1, 2, 7l) ; 

we desire to shew first, that even if the original power series to which the 
functions <f)i, cl>n are equated reduce to polynomials of order n, so that for 
5 > n, and every value of r, (= 1, . .., n) we have = 0, we may still, by proper 
choice of the remaining n® coefficients Cr,s, (r, 5 = 1, . . 71 ), suppose that neither 
of the determinants of order n denoted by |Cr,g |, \kr^s \ vanishes. Denoting 
the terms of order 771 in 7;i, ..,,Vn in the series by we have in 

fact the identities, 

00 

lCr,iX + kr, 2 ll^‘ ■\r ... = Cr,iX-\rCr, 2 ljlf‘ + + 2 {. . ., 

for r=l,...,n, and hence, for r = 1, and 2, 3, oo , 
kr,X“ 1 ) 

OO 

^n« = Cr.t + coefF.a;‘in 2 [..., aj + ... 
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where it will be noticed that on the right the second suffixes of the coefficients 
^s,<r that enter are less than t ; the elements of the first column of the 
determinant 1 | are thus equal to the corresponding elements of the 
determinant | |> and the elements of any other column of the determinant 

I Gr^s i are each equal to the corresponding element of the determinant | s I 
augmented by a polynomial in the quantities occurring in preceding 
columns of the lowest terms in this polynomial being of the second 

order ; suppose then that arbitrary values for which the determinant ] s | is 
not zero are given to the quantities for r, 5 = 1, 2, and the n- 
quantities Cr^g are determined accordingly ; it seems certain that the values 
of kr^s can be taken so that also the determinant | Cr,s | is not zero ; this being 
so, let all the quantities Cr,s for r = 1, but ^ > n, be taken zex'O ; and then 
the quantities k^^g for s>'n be determined by the equation written above. 
Thus the equations 

<pr (u) = + ... + Cr,n (r = 1, n\ 

are such that they do not imply any linear equation 

+ . . . + An<f>n = 0, 

wherein are independent of and they lead to converging series 

00 

= 2 kr^g 
s-1 

not satisfying any equation 

£iVi 4 - . . . + 

in which Bn are independent of oc, and hence to converging series 

00 

s=l 

wherein also .,,,Un are connected by no linear homogeneous equation with 
coefficients independent of x. 

For every sufficiently small value of x these equations define a set of 
values for which, putting, as before, = ^ 2 r-i -+ we may 

represent as a real point in space of 2n dimensions ; the series are presumably 
capable of analytic continuation beyond the neighbourhood of the origin ; the 
whole aggregate of points so obtainable forms a {2n — 2)-fold, and it is this 
which we now proceed to study in more detail. 

Since the determinant | | does not vanish, the equations 

0r=Cr,x^4-Cr,2^ + ... 

may be replaced by equations 

fi = oi;,fz = a^,...,fn=‘ 

where /i, /a, are certain independent linear functions of (j^i, 

putting then 

, -fi ” fli ^fn 
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they may be replaced by 

and it is at once seen that the Jacobians 

are equal; as the functions are independent linear functions of 

01, j>n with constant coefiBcients, the latter Jacobian is a constant multiple 
of the Jacobian of 0i, and does not vanish at or in the immediate 
neighbourhood of the origin zti == 0, = 0 ; nor therefore does the former ; 
and thus the determinant 



C2 y 

. . ., Cn 

dF, 

dF^ 

dF^ 


0222 " 

du^ 

dF^ 

dFn 

dF^ 

du^ ’ 

0^2 ' 

dUn 


does not vanish for — 0 for all values of the constants Ci, Gn» 

59 . Consider now the aggregate, 0 , of points (ui, ...,-1^) determined 
as follows; first exclude all points at which any one of the functions 
01 (2^), or, what is the same thing, any one of the functions 

fiyF^y Fn, has a pole or a point of iudetermination ; from those remaining 
exclude further all points where the Jacobian 9 ( 0 i, 07i)/3 ('i^i, 

vanishes ; of non-excluded points take then only those for which the (n—l) 
equations ^"3 = 0, ..., 0 are satisfied. To this aggregate 0 adjoin now all 

its limiting points, namely all points infinitely near to which are found points 
of 0 ; denote the resulting closed aggregate by G. That there are points 
belonging to the aggregate 0 has been shewn in what precedes ; the origin is 
an ordinary point for the functions 0i, ..., 0^^, and their Jacobian has at the 
origin a value not zero ; there is thus about the origin a finite region every 
point of which is an ordinary point for the functions 0i, ..., 0n and a non- 
vanishing point for their Jacobian; by supposing x sufficiently small, we 
can suppose that the values of Un which satisfy the equations 

0r = Cy,iir+ ... are within this region — and these values satisfy the 
equations J'g = 0, . . ., = 0. 

Consider a point (ai, ..., an) of the aggregate 0 ; in its neighbourhood the 
functions F^y...yFn are expressible by power. series in 221 — c&i, . . ., and, 
since the Jacobian of /i, J^a, . . ., Fn does not vanish at (ai, . . a^), we can choose 
constants Ci, ..., so that the Jacobian of F^y ,..,Fn and the linear function 
Ci{wi'-a^ + ... + Cn (un — %) does not vanish at {a^y . . ., Taking then a 
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parameter t, and restricting ourselves to sufficiently small values of this, we 
can (p. 189), from the n equations 

= 0, . . . , = 0, Cj (%i — r^i) Hh . . . + ('Myj (7/^) = tj 

obtain converging power series in t for the n quantities — Oi^ — 

expressing all the points of the aggregate 0 which lie in a suitably limited 
neighbourhood of (o^, a^), and only points of this aggregate. 

Consider next a point a^) which is a limiting point of the aggregate 

0. For points in its immediate neighbourhood each of the functions 
i^ 2 , --‘jF^is expressible in a form Fr = NylDr where are converging 

power series in Ui — ai, not both divisible by a power series in 

2 ^ — vanishing at (ofj, a ^) ; of these we may without loss of 

generality suppose that Dr vanishes at «i, or else is equal to unity. 

Suppose first that Dr vanishes at (oti, there are then also points 

infinitely near to a^) at which Dr vanishes, these constituting a certain 

(271 — 2)“fold continuum. These points do not belong to the aggregate 0 : 
for, taking such a point, (a/, lot Dr, N't be written as power series in 

Wj — a/, — 0 ^', becoming Dr, Nr ; then, when (oli, a^) is sufficiently 
near to (aj, ...,0Ln), the series D/, Nr are not both divisible by a power series 
in -Uj — a/, 2^^— a/, vanishing at (a/, (P- 198), and therefore the 

fraction Nr I Dr is either infinite at (a/, or assumes a form 0/0; in 

either case ..., a^) does not belong to the aggregate 0. Thus the points 
of this aggi*egate, which, by hypothesis, exist, in infinite number, in the 
immediate neighbourhood of the limiting point (aj, ..., and satisfy the 
equation Fr=0 (as well as the other equations J ^2 = 0, ...,F^= 0), do not 
satisfy Dr = 0, and must satisfy = 0 ; the power series Nr must therefore 
vanish at («!, a^). This is proved when Dr vanishes at (ai, ...,a^); when 
Dr= 1, the equation 0 involves Nr=0, and this, holding for points in the 
immediate neighbourhood of (ai, a^), must also be true at (%, ...,a^). The 
points of the aggregate 0 in the immediate neighbourhood of («!, a^) are 

thus to be found among the solutions of the equations 

JV2=0, ...,Ar^=o, 

in each of which the left side is a power series in Wj — vanishing 

at (iZi, ...jOn); though conversely not all common solutions of these equations 
can be assumed to be points of the aggregate 0. 

All solutions of such a set of equations in which 2 ^ — — are 
sufficiently small are, however, as has been shewn (p. 196), points of a finite 
number of irreducible constructs each represented by a set of equations 
of the form 

OT (Wn) = + (W^, . . . , Wrn)i + . . . + (Wi, . . . , Wrrt\ = 0, 

%Vm+i " (2^w)j • ~ i (^^n)/'®*' (2^n)> 


B. 


u 
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wherein Wi,,.,,Wn are independent homogeneous linear functions of 
the coefficients {wi , , . . , Wm)i, • . (Wj , . . are convergent 
power series vanishing when w^, Wm all vanish, the symbol 
represents B-zs- the numerators 'SJ’m+i (wA are poly- 

nomials in Wn of dimension ya — 1 whose coefficients are converging power 
series in and only those values of are to be considered 

for which w (w^ and do not simultaneously vanish ; conversely all 

solutions of any such set of equations in which - are sufficiently small 
are solutions of the original equations = 0 . 

Such a set of equations, — m in number, represents a construct of 2m 
dimensions, there being m independent variables If ) 

be a point of this construct, in the immediate neighbourhood of 

= 0, ^yn = 0, 


and we substitute +Xi, in place of Wj, we obtain 

{% ~ m) equations J3r (^i> • • •, == wherein (Xj, . . ., X^) are power series 

in Xi, ..., \n vanishing when these are zero. If m > 1, so that 72 , — m + 1 < n, 
we can therefore always find small values of Xi, ..., X^, not all zero, to satisfy 
these equations and at the same time an equation 71 X 1 4 - . . . 7 ^X^ = 0 , 
wherein 71 , 7 ^ are arbitrary, and this without satisfying 'UT\wn^^^ 4 -^i) = 0 , 

since = 1 = 0 ; thus if d" •••, +1%) he the 

values of 2 ^, . . corresponding to ) and - 1 - Xi, . . . , + X^), 

since the points of the construct satisfy JVa = 0 , ..., = 0 , we can simul- 

taneously satisfy the n equations 


/ + 


+ 


"m 

_9m„ J 


^71 — Oj 


{h = %...,n). 


where denotes a series reducing to when ^, = 0 , ..., ln = 0, and 

Cl , Cn are arbitrary; Jfrom this it follows that, for all values of Cj, c,i, 
the determinant 


Cl ) 

C.2 , 

•} 

dN, 

dN, 


dih’ 

du,’ •• 

’’ 0M» 



dFn 

0Ml' 

dUi’ 

'dUn 


vanishes at (itii'’*, ttn*"’); *hus, when m>l, the point (Mif"', does 

not belong to the construct 0 ; for, for points of 0 we have = 0, but 
•Da+ 0, and thus 

dJ’/i ^ ^ Nji dDji _ ^ dN-fi 

du, ~ JDh dUg Dfe^ 0Ms ~ Dk dus ’ 
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so that the determinant B is equal to 

JDi ... -O71 I Cl , Cg , . - . , 

^ dj\ 

0Mi’ du.,’ •••’ 

^ dFn dFn 

dui' diCi' duii 

which by hypothesis is not zero for points of 0. The points of the construct 
0, which by definition do actually exist in any arbitrarily near neighbourhood 
of («! , . . . , «„), are therefore among those solutions of the equations 

^2= 0, Nn=0 

which satisfy one or more sets of equations of the form 


^71 i 

dj\ 


tET (Wn) = - -f = 0, 


= 


^2 

(Wn) 


* •? 1 — 


'Uy'(Wn) 


in which m = 1. Consider one such set of equations : we have proved 
(p. 190) that, when Wi, are sufficiently small, all solutions of the equation 
-cr {wri) = 0 are obtainable by a finite number of pairs of equations of the form 
— where t is an arbitrary parameter, of sufficient smallness, 

and {t) a power series in vanishing for ^ = 0, its differential coefficient 
not vanishing for t = 0 ; from the symmetrical choice of the variables 
Wi, Wny the substitution of these values for Wj and in the expressions 
for Wn-i will lead to associated power series W 2 == ^2 (i)> • • * > (t) 

also vanishing for ^ = 0. Thus all the points of the construct 0, in a 
sufficiently near neighbourhood of the point (ai, ..., a^), are among the values 
represented by a finite number of sets of equations of the form 

Ui = Ui + Qi(t), ..., 'Un=an + Qn{t), 

wherein (t), ..., Qnit) are power series, vanishing for ^ = 0, of such character 
as give, for sufficiently small values of the differences — — a^, a 

unique value for t Consider one of these sets of series which gives points of 
the construct 0 arbitrarily near to (ai, ..., a^) ; then when these expressions 
for Ui, are substituted in the power series jDg, one of the 

resulting power series in t can vanish identically, for we have seen that 
points, in the immediate neighbourhood of («!, (Xn\ for which one of 
D 2 , Dn vanishes, do not belong to 0; the power series in t obtained from 
N 2 , by the same substitution for Uj, ..., vanish for ^ = 0, but, 

elsewhere, in a sufficiently near neighbourhood of ^ = 0, they do not vanish, 
unless they vanish identically — which must then be the case, since points of 
0 lie arbitrarily near to (ai, a^). Consider now the Jacobian 


0(<^l, (t)n)ld(lh, Un); 

in the neighbourhood of (ai, oc„) it is expressible as the quotient of 

14—2 
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two power series in % — ai, . . ; substituting Qi(t), ...yQn (f) for these 
differences the resulting denominator power series in t cannot vanish identi- 
cally or the set of series u/i == + Qk (t) would not furnish any points of the 

construct 0 in the immediate neighbourhood of (aj, a^); the resulting 
numerator power series in t may vanish for ^ = 0 but there exists a region 
about t —0 wherein no other zeros are found. It appears thus that if the 
series % = ai + Qi(^), + Qn{t) furnish points of the construct 0 in 

every arbitrarily near neighbourhood of («i, . . . , a^), they represent points of 
this construct for all values of t of sufficient smallness. Taking this result, 
and the simpler result previously found for the neighbourhood of an ordinary 
point (tti, of the construct 0, we have the theorem : 

Let (ci, On) he any point of the construct G defined as above from the 
equations ^^^ = 0, that is either an ordinary point of the construct 0, 

or a limiting point of this : there exists then a finite number of sets of series 

= Cj + Qi (t\ . . Un = Cn-\" Qn (0? 

each of which^ for all values of t in absolute value less than an assignable 
number y represents points of the construct G in the neighbourhood of (ci, . . . , cf), 
and for t = 0 represents the point (ci, in particular luhen (Ci, is 

an ordinary point of G, that is a point of the construct 0, there is only one such 
set of series ; the series being such that all points of the construct 0 which lie in 
the neighbourhood of Ci, given, say, by 1 — Ci | < S, ..., | | < S, 

are obtained, if only 8 he supposed sufficiently small ; while, under the same 
limitation, no point is obtained for two different values of t. 

The construct G thus appears to be, in its smallest parts, similar to a 
construct defined by algebraic equations ; this similarity is carried further by 
the three following properties : 

(a) The limiting points of 0 are isolated — about any such point can be 
put a finite neighbourhood containing no other limiting point. For let 
(Ci, ..., Cn) be any point of 0 , and let r be a real quantity as great as possible 
but such that, for | ^ | < r, 1 | < r, , all points of 0 which lie in a sufficiently 
near neighbourhood of (Cj, . . ., Cn) are given by one of the sets of series 

= Cl + Qi (f), . . . , Un=^ Cn'f' Qn f) y = ^i 4- Qi (f), , . Un = On + Qn iP) j 

while every point represented by one of these sets of series is a point of 0 . 
Take {bi, bn) any point in this near neighbourhood of (Ci, c«,), and 
form the sum of the squares of the moduli of the differences 

^ *4" Qi (f) bi, , C71, 4” Qn (f) bm 

there being as many such sums as there are sets of series involved. Putting 
t=^ + i 7 ], and considering one of these sums for all values of rj such that 
p 4- ^2 ^ we have a continuous function of the real variables and 
there is a particular value of t for which the function is equal to the lower 
limit of its values for the limited range \ if this lower limit is zero the point 
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(6i, •••, &n) belongs to the construct 0; if it is greater than zero there is a 
region about (Sj, 6^) which contains no point of 0 , and in that case 
(6i, is not a limiting point of 0 . In other words, a region can be put 

about (ci, O such that every point of this other than (ci, is either 

a point of 0 , or is not a limiting point of 0 ; and this proves the result 
stated. 

It follows from this that there cannot be more than a finite number of 
limiting points of 0 in any finite range of values of u^, . . . , ; for otherwise 

there would be a point (the limiting point or point of condensation of these 
limiting points) having in its immediate neighbourhood an infinite number of 
limiting points of 0, and itself also a limiting point of 0. 

(&) For all not-zero values of t, up to a certain range, a set of series 
= Qj (t), . . . , Un = Cn-hQn(i) represents points of 0 ; the series may 

converge for larger values of t ; they then represent points of 0 for these 
larger values, which are not however necessarily points of 0 . For suppose 
the series converge for ^ i consider the points represented by 

= Cl 4 - (cr^o)} 3 Qn (<T^o) 

in which <r is real and less than unity: for sufficiently small values of cr 
greater than zero, say for Ox cr < cti these series represent points of 0 ; for 
cr == cTi they will then represent a limiting point of 0 — and not a point of 0, 
since otherwise they would also represent points of 0 for values greater than 
0*1, as follows at once by reconsidering the preceding conditions ; if a-i < 1 put 

(Ti 4* p and consider the series 

Wi = Cl + (cr 1^0 + pio\ • • + Qn (<r 1 4 4 ” p^o) 

supposed rewritten as power series in p : then for all sufficiently small 
negative values of p these rewritten series represent points of 0 ; they repre- 
sent therefore points of 0 for all positive and negative values of p less than a 
certain value; the original series thus represent points of 0 for 0<(r< cti, 
0*1 <cr< + 0-2, say, while for o‘ = o-i, cr = <71 + 0-2 they represent limiting 
points of 0 ; if 0-1 4 cTg < 1 we can proceed similarly, and so on. Now there 
cannot be more than a finite number of limiting points of 0 in any finite 
range of values for and therefore the process must after a finite 

number of steps lead to o- = o-i + erg + ... = 1 ; the series 

= Cl + Qx (cto), . . . , Un = C}2, + Qn (<r^o) 

thus represent points of G for all values of o- up to and including cr = 1 ; and 
thus the series iCx = Ci+ Qj (t), , Un- Cn + Qn(t) represent points of G for all 

values of t for which they converge. 

(c) Hence, having obtained one set of series % = Cr 4 Qr (t) representing 
points of (7, we- can unreservedly use the ordinary method of analytical 
continuation to obtain other points. In order somewhat to emphasize this 
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fact, which is of importance for our purpose, we examine it in further detail. 
Consider a region containing points of 0, but no limiting points of 0. About 
an included point of 0 we have expressions for the points of 0 

of the form % = + Pr(^) in terms of a parameter 

where Xi, are to be chosen so that the determinant 


3P; ePa 1 

'3'Uri 0 U<]fi 

dF dF n 
duF * * * ' 'dUn 


does not vanish at ; about a neighbouring point 

we have similar expressions ; if Xj, . . . , be chosen so that the determinant 

L is other than zero also at parameter about 

may be taken to be 5 = Xi (^4l — ^ ^ ~ ^i> where 

is the Value of t at Un^'^'>) ; 

this point being supposed within the region of convergence of the series 
+ Py (t), it follows that the series abDut it may be obtained by 
rewriting +Pr(^i + ^) in the form Ur = Ur^'^'^ + Qr(s). If yt^, 

be any quantities, such that the determinant formed from L by replacing 
Xi, X^ by yu-i, jin does not vanish at quantity 

<7* = Ah (% *“ + •• • + ~ taken as parameter of a set of 

series about {ui^\ ..., z/n^^O; we have then a^H{s) and s^K{a), where 
H (s), K (cr) are converging power series each wanting the constant term but 
having the term with the first power of the variable, and t = ti + K {a) is the 
general form of the substitution for the parameter, by which we pass from 
the series in t about to the series in a about (zh^^^ 

in virtue of the form of K (<t) this substitution is equivalent to an expression 
— wherein ^r(j5 — ^i) is a power series vanishing but having a non- 
vanishing differential coeflScient for t~ti. So long as we confine ourselves 
to a region containing no limiting points of the construct 0 we can con- 
tinually pass from point to point in this way ; suppose, however, now that 
is an ordinary point of the construct 0 which is not within the 
region of convergence of the series about zz^^^O represented by 

— +Pr(t), but that, nevertheless, the series about (zAl^^^ z^n^^O* given 

by the general theorem, which we may write in the form zd^ = zv^^^ + Hr (<r), 
converge in a region partly overlapping the region of convergence of the 
series + Pr (t), so that by a substitution of the form 

t — = a') -h (<^ *“ <^'T + (cr — cr')® + . . . , 

in which ki is not zero, the two sets of series give the same values of 
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Uiy Un for all values of t sufficiently near to t ' ; the series in a are then 
also an analytical continuation of the series in t This derived view of the 
process of continuation may be employed when we consider an extended 
portion of the construct G containing in addition to ordinary points of 0 also 
a limiting point a^), or several such points : we cannot then assume 

that the parameter of any one of the existing sets of series giving points of 0 
in the immediate neighbourhood of the limiting point (oci, a^), is capable 
of expression in a form Xi — cti) + . . . 4* {un — ; and if we take a 
sequence of ordinary points of 0, say 

converging to ot^), it may happen that the ladii of convergence of the 

sequence of sets of series, about these points in turn, tend to zero : consider 
the matter however in a converse order : we have proved that the limiting 
points of the construct 0 are isolated points : let = of^ + (t) be a set of 

series representing points of 0 in the immediate neighbourhood of the 
limiting point («!, ..., a^i) ; if Xi, ..., X^ be constants, the quantity 

is then expressible in the form a + P {t\ and d'vjdt, = P'it), is zero, in the 
immediate neighbourhood of (exi, a^), other than at this point itself, only 
for particular values of ^ ; if Xi, X^ be so chosen that for the value 
this differential coefficient is not zero, and we put ^ + p, and rearrange 

the series = a + P (^o + p) in the form -y = + Q (p), the series Q (p) will 

contain the first power of p — so that, if we put 

T = y — 'y(o) = Xi (mi - + . . . + X^ (Wn - 

we have p equal to a power series in r, beginning with the first power, and 
we have n equations Uy = + Qr (p), equivalent to equations of the form 

Rr{'^)- In this way then the set of series about the ordinary 
point of the construct 0 is an analytical continuation of one 

of the sets of series about the limiting point (ai, o^), and conversely. 

The points obtainable, starting from a particular set of series, by the 
process of analytical continuation above explained, are said, after Weiemtrass, 
to constitute a monogenic construct ; we see that the construct C breaks up 
into a certain number of monogenic portions, each having the property that 
it is possible to pass from the neighbourhood of any point of it to the neigh- 
bourhood of any other point by a succession of analytical continuations in 
which the parameter is changed by a formula t' = + + ^ 2 ^^ + •••? i^^ 

which hi does not vanish, while it is impossible to pass from one monogenic 
portion to any other by such continuation. As to the number of such 
monogenic portions constituting the whole construct 0 no statement can be 
made at the present stage, though as we shall shew immediately, the number 
of such having points in any assigned finite portion of space is necessarily 
finite ; but in regard to any one portion it can be proved that, if we consider 
a finite region of space, and the part of the monogenic portion under 
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consideration which is included in this finite region, a number r can be 
assigned such that if (cti, be any point of this portion other than a 

limiting point, the series ar-¥ Pr{t), giving points about (oi, a^), 

converges certainly for | ^ | ^ r. As regards the former statement, that there 
cannot be an infinite number of monogenic portions of the construct G having 
points in any assigned finite portion of space, we reason as follows : associate 
with every such portion a point of itself; if the number of monogenic 
portions within the region be infinite, these points can be chosen so as to be 
infinite in number; they will therefore have a point of condensation or 
limiting point, within or upon the boundary of the region, in the infinitely 
near neighbourhood of which will be found points lying upon an infinite 
number of monogenic portions of G ; this however is contrary to the result 
arrived at above that all the points of G, in the immediate neighbourhood of 
any point, lie upon a finite number of constructs expressed by equations 
of the form 

••• +(Wi)^ = 0, , 

The second statement may be founded upon the fact that the radius of 
convergence of the series + Qr (^)> which express the points of the 

construct 0 about any ordinary point , u^), is a continuous function of 

the position of u^) upon 0 ; and this follows from the possibility of 

continuation sketched above. 

60 . In what follows we shall be primarily concerned with the con- 
sideration of a particular one, arbitrarily chosen, of the monogenic portions of 
the construct C ; to save constant repetition of words we shall call this the 
Construct F. Recalling the assumed periodic character of the function and 
the consequent periodicity of the functions F^, imagine the whole of 

finite space divided, as explained before (p. 204), i];jto congruent period cells. 
Save for exceptional constructs, the construct G consists of the whole locus 
represented by the equations ..., and must therefore be 

periodic; it does not follow however that any one of the monogenic portions 
of G is periodic with the same periods. Fix attention upon one of the period 
cells, calling it the primary cell ; to the part of the monogenic construct F 
which lies in any cell other than the primary cell, there will be a congruent 
part of G lying in the primary cell ; this may or may not itself be part of F ; 
since however, as we have shewn, only a finite number of different monogenic 
portions of G can have points in the primary cell, it follows that the parts of 
F lying in the various period cells must be congruent to only a finite number 
of parts ; thus F consists of the repetition, by addition of periods, of only a 
finite number of parts; it is therefore also periodic, but its periods are, 
possibly, certain sums of integral multiples of the fundamental periods. 

Consider now the values which the function /i (p. 207) takes upon F ; it is 
to be shewn that fi takes every assignable complex value ; and, points which 
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are congruent to one another in regard to the original periods being counted 
as equivalent, that it takes each value the sanae finite number of times. For 
convenience we shall for a time denote f simply by f. 

The first point is to prove that f actually assumes every value. In the 
neighbourhood of an ordinary point (oj, of F, the function / is 

expressible as a power series in Wi — cq, — an ; it is hence expressible 

by a power series in t — and this does not vanish identically, since otherwise 
the Jacobian •••> would vanish for all points of F in 

a certain neighbourhood of (ui, contrary to the fact that this Jacobian 

vanishes only at the limiting points. In the neighbourhood of a singular 
point («!, On), the function /is expressible as a quotient of power series in 
% — ••• j ttw) and hence as a quotient of power series in t ; we have seen 

(p. 209) that at near points of the construct F the denominator power series in 

Mri — • «!, Un'-'On 

does not vanish, and hence the denominator power series in t does not vanish 
identically ; thus also the numerator power series in t does not vanish identi- 
cally, since otherwise the point would be a limiting point of points at which 
the Jacobian 0 (/i,/ 2 , . . . , /i)/9 (%> •• • > was zero ; thus about a limiting point 
of F the function /is expressible in the form ^”^(40 + Ait +...); wherein \is. 
an integer which may be zero or negative. The poles of the function / upon 
F are thus among the limiting points of F. If a small region of F be put 
about such a pole, the values of / at all points of this region are large, and 
the region can be chosen so small that at all interior points the value of / is 
in absolute value greater than an assigned real positive quantity M ; there 
cannot be an infinite number of such poles in any finite portion of space 
(ui, ..., Un)] we can thus suppose every pole enclosed in such a circumpolar 
region, corresponding to the assigned number M ; then for points of F within 
a finite portion of space (ui, Un), not included in any circumpolar region, 
the function /is everywhere finite, and therefore has an upper limit which is 
finite and assignable. For, to say that there were points of F at which / had 
a value greater than any assignable number would be to say that there was 
an infinite number of points of F at which / had a value greater than an 
assigned number; these would have a limiting point; this limiting point 
would be either an ordinary or limiting point of F, and thus a point of F ; by 
hypothesis it would not be a pole of /, and hence about it / would be 
expressible by a power series in t involving no negative powers, and would 
thus be incapable of values beyond every limit. As now we have previously 
seen that F is a repetition of a finite number of portions, the repetition being 
effected by addition of periods, and / is periodic, all the values of which / is 
capable occur for points in the finite part of the space (uj, Un). We can 
thus assume, taking the circumpolar regions suitably, that M is the upper 
limit of the absolute value of / outside the polar regions, while for all points 



218 


Values of a periodic function [chap, vn 

in circunipola.r rGgions \ f \ > M \ we do not thereby mean to assume the 
existence of any poles. Consider the points of T outside the circumpolar 
regions; let be such a point and the corresponding value of /; for 
Surrounding points we have f—f^^ points can be found 

in the neighbourhood of for which has any arbitrary value which 

is sufficiently small ; mark the value upon a plane and the contiguous 
Values of y obtainable for the neighbourhood of taking no account of the 
possibility that the same value of may arise for two or more points 

near to ; these points near will lie within a circle upon the /-plane, 
vrith centre at and every point within this circle will be mentally associable 
with one or more points (wi, %) near to Let Un) 

be a point of T near to (wi, u^) associated with the value /'of/ repre- 
sented by a point within this circle ; for all values of / sufficiently near to f 
points near to {«/, Un) can be found; we can thus, on the /-plane, pub 
about /' another circle giving values of / actually arising on F. Let this 
process be carried out for all points (ui\ u^) near to and then 

repeated ; and let Tq be the largest radius about so obtainable such that 
all values /=/o + for any value of p <Tq, and any value of 6 , actually 
arise ; it is understood that, if necessary, is limited by the condition that 
.1/4. I < jyr. This value of u wili be called the variability of / about 
Similarly every other point will have a variability, say It is now 
to be proved that this variability has, for all positions of (u) upon F outside 
the circumpolar regions, a lower limit greater than zero. When is 

sufficiently near to the variability circle of npon the plane of / has 
its centre within the variability circle of and extends at least as far 
as the circumference of this, so that ^ 1 ; ^Iso, in the sanm 

case, the centre of the circle for /(®^ is within that for /<^) and 

^(0) = ^(1) __ |y(i) _y(o) j j 

thus - l/<^> -/t°) 1 ^ rW - rW + |/W | ; 

by taking sufficiently near to we can ho^vever make |/w | as 

small as we may desire ; it follows then that the variability is a continuous 
function of (tii, u^) for points lying on F outside the circumpolar regions ; 
as it is never zero it follows that its lower limit is not zero for points 
(tfci, u^) on r lying in any finite part of space, and therefore, in virtue of 
the periodicity of F, that its lower limit is not zero for points (-i^, 
any whet e on F, outside the circumpolar regions. Let this low^er limit be r. 
If then be the value of / at any point of F, there exist points, 
outside the circumpolar regions, at which / takes any of the values p^ -h pe^^, 
where p <r and 0 is arbitrary. This however does not at once preclude 
the possibility that as / is made to pass through any range of values from 
/(o) the corresponding point (w) may pass to infinity on F. 

This possibility may be illustrated by attempting to prove in a similar way, 
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on the plane of a variable u, that the function f~e^ takes the value zero; 
over any finite part of the plane the variability of the function /= has 
a lower limit other than zero ; starting from the value for the 
point for any other value is given by == log J 

y*(i) = ^y(o) we have then — log 2 ; if next we have again 

^( 2 ) y^{i) __ ;[Qg 2 = — 2 log 2 ; and as we thus approach to the value 0 for 

/, while at every stage there is a definite position for u, yet these positions 
pass to infinity. Suppose then, returning to the case now under discussion, 
that the positions of (u) corresponding to values of /of the form/^®> + pV®, 
where p denotes a series of values having p as their limit, are a series 
passing off to infinity; choose a set of portions such that F is made up of 
repetitions of these, by additions of periods ; these portions lie entirely in a 
finite number of period cells; denote the aggregate of these cells as the 
fundamental volume ; a series of points (u) upon F passing off to infinity may 
then be represented, so far as the values of /are concerned, by an indefinitely 
continued sequence of points in the fundamental volume; and, in the case 
supposed, there will then be an infinite number of such points, in the funda- 
mental volume, and upon F, at which / takes values /(°^ -I- p'd^^ for which p is 
arbitrarily near to p. There is then a point, which will be upon F, in any 
arbitrarily near neighbourhood of which are found points for which / has 
values /<°^ + p'e'^ in which p' is arbitraiily near to p ; in virtue of the con- 
tinuity of / it follows that at this point / takes actually the value /^°^ + pe^. 
It appears thus that the neighbourhood of a point at which / takes a 
value /<®^ + pe^, with p < r, may always be supposed to lie entirely in the 
finite region of space. Take now any point of T and let be the value 
of / there ; take any other value f for which \^\< M. The finite series of 
intermediate points for which the differences 

^( 1 ) — ^( 2 ) _ ^( 1 )^ 

are all of the same phase and all of absolute value < r, determines a finite 
series of points ••• ^pon F at which / has in turn the values 

and these lead then in a finite number of steps to a definite 
finite point at which /=^. 

It appears thus, as M is arbitrarily great, that / takes every assignable 
value, and becomes infinite at a pole, somewhere upon F. 

61. Having proved that the function / assumes upon F every complex 
value, we can prove that it takes any definite value only at a finite number 
of points, points for which the arguments Un) differ by a column of 

periods being counted as equivalent, and that it takes every complex value 
the same number of times. 

For consider an irreducible set of portions of F, lying in a finite number 
of period cells, so chosen that any other point of F is reducible to a point 
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included in this set, by additions of periods. The aggregate of these portions 
may be spoken of as the fundamental region of F. If / were capable of 
the same value for an infinite number of incongruent points, it would be 
capable of the same value for an infinite number of points of the fundamental 
region ; and there would then, as this region is entirely contained in a finite 
portion of space, be a limiting point, itself therefore a point of F, in any 
neighbourhood of which, however small, f would take this value an infinite 
number of times. All the values of f in the neighbourhood of any point of 
F are however given hy a finite number of expressions of the form 

(A 4" + • • . 

and an equation of the form ^ = (A + Ajt -h ...) is not satisfied by an 
infinite number of small values of t ; thus / cannot have the value f at an 
infinite number of points arbitrarily near to any point of F. 

Next, an equation /= t'^^(A -h + ...), where X is positive and greater 
than zero, means that the point about which it holds is a pole, and we may 
say that / there becomes infinite X times : similarly an equation 

wherein X is positive and greater than zero, may be expressed by saying that 
at the point about which it holds / takes X times the value f ; consider such 
a point as this last, the pole being included by the convention that for a pole 
/— /o shall be replaced by If. For values of / near to /i, the equation 

/—/o (A + Alt + ...) 

gives X small values of t, and hence X places on F near to the point, at which 
/ has any assigned value near to f ; in other words the number of places 
where / has this near value is equal to the number of those where /=/o ; 
this identity in the number of places where f has its various values continues 
therefore for large variations of value. Considering then all the points of the 
fundamental region of F at which / takes any particular value, and supposing 
/ to change continuously, each of these points is the beginning of a path upon 
F, and every one of these paths may be supposed to persist even through a 
point where one or more of them intersect ; if one of these paths pass over 
the boundary of the fundamental region, then, since f has the periods which 
are fundamental for F, there enters at the same instant, at another point of 
the boundary, a path which may be taken as continuing, upon the funda- 
mental region, the path which has passed out. The total number of times f 
takes any value within the fundamental region is thus the same whatever 
the value*. This number is the sum of the numbers for a certain finite 

* We have already spoken of the (27i - 2)-fold, in the real space of 2n dimensions, upon which 
the function / vanishes, and of the infinity (2w-2)-fold upon which 1// vanishes. There exists 
similarly a (2n - 2)-fold upon which / is equal to any assigned complex quantity What we have 
proved is that the number of its intersections with the 2-fold P, incongruent to one another in 
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number of period cells, chosen so that the portions of T which they contain 
are incongruent, and is thus the total number of incongruent positions 
for which f has the value. 


62. Now denote by os the value of f upon the construct F, and, taking 
unassigned constants Xi, put 

u=:XjUj^ + ... 

and consider the function duldoCy regarded as depending upon os. We have 
shewn that upon the fundamental region of F every value of x arises the 
same finite number of times ; with every complex value of not excluding the 
infinite value, may thus be associated a definite number of values of dujdx, 
the same for each value of x^ it is easy to shew also that about every 
value Xq of x the associated values of dufdx are expressible by series of 
integral powers of a root of x — Xq, the number of negative powers, if any, 
being finite, there being only a finite number of values Xq for which negative 
powers enter; it being understood that for infinite the quantity x — Xq 
means x~'^. When this is shewn it wull follow that dujdx satisfies an algebraic 
equation whose coefiicients are rational in x, the order of the equation being 
the number of values of dujdx associated with any value of x. To shew this, 
we remark that, first, about any ordinary point of F, for which x — Xq, 
we have u — and x — x^^ each expressible by a single power series in a 
parameter t, and hence dujdx expressible by power series in a certain root of 
X’-Xq, while, second, about a limiting point of F, for which x^Xq 
(including Xq infinite), we have u — expressible by a finite number of 
power series in a parameter, and, corresponding to each of these, x — Xq 
expressible by a single power series in the same parameter. If 

{duldx)i, {duldx\, ... 

be the values of dujdx corresponding to any value of x^ the algebraic equation 
is F {y, x,Xi^ Xyj) = 0 where, with unassigned cr, the function 


is the product 


F (cr y Xj\l, . . . , Xri) 

/du\ "1 r __ /dic\ "I 

^ \dx)i_ ^ ‘ 


and is a rational polynomial in Xi, ..., Xj^. 


If now F(y,x,\i, ... , X^) is capable of being written as a product of factors 
each rational in x and y, let /* (y, Xi, ..., X^) be such a factor, itself 
irreducible in this sense. The equation /(y, a?, Xi, X^) = 0 thus defines a 


regard to the periods, is finite and independent of It appears that a closed one-fold (or curve) 
can be put about the (2w~2)-fold /=|, and that the increment of log(/“|) along this closed 
one-fold is independent of | ; but this requires explanations into which we cannot now enter. 
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monogenic algebraic construct ; to each value of x this construct associates 
values oiuu expressed, since differentiation in regard to X, gives 

(Jbo dy^dxr ' 

by the equations 



these are therefore integrals of the first kind upon the algebraic construct ; 
each is expressible for the neighbourhood of any value of by a power series 
in a parameter t, and this parameter may be taken to be that employed 
upon the construct T; all the power series expressing % upon the algebraic 
construct may be regarded as analytic continuations of one of them, this being 
a known property for a monogenic algebraic construct. The construct F is 
however monogenic, ail the power series for % upon V being similarly 
analytic continuations of one of them; it follows therefore that the values 
of Us arising for the algebraic construct are the same as those arising for F, 
and hence that the algebraic function F(y, Xi, X^), if not irreducible, 
is a power of the irreducible function /(y, X^ , . . . , X,i). In the latter case, 
if ,,,, \n) be the Zith power of /(y, «?, Xi, X^), there would 

correspond to every point of the fundamental region of F one point of the 
algebraic construct, but to every point of the algebraic construct would 
correspond k places of the fundamental region of F, the values of y or dujdx 
being the same at these h places. 

This however, holding for an arbitrary value of x and undetermined 
values of Xi, ...,X,^, would involve the existence of k sets of n constants, 

, a^,A, for A=l, 2, not necessarily different sets, such that if 

(t^TLj be a point of the fundamental region of F, so also is 

('iii + ai.A, a), 

while as a? is the same at the k places, also 

/(^i 4- «!, A, . + On, h) =/(ui , . . . , 

the original n functions (p- 205) would therefore have the periods 

••• , and therefore so would the original function <f> ('lii, We 
have however assumed at the outset that in speaking of the periods we were 
speaking of primitive periods of this function (p. 203). Thus %k,...,ctn,h 
would be sums of integral multiples of the original periods ; this however is 
contrary to the definition of the fundamental region of F, which is so con- 
structed that no portion of it is a repetition, obtained by addition of the 
periods, of any other portion. It follows then that the function 

T (y> X, Xi, Xtt) 
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is irreducible, and there is a definite one to one correspondence of the points 
of the algebraic construct with the points of the fundamental region of F. 

63. To investigate this correspondence in more detail, we proceed as 
follows. Let the class of the algebraic construct /(^z, 0 be^; 

we have seen(p. 207) that upon F the integrals are not connected 

by any equation + . . . -f = 0, in which Ci, ... , are constants; they 
are therefore linearly independent upon the algebraic construct, and p^n. 
Denoting normal integrals of the first kind upon the algebraic construct 
/(y, . . , , = 0 by Fi, , . . , we thus have equations 

Ur = Cr,i Fj 4- . . . 4- F^, (r = 1, . . . , n); 

now without alteration of x and y we can assign to Fj, ... ,Fp values obtained 
by adding to them the respective elements of any one of 2p systems of 
constants, namely the periods; for F^ these constants belonging to the 
^p systems are 

(f)a2>»»*> (l)ajp» *^al > • • • > V'ajp , (ct 1, ...,p), 

where (l)a^ = 0 unless a = /3, while (!)«« = 1; let ^r.a, be the corre- 

sponding system of increments for so that 

fit fit > 'L' <x — ~ 1 a ”h • • • 4” jp 1 , . . . , 7?' , cc i. , * * • ) p ) ) 

and w^e have 

Ur 1 Fj -{- ... 4 “^p ) D- r,a ~ 1 a 4" • • • "h ^r^p a > 

these equations we shall denote by 

7^ = fl F, D' = fir, 

where XI, Xi' denote matrices of type ( 72 , p), and t the .symmetrical matrix, of 
type {p,p), belonging to the periods of the normal integrals F^, ..., on the 
algebraic construct /(y, Xi, ... ,X^). (Cf. p. 12 preceding.) If then XIq, Tq, 
Xlo' denote the matrices whose elements are the conjugate complexes of those 
of XI, T, X2', and, as before, X2 denotes the matrix obtained from XI by transposing 
rows and columns, etc., we have 

h' = txI, nn' = xirO = xi'xi, xi'xio ~ xiOo' = xi (t - to) Qo ; 

thus XlXl' is a symmetrical matrix, or 

o=xi'xi-xin' = (X 2 ,xi') /o, -iwxi\ = n 62 pn, 

VI, 0 ) Uv 

where 11 denotes the matrix of type ( 72 , 2p) represented by (Xl, XI'), and 
€^p is a matrix of type (2p, 2p) whose elements are all zero except the 
elements of position (a, a + p), for a = 1, 2, ... , p, each of which is — 1, and 
the elements (a4'P, a), each of which is 4-1. Also, if x, or {x^^\ . . . , 
be a row of n arbitrary quantities, and Xq the row of n conjugate complex 
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quantities, and z ~ so that, as fl is of tjrpe (p, ?^), the row z oi p 
quantities, such as 

Za. “ 4" ll2,a^2 + • • * 4" p\ 

and Za is a period for XtPt^ 4- ... 4- ((n%u and if we put T = p + i(T, To^p — icr, then 
— flle^ f (fi'Oo — flflo') OCqSC = — f fl(T - 

= — z (r — To) -3^0-2^ — —i (2i<r) ^0-2’= 2cr^o-2^ 5 

we know however (p. 7) that if be any real quantities the real 

part of irn^, namely —<rn^j is necessarily negative and greater than zero. 
Hence, for an arbitrary row ^ of ti quantities, not all zero, we have, beside 
the identity TTespII = 0, obtained above, the inequality 

JTellsipo^o^ ^ 

Since the acquisition by Ui,...,Un respectively of the increments 

Xljaj ••• j 

corresponds to a circuit by (x, y) on the algebraic construct, it will corre- 
spond to a path on r of a kind that leads again to the same values of x and y 
as at the starting point, and this for values of x which are arbitrary. We 
have shewn above that the end point of such a path is obtained from the 
initial point by addition of a set of periods to the arguments If 

then the original periods associated with (p. 204) be denoted by for 
r = l,...,w and 5 = 1, (27i), we have equations of the form 

nr,a = \a'3yr,i+...4-A2n,a'5^r,m, r=l, a=l,...,(2p) 

wherein is an integer, the general element of a matrix of type ( 2 / 1 , 2p) 
which we shall denote by h\ the equation may then be written in the form 

n = 'sdi. 

We then have 

0 = Hea^TI = 'srhe^hm = 

where M, ^he^h, is a skew symmetrical matrix of integers of type (27i, 2^); 
and 

0 < — iTie^TLx^x = — i'u^he^h'^x^x = — i'srM^QXQX. 

If each of the 2n quantities ^x be written in the form where 

are real, so that we may write ^x = 'rj-\- ij*, the last inequality is 

0< — iM (i) — 4 - iO == — i^ij 4 - 

where, since M is skew symmetrical, = 0 = and M^t) ^ — Mt}^; 
thus we have 

0 < Mt)^, 

and it is impossible to choose the n arbitrary quantities x so that the 2n 
quantities Mtj are all zero, except of course by taking = 0; if -cr = a 4- i/S, so 
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that a is the matrix whose elements are the real parts of the elements of 
the matrix 'or, and /3 the matrix constituted by the imaginary parts, while 
X = y-\- iz, so that y is tlie set formed by the n real parts of the elements x, 
and z that formed by the imaginary parts, we have 

7j + i^= ^x=(a-h ^)8) (y + iz), = ay - = (a, ^)(y, ~ z); 

it is thus impossible to choose the 2n quantities y, z so that 


hence the matrices M and (a, yS) have each a determinant which does not 


vanish. The latter determinant is that of the matrix and, therefore, 
that of the determinant ; thus in -nr not every determinant of n rows 


and columns can be zero (cf p. 204 above); the matrix M is he^h, where h is 
of type (2n, 2p), and n^p] the determinant of M is thus expressible as 
a sum of products of determinants of type (2?^, 2n) formed from h ; we thus 
infer that in h not every determinant of type (2n, 2n) can be zero. 


Now take matrices of integers, g of type {2n, 2n) and m of type (2p, 2p\ 
each of determinant unity (see Appendix to Part II. Note L), such that the 
matrix, of type (2^?, 2p), ghm, has the form 

ghm = / Cl, 0 , 0 , . . v , = c, say; 

j 0 J ^ j ' *1 

I 0 , 0 , Cg, . . I 


this equation enables us to express any determinant of type {2n, 2n) from 
the matrix A as a sum of products of determinants from c and if any 
one of Cl, Ca, C3, ...,03^ were zero, every determinant of c of type (2n, 2n) 
would be zero and hence every determinant of h of this type, contrary to 
what is proved above. Now define tlie matrix W of type (n,2n) by means 
of 'UT — 'Uj'g, so that H, which is equal to 'urh, is equal to 'cr'cm-^* as the last 
2p — 2n columns of c consist of zeros, so also do the last 2p — 2n columns of 
tsr'c, and therefore the last 2p — 2n rows of the square matrix do not 
come into consideration heie; let 'cj/ denote the first 2n columns of ot'c; 
thus 7^1 is of type {n, 2n) and consists of the columns of 'ey' multiplied 
respectively by Ci, Cg, C3, ...,03^; further let the matrix of type {2n, 2p) con- 
stituted by the first 2n rows of be called A; it is unitary in the sense 
that its determinants of type i2n, 2n) have unity for their highest common 
factor; then we have 

n = = (^l^ 0) Ttr-lk. 

When h is itself unitary we have ghm = (1, 0) and p/i = &, p = 1, ^ = A. 


B. 


15 
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Also, if f be any matrix of type 2^), we have 

Dm = (izr/, 0), km = , 0), fkm = (/, 0), 

where Ign denotes a matrix of type (2w, 2n) having unities in the diagonal, 
the other elements being zero, and 0, in the first equation denotes a matrix 
of type in, 2^ - 2n) with zero elements, in the last two equations denotes a 
matrix of type {’In, 2p — 2n) with zero elements. Thus fk cannot consist 
of integers unless / do so. 

Now consider more particularly the correspondence between the construct 
r and the algebraic construct defined by the equation /(y, Ai, = 0. 
Any two points (w), {vl) of F for which 

u/-Ur = 'SJrr,ll^\ -f ... + 1^r,27i^2n, (r = 1, . . . , n), 

wherein Ai, are integers independent of r, correspond, in virtue of the 

equations x^fiu), y ^X^duijdx-^ ... -{-Xndunjdx, to the same point of the 
algebraic construct; a path on F from {u) to {u') corresponds to a closed 
circuit on the Riemann surface representing the algebraic construct ; thus 

Uy — Uj. ~ Hh ••• 4* 4" r,iip+i "b ••• 4" r^pi^pi 

where is a row of integers independent of r ; denoting this by 

u' — u=Tlt 

we have, in virtue of IT = tar/^, the equation u —u^nrikt or say = 'sr/ ( t, 
where o- = is a row of 2n integers; this is the same as 

(A) Ur -Ur=^Ci -crV, icri4- • . . 4- , (r = 1, . . ., n). 

The periods tij', equal to where |y| =1, are equivalent with the periods -cr, 
the angular points of the period cells associated with them as on p. 204 being 
the same, save for order, as the angular points of the cells associated with the 
periods 'sr; the period cells associated with the periods zxi have not the 
same angular points, but only some of them, the first column of these periods 
being Ci times the first column of the periods tn-', and so on. If (u,) be a 
point of the construct F, and we consider the points of space 

(Ur)f (Ur + i), {Ur 4" 2^^, i)j (^r 4* 3*57 V, i), . . . , 

the formula (A) above shews that the first of these after which can lie on 
F is {ur + Ci'tff'r,i)i and similarly for the periods conversely, 

as is shewn by the formula nm = ('5T/,0), obtained above, the periods 'cti' 
necessarily correspond to circuits on the Riemann surface. In other words 
the construct F is not periodic with the periods -sr or -sr', but only with the 
periods of which the 5-th column is obtained by multiplying the 5-th 
column of m by c^; and the algebraic construct given by /(y, ir, Xi, . . . , X^) = 0 
corresponds to a part of the construct F extending within CiC 2 ... of the 
period cells associated with the periods zr'. The extent of F may thus be 
divided into regions, each lying within as many of these cells, each region 
having a one to one correspondence with the algebraic construct : if {x) be 
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a place of the algebraic construct, there is no place {x') of it for which the 
eqiiations 

are all satisfied, denoting the difference of the values of Ur at (^) and 
(x), and iVj, denoting integers independent of r, unless these integers 

are respectively integer multiples of the integers Ca, 

Now (as in Appendix to Part IL Note II.) let a matrix of integers /, of 
type (2n, Sn), be taken so that 

J’JcGt^p Jc J' 

where, if denote the unit matrix of order m, 


/o , -(1)A 


(l)n'\ 

V(l)p, 0 ) ’ 


0 j 


k is the matrix of integers previously used, of type (Sn, 2p), and r is 
a positive integer, taken as small as possible; then, defining two matrices 
fjt!), each of type ( 71 , w), by the equation tir/ = (/t, fi) f we have (p. 224) 

0 = Ileq, n = = (p., = r (/“■, /) 

= r (p.', -fj,)(^=r (f/fZ - fj,Ji '), 

and similarly, x being a row of n arbitrary quantities, 

0 ^ TIq^q^ “ XV (p* yL 6 Q yL/ryUrQ '^XqX XV i^fJb X , HqXq , JLLq ^.o). 

An incidental consequence of the last inequality is that the determinant of 
the matrix fi is not zero, since otherwise we could choose x to make both 
Jjix and /2o^o vanish^. 

We can then put 

<r = 

and obtain, if y = jlXj — 9/4- f say, and o- = o-i 4- f erg , 

0 = r/A (a- — o') fl, giving o- = o', 

so that the matrix cr, of type {n.v), is symmetrical, together with 
0<-ir {<ryy^ - a-^y^y) = 2ro‘2 ( 9 /" 4- 

* More generally if J, of the form ( a ^ be any matrix of integers of type (27i, 2?i), such 

U' ^ V 

that namely the matrix of a so-called linear transformation of order n, and we put 

J’j = J" / c 0 \ , where c is any constant, the eq^nation 

fh€2pkf=r€^ 

involves 

and we can, in the text, use instead of /; putting then /) Ji/, or (^t, f/) = {vf v') Jj, 

where v, v’ are each matrices of type {n, n), it follows that | j/ | is not zero ; this is the same as that 
fxa + cijla.' I is not zero. In particular, by the determinant of is not zero. 

15—2 
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which shews that if any n real quantities, the real part of the 

quadratic form ia(^ is necessarily negative. We can hence define a theta 
function 

QO 

@ (-y, cr) = 2 exp. (2mvn + iira-n^). 

7j=s— 00 

Consider the change of the function @ cr) when the arguments 
u^,,.,,Un are respectively increased by the n quantities expressed by 11 ;^, 
where t denotes a row of integers : these are the increments corresponding 
to any closed circuit on the Riemann surface associated with the equation 

Since II ^m-^k — {fjb,f)fk, the arguments fjT^u will be increased respectively 
by the elements expressed by 

fjT^ {fif f) fkt — (1, or) fkb = (1, a) {ly V) = l + crl\ 
where (1, Z'), = JTcty is a set of 2n integers ; the function @ a) will 

thus be multiplied by 

exp. [— 27nl' (jjrhjb + |crZ')]. 

It is thus possible, with this theta function, to form single valued functions 
of Uiy , Uny of meromorphic character, which are unaltered by any circuit on 
the Riemann surface associated with the equation /(y, Xi, ..., X^) = 0 , and 
are therefore, since iZi, are integrals of the first kind on this surface, 

expressible as rational functions of x and y. These functions, which we may 
denote by ylr(Uy II), have not the periods nr'; but then, neither has the 
construct F: to a point ( 2 ^, ..., of F correspond CiC 2 ...C 2 n points of 

space congruent thereto in regard to the periods 'nr\ namely those for 

which Ur is replaced by 

'^r + i + ... + ysn'^' r, 2ny 

where 71 = 0, 1, Ci — 1 ; 72= 0, 1, ..., Cs — 1 ; ; 72^= 0, 1, ..., Ca^ - 1, and 

of these, as we have shewn, only one, namely (ui, ,.,,UnX lies on the construct 
F ; since the complete construct G has the periods ^ 57 ' these CiCa ... Can places 
are upon as many monogenic portions of (7. The functions i/r (u, II) have the 
periods properly belonging to the construct F : it is our aim in what follows 
clearly to establish that the function ^ (w), and in general all single valued 
functions of meromorphic character with the periods 'sr, can be rationally 

expressed in terms of a finite number of functions II). 



CHAPTEE VIII. 

DEFECTIVE INTEGRALS. 

64. In the preceding chapter it has been shewn that the most general 
periodic function, of meromorphic character, leads to the consideration of a 
Riemann surface upon which, among the existing p linearly independent 
integrals of the first kind, are found n integrals, with n less than p or equal 
to Pj whose 2p periods are expressible linearly in terms of only 2n quantities. 
With a view to throwing some light on the general question we consider in 
this chapter some general theorems for such a case, and some particular 
examples ; it will be found that the result arrived at in the last chapter 
offers some peculiarities. 

Suppose then to be linearly independent integrals of the first 

kind upon a Riemann surface, upon which there are in all p such integrals, 
and p\ let the 2p periods, or additive constants of indeterminateness, 
for upon the Riemann surface, be denoted by TI^, for r= 1, ..., n and 
a = l, ..., (2^), and the matrix of type (n, 2p) formed by these quantities 
be called 11 ; suppose that we have equations 

fl}*^ a ~ '^r, 1 ad" •••“}" 2n a 

wherein are integers, and -cry, ^ are other constants; so that if 'or denote 
the matrix of type (w, 2n) formed by the quantities and h denote the 
matrix of integers of type (2n, 2p) whose elements are we may write 

II = 'urh. 

It can then be proved, just as in the last chapter (p. 224), that otMct = 0 and 
— > 0, where x is any set of n quantities not all zero, and M, = he^h, 

is a skew symmetrical matrix of integers of type (2n, 2n), And thence as 
before that not every determinant of type (2w-, 2n) in h is zero. 

We may then, also as before, find two square matrices of integers g, m, each 
of determinant unity, the former of type {2n,2n), the latter of type (2jp, 2^), such 
that gh/ni, of type (2w, 2j)), consists of zeros save in the places (1, 1) (2, 2), ..., 
(2w, 2n) where are found positive integers Ci, Cg, . . Cg^, no one of which is zero ; 
putting then -ar' = so that is a set of quantities equivalent with 'oj, in 



230 


General statement for the case 


[chap. VIII 


the sense that either is linearly expressible by the other with integer 
coefficients, we have Ilm = -sr'c = (a, 0), where a is a matrix of type (n, %i ) — 
replacing what was denoted in the last chapter by Wj' — and 0 denotes a 
matrix of type 2p— 2n) of which each element is zero; thence we have 

n = ah, 

where A; is a matrix of integers of type {2n, 2p), in which the common 
divisor of determinants of type {2n, 2n) is unity, this being obtained in fact 
from by omitting the last {2p — 2n) rows. Thus, in terms of the periods a, 
not only are the periods 11 expressible with integer coefficients, but con- 
versely, the formulae being 11 = ah, (a, 0) = Hm, We can then find a matrix 
of integers h, of type (2n, 2n) such that 

where r is a positive integer, which we take as small as possible ; then 
defining the matrix (/x, f) of type (n, 2n) by means of (^, f) = a/“^ we can 
form a theta function of n variables @ a-), where or = it being 

a consequence of preceding formulae that the determinant of p is not zero ; 
and when Ui, ..., Un are increased by increments expressed by TI^, where t 
is a row of 2n integers, the arguments ijrH of the theta function are increased 
by the n quantities I + <rl\ where the integers I, V are defined by (Z, Z') — fkt 
We can thus construct single valued meromorphic functions of n variables 
which have the periods a, or, what is the same thing, the periods 11 ; 
denote such a function in general by ^{w, a). Replacing Wi, by the 

integrals regarded as functions of a place (cc) on the Riemann 

surface, such a function, being single valued on the undissected Riemann sur- 
face, is a rational function of (x ) ; but we may more generally substitute 

Wj. = 4- . . . + (r = 1, . . . , n), 

m being arbitrary, and the function yjr (w, a) is then a rational function of 
the 2m places (Xx), (^0, 

In the case arrived at in the last chapter the equation f(x, j/, Xj, . . X^i) = 0, 
associated with the Riemann surface, is satisfied by x =/ {w), y = % {w) 
where f{w), %(w) are single valued meromorphic functions of n variables 
Wxi vJm these variables being connected by (n — 1) relations of the form 
= where F]c{w) aie also single valued meromorphic functions. All 
these meromorphic functions have 2n sets of simultaneous periods, namely those 
denoted above by the periods of any one of these sets, say the 5 -th, being 

^-i^th of the elements of the 5-th set of periods a. Such a function may be 

denoted by (w, m') ; it manifestly has the periods 11, or the periods a, and if 
Wx, be replaced by the values at the point {x) of the Riemann surface 

of the integrals of the first kind the function becomes a rational 
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function on the Rieraann surface; and we saw that if Wj, be the values 
at a point {x) of the integrals of the first kind, the arguments 

N N N 

Wi = Uj + W^ = 1 U+-~a 2 ^ 8 , Wn = Un + — an, 8 , 

0^ Cs Cg 

wherein N is an integer, for which the function \[r (w, w") has the same value 
as for = Ui, ,,.,Wn=Un, do not arise on the Riemann surface unless iV' is an 
integral multiple of Cg- 

In general for a Riemann surface having p integrals of the first kind, of 
which n integrals form a defective system, if, with the notation explained 
above, (w, a) he a single valued meromorphic function, and . . , , be 
the defective integrals regarded as functions of the place (x) of the surface, 
the function a) is a rational function, as remarked. Taking two such 
rational functions ^ = ^1 (u, a), ^; = (w, a), it may be possible to choose 

these so that at the places where f has some one value, the corresponding 
values of rj are all different : in that case x and y are expressible as rational 
functions of ^ and tj, which are themselves connected by a rational equation; 
the values being functions of one place {x), are connected by 

{n — 1) relations, and, subject to these, the equation associated with the 
Riemann surface can be solved by single valued meromorphic functions of n 
variables. Or it may be that 'v/tj, cannot be so chosen : then the values 
of 97 corresponding to a given value of ^ are each repeated a certain number 
say \ times, and the rational algebraic equation giving all the values of r) 
corresponding to any value of ^ reduces to the Vth power of an irreducible 
equation ; then each of x and y satisfies an algebraic equation of order \ the 
coefficients of which are rational in f and tj and are thus single valued 
meromorphic functions. This latter case always arises when = 1, p>l, 
that is when there is a single integral of the first kind whose periods are 
expressible by only two quantities ; for every algebraic equation connecting 
single valued meromorphic doubly periodic functions has p = l : thus, if for 
an algebraic equation /(^, y) = 0 there be an integral of the first kind whose 
periods reduce to two, both x and y are roots of algebraic equations whose 
coefficients are rational in two quantities t) connected by an equation of 
the form ; the defective integral can then be algebraically 

transformed to have the form, / of an elliptic integral. In the general 
case of > 1 and p>n, it is not to be assumed that the defective integrals 
^1, .*•, '^n are algebraically transformable to the forms appropriate for 
integrals of the first kind upon any single Riemann surface of class 
(deficiency) n ; when x and y are rationally expressible by ^ = {u\ 

77 = {u\ the rational relation connecting ^ and r) has, it is well known, 

the same number of linearly independent integrals of the first kind as 
the original algebraic relation connecting x and y, and when x and y 
are merely algebraic functions of f and 7;, it is by no means obvious that 
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the algebraic relation connecting ^ and t] is capable of only n integrals 
of the first kind. 

65. In the general case of n defective integrals of the first kind upon a 
Riemann surface possessing p integrals of the first kind we shall define two 
numbers, which arise in stating following general theorems : 

(a) The Indea; r, which has already occurred in the formula 

fke^f = re^, 

this number being given its smallest positive value. As follows from 
Appendix to Part II., Note II., below, r is the first invariant factor of the 
skew symmetrical matrix N of type (2n, 2w) defined by N = he^>k, namely is 
the determinant of N divided by the highest common factor of all deter- 
minants of N of type (2n - 1, 2« - 1). It is easy to prove that if the matrix 11 
be reduced in any way to the form a'k', where k' is a matrix of integers of 
type (2n, 2p) whose determinants of type (2?!, 2n) have unity for their 
highest common factor, then the corresponding vajue of the index r', namely 
the first invariant factor of the matrix N'-k’e.fi', is equal to r. For first, 
we have, as on p. 224, not only aNa = 0, but also — iaNa^i^oO ; from the 
latter we can infer as before that the determinant | iV" | is not zero and that 
the determinant of type {2n, 2n) formed by the real and imaginary parts of a 
is not zero. Similarly for N' and a'. It is a well known fact (proved in 
the Appendix, as above) that k, k' may be regarded as the first 2n rows 
of unitary matrices of integers of type (2p, 2y)) ; thence the equation 
n = a/fc = a'k! gives (a, 0)H= {a', 0) H', where 0 denotes a matrix of zeros 
of type (2», 2p — 2n), and E, H' are such unitary matrices. Thus we have 
(a, 0) = (a, and thus a = a'G, where G is a matrix of integers of 

type (2n, 2«); similarly a' = aQ' ; thus a — aQ'G\ hence if A be the matrix 
of type {2n, 2n) formed by the real and imaginary parts of a, we have 
A (Q'Q _i) = 0, and therefore, as \A | is not zero, G'G = 1. This shews that 
each of G, G' is a unitary matrix. Then ok = a'k' = aG'k' similarly gives 
k=G'k' and therefore N=G'N'Q'-, the invariant factors of G'N'G' are however 
the same as those of N'. 

(&) If for every n places {Xy), .... («„) upon the Riemann surface there 
be <r — 1 other sets each of n places, {x^), ..., (xn), not entirely coinciding 
with the set («]), ..., (Xn), such that the n equations 

®” = 0, (mod. n) (r = l,...,n) 

are all satisfied, we call <r the Multiplicity. It is understood that permutation 
of the places of a set among themselves is not counted as altering the set. 

66. Consider now the theta function ® a), where II = ak, the 

matrix k of type {2n, 2p) being unitary in the sense that its minor deter- 
minants of type (2ra, 2n) are coprirae, fke^f—reM> we put a = {p, p)f and 
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a = and Wi denotes Ui — eu the integrals being regarded as 

functions of the place {po) of the Riemann surface and being constants. 

We proceed to prove that this function has nr zeros upon the Riemann 
surface. When the arguments n are increased by Hit, where t denotes a set 
of 2p integers, the arguments v = /jT^u are increased by Z + <yl' where 
I, V each denotes a set of n integers given by (1^1')= fkt, and the function 
log @ is increased by — (v + Upon the Riemann surface dissected 

along the 2p canonical period loops (a^), (a^) the function @ is single 
valued and capable of expansion about every point as a power series in 
the parameter for this point ; the number of its zeros is thus given by the 


integral 




@ 


taken once positively round the edges of the period loops. In passing from 
the right to the left side of the period loop (a^), the increments 11^ of the 
functions u are given by taking every element of t zero except t^ — l; similarly 
for the passage over (a^^) we have every element of t zero save = 1 ; 
we put 

fk=:fH K 


r 

\H’ K') 


wherein each of H, K, H', K' is a matrix of integers of type {n, p ) ; then for 
the passage across (a^) the increments of the arguments aie l + al' 

where 

1 , 2 , 




/z = l, 2 , ...,p\ 
Vy8 = l, 2, 


and the corresponding values for the period loop {a'^) are 

the contribution to the integral above arising from the two sides of the loop 
(a^) is thus 

” 2 ^ S ^ {p ]Ciz^i + • . • + \ n^y^n) 

taken once along the positive side of (a^), namely is 

— p lUij p+fi 4- . . . + /^ p-hp)> 

i 

which, as = (1, a)fk - {ff + <rH', K + a-K'), is the same as 

i 

or -[S'iE+aK')],,,; 

the contribution from the two sides of the loop (a'^) will similarly be 
4 ^ iHi, ^ 4 ... 4 \ ft\ 

or ' 
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thus, as {WaK'\ e = 0 = (K'<rH')0, 0. the whole integral is 

1{K'H-B'K)0,0, 

3=1 

which is 2 2 {K'i^ 0Hi^ 0 — H'{, 0^1^ 0), 

3=1 i=l 

or 

t=l 

we have however (H K\€^ fH S'\— re^ny 

[h'K'J [k K'J 

or (KH^HK^ iJ'F- = r /O - 1 \ , 

K'E'-H'K'J [1 0) 

so that K'H^KH^t, 

Hence the number of 'places (x) on the Riemann surface for which the 
function @ {u — e), cr] vanishes, is nr. 

In case n=p we have k = l, f=l, r = l and the number of zeros is p ; 
the above is a very obvious generalisation of the method, due to Riemann, 
whereby this number p is found in the ordinary case. We proceed to 
employ Riemann’s method further to find a relation connecting the values of 
the integrals u at the rn zeros, which generalises the corresponding ordinary 
relation. 

Use the same notation as before, Wi = Ui — d, vi == {fjr^w)i, let (^i), . . . , 
be the rn zeros of @ {v, a), and let U be any integral of the first kind. 
Suppose the function log @ rendered single valued by means of a series of 
loops round the zeros, these being connected with the period loops. Round 
the zero-loops the integral 

^.j\og®.dU 

rn 

is equal to — S ^ 

/=! 

where (c) is the initial point of all these loops — which we suppose* to be also 
upon all the period loops ; this value is equal to the value of the integral 
taken round all the period loops. For the period loop (af) the increment of 

- vV - 

where is a certain integer and 

I i ~ H^ 

and the contribution to the integral arising from the two sides of (a^) is 

J (M0-vl'-ia-r)dU, 

* A diagram of such a dissection is given for example in the author’s Ahel’s Theorem, p. 395. 
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taken once along the positive side of (%) ; this may be regarded as the sum 
of three parts 

I M^d U, j el'd U, - 1 (firhi . V + d U, 

where 6 = if fl'p ai*e the periods of U for the period loops (a^), (a^), 
the second part, containing explicitly, is equal to 

n 

i=l 

similarly for the loop (a'p) we have a part containing ei, en explicitly, 
which is equal to 

i~i 

If in particular C7 is the integral Ug, then (H, fl') consists of the g-th row 
of n, or ak, = (//-, fi')fk, = (/nH + fiK 4- ijlK^) ; then the part containing 
^ 1 , en explicitly, from the whole integral round the 2p“period loops, is 

2 6 , I {ijlK + h:k\^ - ^ {ijlH + f.'H\ ^], 

1=1 i8 = l 

n 

or 2e,- {{fiK + ^K')H' - + fH')K\ u 

T = 1 

or 1 [m {KH‘ - HK') + f (K'H' - H'K')] e) , ; 

we have however 

KH'-HK' = -r, K'H' - H'K' ^0, 
so that this reduces to 

- r (/i6)j, = - reg. 

The parts such as jM^dU give altogether 

If we take another set of values for ^i, the remaining parts of the 

whole integral, built up from contributions of the form 

-J (fi-'u.l' + i<rP)dU, 

will be unaffected. On the whole then we can infer that if (m^), for 
j = 1, (r7i), he the zeros of the function 

where (ni) is an arbitrary place of the Riemann surface, and {xfj the zeros of 
the function 

@ [/jT^ ~ C), O'], 

m 

2 


then 


(g = l, 2, 
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where the sign = indicates the omission of a linear aggregate of periods of 
the function with integral coefficients which are the same for all 

values of q. 

For the case n=p, giving r==l, this becomes a well known equation; 
in that case the congruences 

suffice to determine the set (wj) without ambiguity, and we can infer that the 
function 

@ [fjT^ - ... - a} 

has the places (xi), ..., for zeros. But when n<p we may have n 
equations of the form 

^ 4- . . . + = 0, 

as will be seen. Thus, though the rn zeros are, of course, determined by 
€i, the n equations 

rn 

i=i 

are not, by themselves, sufficient to determine these zeros. 

67. The question naturally arises of the relation of the theta function 
of n variables just discussed to the theta function, @(F, r), of p variables, 
associated with the Riemann surface. We proceed to shew that there is a 
theta function of p variables, obtained by a transformation of order r, which 
contains as a factor the theta function of n variables. 

The most general set of periods for a normal integral Vk being of 
the form 

ax, H + Tx,i a'i,M + Tx, + . . . + Tx,,, (/i = 1, 2, . . . , (2jp)), 

wherein are integers, consider a matrix of periods for the normal 

integrals F, of type (p, 2p), given by 

(a -f- ra', ^ + ryS'), 

or say (1, t) A, 

where A = /a, /? \ 

U', 

is a matrix of integers ; take, correspondingly, such a set of linear functions 
Tfi , Wp of Fi, ..., Vp that for Tfi, Wp, which are also integrals of the 
first kind, the period scheme reduces to the form (1, t'); that is, take 

TF= (a + ra')"^ F, (a + ra) r' == /3 + t^S'; 

in taking these it is provisionally assumed that the matrix a 4- ra! is of non- 
vanishing determinant. The matrix r is symmetrical, so that we have 

(1, T)ej^ /1\ = 0 ; 
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in order that t may be symmetrical we must similarly have 

now if P = a + rod, Q = y8 + we have (1, r) = P”^ (1, x) A ; thus we require 

(1, r) Ae^ A = 0. 

We assume then that the matrix A satisfies the equation 

Ae^A = re^, 

where r is a positive integer ; we can then at once prove that the determi- 
nant of a + to! is not zero, that r is symmetrical and not of zero determinant, 
and that the real part of the quadratic form irk^, where A; is a row of p real 
quantities not all zero, is necessarily negative. The relation Ae^A —re^ is 

equivalent with A“^e^A“^ = ^ ean and therefore with Ae 2 pA = r€ 2 ^. 

For let y be a row of p quantities, not all zero, the row of conjugate 
complex quantities, 

P = a+ra', Q = ^ + t/ 3' and 5 = y = {Py> Qy), 

a set of 2p quantities; we have, since r is positive, (cf. p. 224) 

0 <-ir(T-To)y<,y _ 

= - ir(l, r)€^ ^ 2/oy = - »(1< t) Aej^, A ^1 ^ 2/oy 

= -i(P,Q)€^fP,\yoy=-ie^ZoZ = -iey,(Poy(„ Q^y^iPy, Qy) 

_[qJ_ 

= -i {P,yo .Qy-Py. Q^y ,) ; 

this shews that the set y cannot be chosen, other than all zero, to make 
Py = 0, P^ya ; thus the determinant of P is not zero ; nor, similarly, is the 
determinant of Q, and the equation Pr = Q determines r', and |t'1 0. 

Further (l,T)e^Q = 0 

gives at once, since (1, t) = P“^(l, t) A, 

so that t' is symmetrical; and similarly from 

-f(l,T)6^^1^y„y> 0, 

since 

- i (1, tOc^ ^ 1 ^ y,y = - iP-^ (1, r) Ae^ A ^1 ^ P,-^y,y = - ir{l, t) j'l ^ t,t, 
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where t — we see that the real part of irk^ is negative, and not zero, 
for all real values of Ai, for which these are not all zero. 

Now it is a known property that a matiix of integers A satisfying the 
relation = can be constructed when the first n columns, and the 

(p + l)th to the (jp+^ 2 )th columns only are given, provided that, of the 
relations expressed by Ae^A = all which contain only the elements of 
the given 2n columns are satisfied. (Frobenius, Crelle, Lxxxix. (1880), p. 40, 
or the author’s Abel's Theorem, p. 676.) 

Consider then a matrix in which the first n columns and the (p + l)th to 
the (p + n)th columns are given respectively by 



where H, K etc. are the matrices of integers occurring in the previous article 
(p. 233), and 

n = (aoo-(A^,p')^-a^, 

\H', K'J 

so that we may write 



( K', 

-K, ...\ 

U, /9V 

[S', 

.... H, ...) 


the equation Ae^A = rei^ is equivalent with 

= - 0, ayS' a- /3a' = r, 

and of these, the relations containing only the elements of the first n and 
the (p 4- l)th to (p 4- 7 i)th columns of A are 

KH-EK^O, KE - EK' - KH' 

w^hich we know to be satisfied (p. 234); the matrix A can then be constructed 
as prescribed. 

If Fi, Fpbe the normal integrals on the Eiemann surface, we have, as 
before, (p. 223) 

u=^nV=r(fME-hfi'E)ry 

and hence, with cr = 

K^aK' = {H^aH^)ry 

or {K^TE')a^^E-\-TE] 

now the first n columns of the matrix ad- ra' form the matrix K — tE\ and 
the first n columns of the matrix yQd-ryS' form the matrix -K+tE\ thus, 
if we write 

a + rd^{K'^rB',Rl y8+TyS' = (-Z'4-T^, t=/t/, r/y 

W2, TgV 
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where R, S are of type (p, p — n) and t/ of type (n^n), the comparison of the 
first 71 columns of the matrices on the two sides of the equation 

(a -f TOi) r' = /9 + t/3', 

leads to (K' — rH')Ti + Rt^=^ — if 4- tH ; 

thus, as (K' — TH')cr = — if + tH, we infer t/ = cr, Tg' = 0, and the matrix r 

has the form r =/cr ON. 

VO pj 

Therefore, if k denote a row of p integers, the quadratic form rk^ is a sum of 
two quadratic forms respectively ink^, ...,kn and kn^iy say 

rk? = 4- pt'^^ 

and the theta function associated with the Riemann surface, 

X ^xp.2iri{kU-^\T'k^\ 

k— - 00 

is a product of two theta functions respectively of ii variables and p — n 
variables, namely 

X exp. 4 X exp. 2m f 4 

^ss—CO fss-oo 

where denotes the set ,..,Un and the set C/ii+i, ..., 

And if Fi, be the normal integrals of the first kind, and 
the defective integrals, we have 

V; 

now the p integrals (a4Ta')~^F are the same as — ra') F; the first 

n rows of j8' constitute the matrix if, the first 7J rows of a' constitute the 
matrix ] thus, as the first n rows of r are (o', 0), the first n rows of 
— TOL form the matrix therefore, putting 

TF = (a 4- ra'F^ F — ra) F, 

the arguments are rlFi, rlF 2 , ...,rTF^. Thm the fxmction of n variables 

@ {p~^Uy or) 

previously considered, is a factor of the function of p variables 

©(rTf, t); 

herein W denotes a set of linearly independent integrals of the first kind, 
having a period matrix this period matrix does not correspond how- 

ever to a canonical dissection of the Riemann surface, but to such a set of 
2p loops as gives for the normal integrals F a period matrix (a4Ta', y84Ty8'); 
it is only when r — 1 that a new system of canonical loops can be drawn for 
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which the period matrix, for the integrals F, is (a H- ra, y9 + r^')- 
example the author s AbeVs Theorem, Chaps, xviii. and xx.) The theorem that 

@ [(0' ^ r'a') F, T']/@[(£r+ o-Zr)F, a] 

is an integral function of Fi, ..., F^, is manifestly proved when Fi,... , T^are 
_p arbitrary arguments. 

It follows at once from the preceding equations that beside the system of 
n defective integrals of the first kind, there is upon the Riemann surface, 
another system of p — n defective integrals. 

For introduce names for the remaining columns of the matrix A, writing 


/a, /3\ = | 

( 

Q')> 

-{K, 

Q)\ 

U, 0) ' 


P')> 


P)) 


leading to 



each of the matrices P, Q, P\ Q' being of type jp). Then the p 

integrals rW, given by 

rF = (y9'-T'r)F, 

are f 4- (a 0\ (H'\\ F, = /P + aH\ F, 

iW lo pJVP'jj IPH-pP'j 

and consist of the n integrals {H’^rcrH') V and the ( p—n) integrals (P + pF') F. 
The period scheme of the integrals r TT is thus 

/ff+crP', (H^crH^)r\; 

[P + pP\ (P^pP')t) 
we have however r (a + aV) = 0 + 



that is <r (K' - if'r) = - if + Hr, p(Q' ^ P'r) = ^ Q + Pr. 
or {H+ aH)T = iT + ar, {P + pP')T = Q Hh pQ\ 

and the period scheme of the integrals rTF is thus 

K+aK'\, 

\P^pP\ Q^pQ' J 

shewing that the period scheme of the integrals (P + pP') V is 

(P + pP', Q + pQ'l 

namely that the periods of these integrals are sums of integral multiples 
of the 2(p-n) quantities (1, p). The integrals {P + pP')V thus form a 
second defective system ; this we may fairly speak of as complementary to 
the former. 
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We have further 

s\, 


'(?)• (f) 
Q 







the 

left side 

is found 

to be 









/(KE 

-HE , 

EP - 

EQ^ 


(EH' - 

-HE' , 

EP' ■ 

- HQ' NX 


\QE 

-PE , 

QP - 

PQj 

/ 

\QH' - 

■PE' , 

QP' ■ 

-PQ’ j\ 


\ 

-H'E, 

E'P- 

H'Q' 

\. 

(E'H'- 

- H'E’ , 

E'P'- 

-H'Q’^ 


\\Q'E 

-P'E, 

Q'P- 

P'Q. 

; 

\Q‘ 

H' - 

■P’E' , 

Q'P' ■ 

-P'Q'jJ 

and 

we can thus infer, beside 













^2p 


B'-' 

\ = rem, 






U' 

E'J 


U 

E', 




that 

1 also 



Q\ 










\P' 

Q'J 


\Q 

Q'J 




and 







P'\ 

= 0. 






\H' 

E'J 

VQ 

Q'J 





The complementary system of defective integrals is thus, like the original 
system, of index r*. 


68. We can prove that the function of p variables 
@ (r W, t'), = @ Ta')V, t] , 

regarded as a function of the place (x) of the Riemann surface, has rp zeros. 
We have from (a + rex!) t'= y3 + ryS' the equation 
(yS'— r'a') t = — y9 + r'a, 


* It is shewn in the Appendix to Part 11., Note I., that we can write the matrix 


the form 



fPQ\in 

U' Q'J 


where / ' is of type (2p ~ 27i., 2p - 2»i), and fc' is of type (2p - 2n, 2p) and has unity for the greatest 
common divisor of its determinants of order 2^-27?, and that the most general forms otf\¥ are 
/'a, where a is a unitary matrix of type (2p - 2n, 2p - 2n). And, in Note II., that a matrix 

f" can be found such that 

where $ is the first invariant factor of k'e^pk'. It follows from Appendix, Note II., that s divides 
r, and it appears probable that s=r, but this is not proved here. In the case of the matrix 
f H K \ the number r was introduced as the first invariant factor ; but in the applications that 

have been given of the index it was the equation 

fHK 

\H' K' ) \K K' ) 

that was utilised. 


B. 


16 
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and hence when the normal integrals V increase by Z + tV the arguments 
Ta')V increase by 

or + 

or, say h 4- Th\ 

where {h,k')^( y8' — N ssy, 

U a' a/ \M' N'J 

and the fanction is multiplied by 

exp [— 27ri (rTFA;'+ ^rk'^y]. 

Thus, considering the integral 

^.^d\og©{rW,T) 

round the sides of the canonical period loops for the integrals F, the con- 
iributiofi from the two sides of the loop (a^) is 


— Jc?(rlFF), 


taken once along the positim^e of the loop, namely is the value, for 1^ = 1 
and {I, I') otherwise zero, of 

^ h 'r/p' 1 

-Zky [(/3 -Ta)Tjy^^, 

y=l 

or -iM'y^(,N+TW)y,^, 

7=1 

or 

and the contribution from the two sides of the loop is 


-jd{rWk'), 


taken once positively along namely is the value, for = 1, and (Z, Z') 
otherwise zero, of 

7=1 7=1 

The number of zeros is thus 


I (MN' - ^ = I {fi'a - a p , 

i3=l /3=1 

which is rp. Of these rp zeros we have shewn that rn belong to the factor 

a). 

The preceding result becomes easy to understand from another point of 
view. We proceed to prove that the function of p variables @(rlF, r') is, 
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save for an exponential factor, a polynomial of order r in 2^ functions 
e(F,T|^). 

Let A denote the matrix 

^ = (/3'-.aV) a'; 

the relation Ae^ A = re^ is the same as 

/ySa — — T fCi — 1\, 

yS'a'-a'^V [l Oj 

so that ^ is a symmetrical matrix ; let y denote the p integers forming the 
diagonal of the matrix ySa, and y the p integers forming the diagonal of /3'a'; 
let V denote any p arguments ; put 

^ (F, t) = @ \iW - T a )F, r']. 

We have then, if Z, V be rows of p arbitrary integers, 

<f>{V+l + tI\ t) I (p {Vy t) = exp [~ 27nAr] , 
where r'a') Vk' + i t + ^ ^ [( F+ Z + rlf - F^] , 

the integers k' being, as before, given by 

(kk')==^^ 

we proceed to shew that save for integers, the addition of which will not 
affect the value of we have 

H=r(rr + ^rV^) + ^yr-Wil 

for in H the terms containing F are 

(y8' - r'a') Vk' A A (I + rV) F, 

or [(yS' — aV') (— a I + aV) + (/S' — ol't) a (I + rl')] F, 

or (yS' — a'r') (a + a'r) V F, 

or, since (a + ra') t' = >8 + r' (a + a'r) = ^ + ^'r, 

they are ““ + /3V)] VVy 

or rZ'F; 

and the terms in H, of dimension 2 in are 

or iT'(- a'Z + 50 (~ 57 + aV) + i (y8' - aV' ) a'(Z + rlfy 

or — 57 + Wf) I + |■aT'(— 57 + 5?') Z' 

+ ^ (/3' _ aV) 57^ + T (/3' - aV) m' + Jr (y8' - aV') aVZ'^ 

or \ /8'57® + [-^ar'a + ^(— ^ + ar') a'r] 

+ [— ^cLra' — -l-aT'S' + (— /8 + ar') 5'] IV, 


16—2 
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that is — ^alV + -f aV) — (a V + a) + 

or, omitting integers, \ J jSa) 
which, since li- = k (mod. 2), is equivalent, save for integers, with 

On the whole then, as stated, 

<jb ( F + Z + rZ', t) = exp [~ 27ri r ( FZ' + “■ 7^^ + Tri 7 ^ '^)* 

If for a moment we put 

u^v+^(,^ + W), 

^(t7, T) = e-”v'i^</>(r, t), 

we have 

'^(Z7+ Z + rZ', -TTtVfZ+rD -2r2V(Fi'+iTZ'2)-Ti7r + 7ri77 

ir{U) 

=:g-27rir(l7r + irr% 

and the function yjr (IT) is a. particular case of that discussed p. 20 of Part I. ; 
we thus have 

(j) (V, t) = S 5a j^rF+ ^(7 + ry'), rr ^ J , 

which, in virtue of the formula (p. 23, Part I.) 


[v + q + rq, r 
is the same as 


P'\^p- Mq'{v + W) - ®(v,T ^ 

pj \ P-^qJ 


<#, (F. t) = J Ca @ [rF, rr | . 

where is independent of F, and the summation extends to terms, 
the symbol h denoting a row of p integers, each one of the set 0, 1, 2,..., 
r — 1. 

The function <^(F, r) is manifestly an even function of F; this is not the 


case for the single term @ 


rF, rr 


{h + ^y)lr' 
i7 . 


occurring on the right; 


there arises then another term on the right corresponding with this one, 
and the expression on the right can he expressed in terms of less than r^ 
functions (Abel's Theorem, § 287). It can thence be shewn (ibid., Chap, xx.) 
that 0(F, r) is expressible as a polynomial of the rth degree in ^ theta 
functions of the form 


®(v. 


hH-'\ 


differing from one another only in their half-integer characteristics 

The function of n variables @ (fjr^u, a), whose arguments are linear 
functions of the p variables Fi,..., F^, is then a factor of this polynomial in 
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the functions ® | i jj’ sense that the quotient of these 

functions is an integral function of Fi,..., F^, for arbitrary values of these. 

When F is regarded as the set of normal integrals of the first kind on 
the Riemann surface, each of these last theta functions, ® i ^ 

regarded as depending upon the place (ic), is known to have p zeros; it is 
then to be expected that the polynomial of r-th degree in these functions, to 
which ^(F, t) is equal, should have rp zeros — as was previously proved. 

69. If m denote the diagonal matrix of type (p, p) having all elements 
zero save those in the diagonal, the first n of which are each - 1, the last 
p — n oi which are each + 1, it is at once seen that the matrix, of type 
(2p, 2p), 




belongs to a linear transformation ; and that this transformation, applied to 
the period matrix 

0\, 

VO p) 

leaves this unaltered. And hence that, when 

A = fa 

W ySV 

is the matrix, belonging to a transformation of order r, of p. 238, the matrix 
A /m 0\rA'”\=/'a fm 0\ / — i8\ , 


is that of a transformation of order r^, which, applied to the original period 
matrix r, leaves this unaltered. The Riemann surface is therefore such that 
there is a complex multiplication, or principal transformation, of order rl If 
the compound matrix belonging to this be written 

(f 0\rA^\ 

\f 9') VO m) 

we at once find 

/+ r/' = r (a + ra) m (a + 5 

the general inference, that is expressible as an integral 

polynomial of order in 2^ functions @(F, r | g^), is easily seen to be contained 
in the results already given. 

70. The preceding investigations have sufficiently shewn the importance 
of the number r, the Index. Consider now^ the equations 

+ ... + Ur, (r = 1 ,..., n), 

* Wirtinger, Vntersuchungen uber Thetafunctionen (Leipzig, Teubner, 1895), p. 61 ; Wirtinger, 
“Zur Theorie der 27i-fach periodiscben Functionen,’* Monatsh. /. Mathematik u. Physik^ vn. 
Jahrg. (1896). 
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where (ci),..., (c^) are arbitrary places upon the Riemann surface, Ui,..,, 
are arbitrary values, and we enquire as to the existence of places (wi ), . . . , (xn) 
to satisfy these equations. 

With the function @ {fjr'^U, a) we can form, as has been remarked, single 
valued functions of J7n, with no singularities for finite values of 

other than poles, having 2n systems of simultaneous periods, whose 
matrix is (/ 4 , /x.'). Let '>^{TJ) denote such a function. We can then take n 
systems of constants for r such that the Jacobian 

of the n functions 'y\rr{U) — (JJ does not vanish for all values of 
, . . . , . The function 

, + ... + 2 /^^’ 

is then a rational function of the places (xi),..., {x^) upon the Riemann 
surface. For when one place, say (Xj), makes a circuit upon the Riemann 
surface, the arguments are increased by quantities 11^, where ^ is a row of 
2p integers, while 

n = a* - (fi, fj!) fh = {fM, fi') (R fiK + fi'K'), 

\H' K') 

where By R\ K, E' are matrices of integers; the function is thus single 
valued upon the Riemann surface in regard to each of (xn)i and for 

undetermined positions of (iTaX ^ function of capable of 

expression about any place as a series of integral powers of the parameter 
involving only a finite number of negative powers. Put then 

+ ... -f ) = (a?!, ..., Xy,) ; 

the Jacobian of the n functions + ... in regard to x^ is 

not in general zero ; in fact, . if == (xg), this is only so when a 

linear function AiXi + . . . •{■A^Xn (^), chosen so as to vanish at {x -^, . . . , 
also of itself vanishes at (^^). The n rational functions iTi, ..., are thus in 
general independent, and a certain definite limited number of positions of 
(iTi), ..., depending upon the form of these rational functions, can be 
chosen so that the equations 

Rj • • * > “ ^ij j Rn (^'ij • • • 5 ^n) ” tjyi 

are satisfied, for arbitrary assigned values of (7i,...,G^. This number is 
independent of (7i , . . . , (7^ . There are positions of {x -^ , . . . , {x^ for which one or 
more of the rational functions J?!, . . . , become indeterminate ; for positions 
of (/Ti), ..., {x>n) in the immediate neighbourhood of but not constituting such a 
set of positions the functions have definite values. Now when Ui,...yU^ have 
definite values the functions ylrr(U) have definite values in general. We infer 
therefore that the equations 

...-h Ur (mod. 11), (r = l,...,w), 

have, for assigned arbitrary finite values of Z7i,..., 27^, a definite finite 
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number of sets of solutions (iCi),..., (a^^X number being independent of 
Un — there being exception to this result for values of Un 

belonging to certain continua of less than n (complex) dimensions, upon 
which the functions 'v|ri(!7), A|r^(?7) become indeterminate. 

The preceding reasoning is given only as provisional, the cases of exception 
not being examined completely ; it may suffice for the present chapter, which 
is confessedly incomplete and only illustrative in its purpose. 

With the assumption of the definiteness of the number of sets of solutions 
of the equations we can now determine this number. 

Put 

TT^= l + i^<2Tj ^ 2, . . . , ^), 

SO that each of is a function of the two real variables ^25-1? ?2s foi* 

values of r ; we then have %i equations 

+ + (j = 1, 2, . . . , (2n)) ; 

we now allow each of (iCi),..., to take, independently of the others, all 
possible positions on the Riemann surface, and interpreting Ft,..., Fan as 
coordinates in a real space of 2n dimensions, we evaluate the volume 
described in this space by the corresponding point (Fi,...,F2n), this volume 
being expressed by 

Since 

9F2^_i/0^25 — 1 = 1 > 9F2^_i/ 0^2S == CtC., 

the Jacobian herein contained is 








9^1 ’ 

9ft ’ 

9ft ’ 

9ft ’ • 

a 1^291—1 

a fan 




0^2^^^ 


0«2(»' 

9ft ’ 

9ft ’ 

9ft ’ 

9ft ’ 

a^2n — 1 

a^2» 



9t>2»‘"’ 

9W2«® 



9ft ’ 

9ft ’ 

9ft ’ 

9ft ’ ■ 


9^2» 


which, expanded as a sum of products of n binary determinants (see Appendix 
to Part IL Note III.) chosen respectively from the first and second, the third 
and fourth,..., the (2n — l)th and 2n-th columns, is equal to 

dvjc/'^ dVk/^\ 

" Ufi aa af, 0^2 J V a?3 ar^ a^s "a^J ’ 

wherein with k^<k 2 , are any two of the numbers 1, 2,..., (2n), and 
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h^, ki, with ks< ki, are also any two of these numbers other than k^, k^, and 
so on, and the sign + is upper or lower according to the parity of the order 
ki, ki,..., k^n] if we write 


the expansion is 


at/;' at/f> a<> 

kftr-l *2r «2r~l *2r __ r7« 7. 1 

rr: 'Sy ~ L^2r— 1 j ? 


2 i \ki, [^3, A?4] ... [^?2n— 1? ^2w] > 


and in any term the only factor involving the two variables is 

[^2r— 1) ^2r] • 


Now when (ocr) describes the whole Riemann surface, the double integral 

J [^2r-i, ^2r]di2r-id^2r is equal to the single integral Jvjt^ ^ extended along 

the edges of the 2p period loops; if we put n^,a = -Bf2r~i,a-i-i^2r, a, for 
r = and a=l, 2^, the period increments of the function for 

passage of the loops are and we have 


jvxdVft, X (-^A, ^ -^/A, p+p dl p + p /s)} H' — 2, . . . , 27?^), 

a quantity formed by a familiar rule from the Xth and /xth rows 

j^jf A j 1 ^ * * * 3 ^ 3 jLJm Xy ^ 1 3 * * * 3 H Aj 22? 

-S" U, 1 ) • • • 3 3 -^/x, 4- 1 3 • • • 3 S (*, ^ 

of the matrix (JTa, a)3 which we may call the combinant or the splice of these 
rows, and denote by (X, We have then 


dVi^ — (k 2 r-i, ^2r)^ 


where, if IT = If + iJV, both if and if being matrices of type (n, 2 p) of real 
elements, we have 



a matrix of type (2?i, 2jp), consisting of real quantities. The original integral 
thus becomes 

S i (^l3 ^2)^ (^8 3 ^4)^ • • • (^271—13 3 

here the number of terms is the same as in the expansion of a determinant of 
type (271, 2 n) by binary determinants, namely 



1.3.5... (2?i-l), 


two terms, for instance, differing from one another only in the order of the first 
two of the n factors of a term, occurring separately ; in fact however 

V (^13 ^2)jg- (^83 ^ 4 )^== (^33 ^4)ji^(^l3 ^ 2 )^^ 
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and so on ; the value of the determinant is thus 

(n!) S + (ki, ^a)j[ (^3> n—1} 

where the order of the n factors of any term is indifferent, and this is only the 
expansion in the form of a Pfaffian (see Appendix to Part II., Note III.), 
of the value (ni:)(\Ee^E\)i. 


Precisely the same deduction may he applied to any number of integrals 
of the first kind, independently of the existence of defective integrals ; for 
instance, being any integral of the first kind, if we put 

M®'° = Fi + f Fa, a; = 

and denote the periods of for passage of the 2p period loops by 
Ei + iKi, ..., Ep + iKp, El +iEi, ..., Ep' + iKp, 
we have, as (ai) traverses the Riemann surface. 


J [ dVidV, = EiKi' - Ei'Ki + . .. + EpKp' - Ep'Kp, 


the right side denoting the sum of the parallelograms whose perimeters are 
described by upon a plane of 27, as {x) describes the sides of the 

period loops upon the Riemann surface. 

If now n = ts-A, where -set is any matrix of type (?i, 2n), and h a matrix 
of type (2w, 2p) consisting of integers, and TL — M ^ iN", 'sr = /x + we have 
M = fjbh, N = vhj 

and 


SO that h€^h{fi, v), 

and hence JJ... JdF.dF, ... dF„= (n!)U|( | [ )i. 


wherein 


denotes the volume of the period cell defined in the real space of 

2n dimensions by the periods tv, and the other factor (n!) {\li€^li\p is a 
positive 'integer. 


This is true when 'cr represents any set of periods in terms of integral 
multiples of which the periods II can be expressed , if in particular we 
take n = afc, where k is the unitary matrix of type (2n, 2p) described earlier 
in this chapter (p. 230), and (a, 0)=nm, then increments of IT^, Un 
which arise by closed circuits of any one of on the Riemann 

surface, correspond to a change from a point (CT) to a point which is congruent 
thereto in regard to the period cells associated with the periods a, and con- 
versely ; hence, assuming (p. 246) that, as (x^, ..., {x>r^ traverse the Riemann 
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surface, the point ( U) takes up every position the same number of times, we 
infer the result : The 'number of different sets of solutions of the congruences 

... Z7y(mod. n), (r = l, 2, n), 

before called the 'multiplicity, is* 

the factor n\ being removed because a set of solutions is not affected by 
permutation of its constituents. 

If (r, s) denote the splice of the rth and 5th rows of the matrix k, this 
number of solutions of the congruences is the PfafSan 

2 ±(12) (34) (56)..., 

formed with 2w numbers. If the period loops be differently drawn on the 
Eiemann surface, which comes to using periods 11'== 11/, in place of II, where 
Je^J = the number, becoming ( | kJe^Jk | )i, is unaltered, as should be the 
case. If (Appendix to Part II., Note II.) ^ be a unitary matrix of integers of 
type (2n, 2n) such that 

gke^hg^fO -d\, 

[d Oj 

where d denotes a diagonal matrix of positive elements di, d^, dn, wherein 
d^jdi, d^jd^, ... dnjdn-i are integers, the multiplicity a is also given by 

<T = did ^ . . • di)fi . 

We have seen that the index r is equal to the first invariant factor d^ ; 
the two numbers are thus equal when n = 1. When n^^p we have k ~1, and 
the multiplicity is unity, as is known. 

71. Consider the case when n=^l. We have shewn that we can write 

n =aAr, 

where A is a matrix of integers of type (2, 2p\ which is unitary, in the sense 
that its determinants of order 2lhave unity for their greatest common divisor. 
We have then 

ke^k ~ /O “*• jKN , 

U o; 

!P 

where ^ = 2 (^ij<r^2j(r+jp a- ^Ijcr+p)^ 

O’ — 1 

is the splice of the two rows of k\ according as R is positive or negative 
take now 

?)• 

and obtain fke^kf=res, = r/0 — 1\, 

Vi oJ 

where r- is a positive integer {R or —R), as in the general case. 

* It follows from preceding work that this is not zero (p. 225). 
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K\, 

\E', K') 
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so that, if 


h = 

fki. 

ki\ , 



1 

w, 

h'j 

we have 

II 


1 , or 

( kx , 


w, 

kfj 

) 

V kf, 


and the determinants of order 2 from this have unity for their greatest 
common divisor*. 

It can now be shewn that a matrix J of integers can be chosen, of type 
( 2 ^ 9 , 2p), satisfying 

J = 

so that fH, K\J=/r, 0, 0, ... 0; 0, 1, 0, ... 0\ , 

\H\ K'J VO, 0, 0, ... 0; 1, 0, 0, ... oj 

where the elements not written are zeros. 

To make this clear consider the character of a matrix J. A linear 
transformation, expressed by a matrix of integers J of type (2p, 2p) which 
satisfies the equivalent equations 

may also be defined by the fact that if, denoting rows of p quantities by co and 
cd, and also by y, y', rj, r)\ we put 

p 

the splice (1, 2), = 2 {(Ciyi - coiy^, of the two rows 


«=i 


fx x\ 

\y yj ' 


\y y 

is equal to the splice of the two rows 

r 


for we have 
and 

If 


/cc, 

W. y'l W v'J 


( - 

(1, 2)\ = /X, 

x'\ fx, a;'\ = f^, i 



Ul, 2), 

0 ) \y. 

yj \yy y) W 

77 \Vy 

'nJ 


fa, a'\ 
\h, h') 


be a unitary matrix of type (2w, 2y)), that is a matrix of integers in which the 
determinants of order n have unity for their common divisor, and 

(a, a'\ J= (A, -<1'\ , 

\h, V) U B') 


In general the determinants oifh of order have d,^ as their common divisor. 
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we have /a, a'\ {x, x') = /A, A'\ ; 

U h'J U 

also from /a, a'\ = f A, A'\ J^\ 

U, b'J U B'j 

since J is unitary and any determinant of fa, a \ of order 2n is a sum 

\b, v) 

of products of determinants from fA, J.'\ and each of order 2 w, it 

U B') 

follows that /A, A\ is unitary. Also, as 

U 57 

(a, a\ 6^ /a b\ = /A A\ e^fA 5 \ 

\b, V) U' b'J [b B') U' 57’ 

the splice of any two rows of fa, a'\ is equal to the splice of the two corre- 

U b') 

spending rows of fA, A'\ 

U BT 

Now particular linear transformations are : 

L That in which Xf and x^' are replaced by linear functions of f,. and 
with numerical coefficients of determinant unity, the other — 2 quantities 
x' being unaltered ; for this evidently replaces — x^'y^ by ^rVr “ ^rVr> 
and leaves the other binary determinants x^y^ — x^y^ unaltered. It corresponds 
to replacing the rth and (p + r)th columns of fa, a\ , which we may denote by 

U, b'J 

Cr and c/, by two columns Or, Or given by 

Or == A(?r + yac/, Or = pCr + CTC/, XcT — fJLp =1. 

A particular case is Cr^ — Cr^ Or — — c/. 

II. That in which 

Xr = ^r. ^/ = ?/ + X^/, < = ^7, 

for which Xry/ - - ^s'ys 

= ?r (V + W) ~ (f/ + Vr + i^s - Xf^) 97 / - {njs - Xrjr) 

= ^rVr - ^rVr + ^sVs' “ 

the variables other than x^, Xg, xf!, xf being unaltered. It corresponds to 
a change of the columns of fa, a'\ expressed by 

\b, h'J 

Or ^ Cr XC^ , Og = Cg, Or ^ Cr , Og — “h XC^ . 

III. That in which 

^ X)g=^^g—' Xfj., ~ f r "h "h Xg = f/, 

which includes (II.), for p = 0 , and is equivalent to an interchange of columns 
expressed by 

Or ^ Cr~“ ^Cg Hh pCr , Og ^ Cg, Or ^ Cr , Gg ~ Cg -f- Xc^ . 
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Suppose now (a, a'\ is of two rows only, or n = l. By transformations 

U, h'J 

(I) we can first reduce all the first p elements of the second row to zero ; then 
by transformations (II) we can reduce all the second p elements of the second 
row to zero except one of these, which cannot be zero since the determinants 
of /a, a'\ are not all zero ; if this element be denoted by J5/, and r 4= 1, we 

U, b'J 

can, first, by transformations (II), add the (p + r)th column to the (p + l)th, 
and then subtract the (p + l)th from the (p + r)th ; we may thus suppose 
r = 1 ; and the second row of the transformed matrix now has zero in every 
place except the (p 4- l)th. After this, leaving the first and (p + l)th 
columns untouched, we can similarly, by transformations (I) and (II) in turn, 
make the 2nd, 3rd, ... pth elements of the first row all zero, and the (p + 3)th, 
(p + 4)th, ..., (2p)th elements also all zero. The transformed form of the 
matrix /a, a\ is now 

U b'J 

/Q 0 0 0 .. jB 0 0 \ ; 

VO 0 0 0.. p 0 0 0..; 

since this is unitary we have PS = 1; ifP = “l we can change the signs of 
the first and (p + l)th columns ; we may thus take P = 1, = 1 ; if further 

the splice of the two rows of /a, a\ is r, we can then infer Q = r, The 

U b'J 

transformed matrix is thus 

/r 0 0 0 .. P 1 0 0 \ . 

Vo 0 0 0 .. 1 0 0 0..; 

Lastly apply the transformation (III) in the form 

0^ r= Og 4" JRci — tPc^ , Gi = Cl, G^ ~ ? Gi = Ci Pc2 j 

this replaces R by zero in the matrix, but effects no other change. 

The transformation indicated is thus effected, and we have 

n/ = (/x, p)/fcj=(/^,/);^ 0 0.. 0 1 o.,\, 

Vo 0 0.. 1 0 0..; 

Now put J = /j S\ and take Ti, a matrix of type (p,p), so that 

W' 

(ry 4- ry) Ti = S -i- tS' ; 

it can then be proved as in the earlier part of this chapter (p, 23*7) that, 
(i) the matrix (y 4- ry') is of non- vanishing determinant, (ii) Ti is symmetrical, 
(iii), Til, ,,,, rip anyp real quantities, the real part of iriU^ is necessarily 
negative and not zero ; take also a system of p integrals F/, ... , F/ given in 
terms of the original normal integrals Fi, ..., by 

(y + Ty'r^V==V\ =(g'-Tif)F, 
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there will be* a new system of canonical period loops on the Riemann 
surface, for which V' are the normal integrals, having a period matrix 
(1, Ti). And in particular, u being as before the defective integral under 

consideration, the integral ~ fxr^Uy which from the equation above has*)- the 
period system fallowing (where cr = 

= 0 , 0 ,...; 0 ,...), 

is equal to F/, for there is only one integral having at the new period loops 
{ap) the periods 1, 0, 0 ,.... It follows then that in ti the first row reduces 
to its first two elements, these being a-jr and 1/r. From the symmetrical 
form of the matrix Ti it is clear that F/, F/ form a defective system of 
(p — 1) integrals, the second period of F/ being r times the (_p-hl)th, the 
(p + l)th periods of Fg', F/ being all zero (cf. p. 240). 

We have already reached the conclusion that when = 1, the multiplicity 
is equal to the index r (p. 250) ; and from the equations 

|/|=.±1, fkJ^fr 0 . . 0 1 . .V 
VO 0 . . 1 0 . J 

which we have used, we have (|^€^i|)^ = r. This involves the consequence 
that the equation 

If (tnod. n) 

is satisfied by r positions upon the Riemann surface. 

We can give another proof of this, independent of the preceding inves- 
tigation of the multiplicity. The periods 0 are sums of integral multipliers of 
the periods 11/ for the new period loops, and the congruence is equivalent with 

7(mo<J. iff-n/j. 2 F(mod. 1. f) 

where F is an arbitrary constant, and F/ is considered as a function of the 
position (os) on the Riemann surface. Now the elliptic theta function 

@ <r) = @ (tVi\ O’) 

vanishes, as we know, for 

* See the author’s AheVs Theorem, p. 559. 

t Another proof of the theorem is giyen in the author’s AheVs Theorem, p. 658. It can be 
shewn in fact that a matrix J such as is required can be constructed with the first, second and 
(p + l)th columns of the form 

/ .. I 

where jc, y are such columns of p integers that rx+K,ry-Bi are integers with unity as common 
factor. (In the proof referred to, p. 659, line 26 and p. 660, line 9 /or ‘ constituents of the first ’ 
read ‘constituents of the second.*) 
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where M, if' are integers ; the corresponding positions {oo) are therefore such 

that the values of F/ are congruent for modulus and it is such 

positions that we wish above to enumerate. It has however been previously 
shewn (p. 2S4) that the function cr) has r vanishing points on the 

Eiemann surface, and the proof was independent of the investigation of the 
multiplicity. The theorem is therefore proved. 

To determine the solutions of the equation 

U (mod. n) 

when U is given, we may form the two functions 

f = ^ 1,0-) = ^ ; 1, 

77 = ^ ; 1, or) = g)' (/JT^ U] 1,0-), 

which, since fjT^U = (H + (rE\ K + (tK% are rational functions of the 
place {a)). To each value of ^ belong the 2r solutions of the two congruences 

27, = - U (mod. 11), 

of which however only the first r correspond to a given value of We infer 
therefore that, if (o^, yi), (o^r> Vr) be the solutions of the first congruence, 
there exists an equation 

ccT + E[iO(f~~^ + . . . + Ey = 0 , 

whose roots are ccu wherein the coefficients Ei, ..., E^y are single 

valued functions * of ?7, rational in ^ and r). 

The existence of an equation 

yof, G — c 

implies that y are single valued doubly periodic functions of with 

periods 1, cr, and therefore rational in x, y. There is thus a (1, 1) birational 
transformation of the Kiemann surface into itself corresponding to every 
such equation j such a transformation is necessarily periodic, and if h be the 
index of periodicity, the equation can be birationally changed to a form 
(s*, ^)=:0 (Hurwitz, Math. Annal xxxii. (1888), p. 291). 

72. Pass now to some examples. 

For the equation ■j' (Kowalevski, Acta, Math. IV. (1884), p. 393) 

[x (aa; + by)f + {y {cx + dy)]^ + [!+«» +fyf = 0 , 
or F={x {ax ■>t-hy) + y {ox -\-dy)- (I •¥ ex +fy)Y - ^«yy {ax + ly) {cx + dy) = 0 , 

* Extensions of the rednotion of the matrix ( H K \ here given for n=l are investigated 

\ JET' K.' ) 

by Poincarfi, American Journal, Vol. vin. (1886), p. 301. who gives various other results not 
referred to in the text. t See Note, p. 272. 
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the general integral of the first kind, 

\{xdy — ydx) (Px +Qy + R) 
dF/dz 

wtere 4 — = — {w + hy) + y {ox 4* dy) — (1 + ea? +J^)] [2 4 ex 4/y], 
oz 

reduces for P = 1, Q = 1, = 2 to a constant multiple of 

xdy — ydx _ f 

2 [xy {ax 4 hy) {ox 4 dy^^ [4^ {a 4 b^) {c 4 d^)]^ 
if ^ — yjx ; putting also 'rf = 4i|(a 4 h^) {c 4 d^) we have 

+ {a-)rh^)-^{c-\- d^) = 0, 

((r X 


h 


from which it appears that the index r is 2. And we find at once that if we 
take the self-inverse transformation 


X — — x{l+ex'\-fy) ^ y' — — y{^+ex+fy) \ and ^ii7o4/2/o4 2 = 0, 
ri^,y) {ex 4/y 4 2) dx _ { ex ^fy + 2) dx 

SO that the two solutions of the congruence 


then 


i (Xo, 


(xo, a 


dFjdy 


U 

are {x, y) and {x' , y'). 

According to the theory given in the text the remaining integrals are 
also defective; it would be interesting to verify this directly. 

73. Another class of surfaces for which defective integrals arise are 
those represented by an equation 

_ 0^2) (a;2 _ _ c^+i). 

The first case of importance, where m = 1, was remarked by Legendre 
and Jacobi^; there are then two defective integrals each reducing to an 
elliptic integral. As sufficiently representing the general case we shall 
take m = 2, so that the equation, of deficiency 4, is 


= (^2 _ ^^ 2 ) {x^ — 0^) {x^ - Os^) ; 


by 


x^ = ^ each of the integrals 



reduces to a hyperelliptic integral of deficiency 2, and, as will appear, these 
two form one system ; the same is true of 



as is seen by putting x=:Xjr\ 

* Legendre, Fonctions Elliptiques ; Jacobi, CrelUi viii. (1832), p. 416. 
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Suppose, for definiteness, each of Cj, Cj to be real and positive, and 
Ci>C 2 >Cs>Ci>Cs, and take the period loops in a usual manner, as in the 
figure : — 



The value of y for a real x> Ci, in the lower sheet of the Riemann surface, 
being taken to be real and positive, and using A in general for a real positive 
quantity, the values of y in the lower sheet in the various segments of the 
real axis are indicated by the diagram : — 




lA 




Thus, considering one of the two integrals 



which we may call u, and denoting by fl,., 12/ its period increments, for 
passage from the right to the left sides, respectively of the period loops 
(a^), {p4\ we have, by a well-known rule (p. 32 of this volume), 


fl/ - O3' = 

o/-o/ = 

-^3 = 


r-c* 

2 1 = 

2 , 

fCi 

I dv/ = 04 Hh Xls Hh X 2 f 2 + Oi ~ 

J -Cl 

J 

^2 




2 1 = 

2 

1 (Zu =04 == — JT, 

J — C 3 


‘cs 

r~c4 


ro3 

1- 

1! 

-2 

du = S2^ = iM, 

d -Ca 

J 


f-Cs 


r®* __ 

2 du = 


du’=Q,^-a: = F, 

J -C 4 

J 


ro6 



11 

0 , 


J-Cs 




where each of -ff, K, M, N denotes a real positive quantity; 


B. 


17 
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these equations give 

Hi = iH, Hg = iM, Hs = 0, H 4 = iM, 

H/ = - 2K + 2N, H/ = - J5r + 2iV, 

For the two integrals under consideration let the respective quantities H, Ky 
My N be distinguished as Hi, Ki, ilfi, Ni and M^y N 2 ; as in 

general, 


we then have 

Tl^/iH,y 

\iH 2 i 


of which the second matrix, having as one of its determinants 

1 0 0 0 

0-100 
0 oil I 

0 0 1 o| 

is itself unitary, and may be denoted by k as before (p. 230), being of type 
(2n, 2p) with 71 = 2, jp = 4 ; the first matrix may then be denoted by a ; the 
splice of the rth and sth rows of k being denoted by (r, 5 ), we find 


II — /Hil ••• I^ 14 » 

Hn'.. 

• lii/ 

V 




yoji . . . 







iM„ -K,, N,\A 

0 

0 

0, 

0 

0 

0 

iM„ -K„ nJ 0 

-1 

0 

1, 

0 

0 

0 

r 

0 

0 

0, 

2 

1 

1 

\o 

0 

0 

0, 

2 

2 

1 


(1,2) = 0, (1,3) -2, (1,4) -2, 


and hence 


kc^pk — 


also if 


we find jke^pkf— 2 


It appears thus that 



(2,4) = -2, (3,4) = 0, 

ke^pk I = 2^ j 


— 2 697 


Ui 


[xdx r, 

= j — , 


a^dx 

V’ 
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form a defective system of integrals, with index 2 and multiplicity 4?; the 
four sets of solutions of 

xdx ^ xdx _ jj a^dx I" afdx __ jj 

Jo ~y^Jo Jo IT'^Jo 

are in fact obviously of the form 

{(^ij^iX (^2} y2)}3i {( yi)? (^2 j ^ 2 )}? {(^i>yi)j ( ^2>y2)}? (~^2»y2)}* 

To construct the theta function a) we should put a ={fi, f)/; 

we find then 

/Hj, -ifi\ , 

U2, -W 

a- = = i {H,M, ~ - M,K, + ^ M,F,\ . 

74 . As another example consider the surface associated with the equation 

Drawing cross-lines joining x=l to x = i, x= — l to x=^i and ^r = ^ to 
x = — % the latter passing through x = co , and agreeing that on passing the 
first firom right to left the sheets 1234 change respectively to 2341, on 
passing the second from right to left the sheets 1234 change respectively 
to 2341, while on passing the last from left to right the sheets 1234 change 
respectively to 2341, as indicated in the figure, and denoting the paths in 
the various sheets by the various kinds of line indicated, we may draw a 
system of canonical period loops as in the figure. The surface is of 

deficiency 3, and three integrals of the first kind are J , J and 

. Let the increments of any one of these for the left sides respectively 

of the loops (OiX ((hX (^sX (^iX (^sX (^ 3 ) called Oi, Da, Ds, Di', O2', Dg'; the 
first is obtained by a negative circuit of (61), and the fourth by a positive 
circuit of (a^X and so on. Calling the branch places x=l, a? = — 1, x = i 
respectively by the numbers 1, 2, 3, and a single positive circuit about either 
of these by the same number, the circuits for the six periods are then 
respectively 

Di , Da , Dg , Dj , ■ Dg , Dg 

31“^ 3“^l-"2-2, 1312, 2-n, 23-^l-^2, 13^2, 

where the symbol 31"’^ means a circuit resolvable into a positive circuit about 
3 followed by a negative circuit about 1, etc. 

Now let € = where m is 1, 1 or 2 according as we are considering the 

first, second, or third of the integrals J , J , J , and let P, Q, R 



17--2 
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oo 




Canonical dissection for rc^ + 2 ^=l. 
First or lowest sheet, ; second sheet, ; third sheet, ^ 


First or lowest sheet, ; second sheet, ; third sheet, ; fourth sheet, - ■ ■ 

the passages at the cross-lines are given by the rules marked in the diagram 12341, 14321. 


denote the values of any one of these integrals taken in the first sheet from a 
point in the first sheet respectively to the branch places 1, 2 or 3 ; then the 
values obtained by the circuits put down above are respectively, if = 1 ~ €\ 

X2i = jB (1 “ e) + e (P “ €~^P) = — (P — R), 

Xla = P (1 - 4- e~^P (1 ~ €““0 + €“2(3 (1 -- e“2), 

= (P “ 3) — (P — P), 
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n 3 = P(l-6) + eii(l-e) + a"P(l-e) + 6^Q(l-e), 

= /is (P - Q) + (/ii - ^) (P - R), 
n/ = Q (1 - e-^) + e-ip (1 - e) = - /is (P - Q), 
n,'=Q (1 - e) + eB (1 - e-') + P (1 - 6“^) + e-'Q (1 - e), 

= (a*s •" Mi) (P ~ Q) + Ml (-^ “ ht), 

ns' = P (1 _ e) + eP (1 - eO + e’Q (1 - e), 

= Ms (P - Q) + (/ii - Ma) (-P - -R)- 

Jo — 4\/'7r’ 


so that 


Jo ~V 


_ jdL 

0 (1 - ” V2 

-A A 


A (7 — P ^ 

V2’ ”io(l-a;^)^'’V2’ 


0 T Jo Jo Jo Jo 






then with 

1 f^yda} 1 f^oDvdx 1 f^y^dx 

^-'^Jo'V '^‘^~^Jo~V’ 


1 f^xydx 


1 C^y^dx 


2AJo '^~2BJo y^ ’ ^“20jo t ’ 

the lower limit being a? ~ 0, y = 1, taken to be in the first sheet, we have 


for 

^-^=1 

2il 

P-R 

2A 


1, /ii = l-i, 

M 2 = 2 , 

1 "b b 

for 

^-^ = 0 
2P 

P-B 

2B 

= 1, 

Mi = 1 - h 

Ms = 2 , 

//13 = 1 4 “ 

for 

^-« = 1 
20 

P-R 

20 


, Ml = 2 , 

M 2 = 0 , 

tH = % 


and the period scheme for accordingly, from the results above, 

i, 1, i] — (1 4- i), % 0, 

% - (1 - i), - (1 + i), - (1 + i) ; 0, 1 — % - 2% 

IL, -(1-i), -(1-i), S-i; -2, 2. 


.. f^xdx 


■D 4. 1 ’ //I -N ^ r 

//I -x 

.s = W(l-0 = ^j -S-, 
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then the periods can be respectively written, 

V,-, (I,*)/ 0, 1. 0, -1, 0, 0\, 

V 1, 0, 1, -1, 1, oy 

v^- 0, 1, 1, 0, 0, 1\, 

\-i, 0, 0, 0. 1, ly 

I),; (1,0/-!, -1, 2, -1, 1, 1\, 

V 0, 0, 1, -1, 0, ly 

and, for each integral, are sums of integral multiples of 1 and i, so that each 
integral is an elliptic integral ; in each case 1 and i are actually periods, and 
so the multiplicity, calculated as ( | keglc | )^, where k denotes in turn the 
matrices here written of two rows and six columns, is in each case 2, and 
each integral takes any value twice over on the Eiemann surface ; in each 

case ke^Tc = ^ q] » index, as in all cases of a single integral 

reducing to an elliptic integi-al (or n = l), is equal to the multiplicity. 

.IT .77 

Tt* 1. -tjV 


the equation = l reduces to = and is tinaltered by 

96 linear transformations ; namely we may permute X, v arbitrarily, and 
may multiply any two of X, fi, v each by a fourth root of unity, giving 
6x4x4 transformations. With these changes the integrals % 

become respectively 





where 


fidv — vdfi ^ vd\ — \dv _ Xdfi — fidX 
X® u? ’ 


taking the first form of day it is manifest that dv-^ is unaltered by taking 
X' : fi : V — — X : fjb : V, a transformation changing into itself any one of the 
four points for which X == 0 ; thus if L denote one of these points we have 


r(-A,/x,p) 


and the two points for which the integral integrated from any lower limit, 
takes the same value, are (X, fi, v) and (— X, /i, v). Similarly for and 
If we put 

iri iri 

which give X^ + + z/ = 0, we at once have 

j J yv'4f(f-i) 
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an elliptic integral of •which the periods are 2A and 2Ai-, both 

Tri iri tr% ttI 

^ = i(e ^fjL — v)l{e jx^v), and ?7 = 2^i(p — l)i = 2\/2e ^ XY(e + 
are rational functions of the point (x, y) of the original surface + — 

in 

while conversely, and y% equal respectively to e ^ and 

— _ 

(^-iyivd2, are rational in (^, t)), A similar transformation to the same 
elliptic integral is possible for v .2 and This integral allows complex multi- 
plication, for instance* by — and there are thus other trans- 

formations of the original integrals to the same elliptic integral. 

The equation a^ + y^ = l can be solved by single valued functions of a 
single parameter in the form 

x = (i) / ^ (4^) • 2^ = 26^ (2t)/i?“ (^) , 

where, with q — 

ri(j) = q^ 2 

-00 

See Weber, Elliptische Functionen (1891), p. 86. See also Dyck, Math. 
Annal., xvii. (1880), p. 510. 

Example. This case furnishes an interesting example of the distinction to 
be made between the algebraic definition of a normal system of periods, 
such namely as satisfies the equations expressed by Oell = 0, and the 
geometrical definition by means of a canonical system of period loops forming 
a complete boundary of the Riemann surface. As is illustrated by a case 
below, it may sometimes be easier to determine algebraically a set of normal 
periods' than to make a canonical dissection; but it is only for a system 
of periods determined by such a dissection that the formula obtained above 
for the multiplicity is proved to have the interpretation attached to it. 

Take the integrals 

(m/, <, O = /J(l - i), i(l - »), 1 - -i \ (t), , Vi, Vi ) ; 

I 0 , -Ki + 0. -Ki-Oj 

\ i . i > l + 2ij 

it is easily seen that their periods, calculated from the above scheme, are 


< 

-(1-i), 

0, 

4< — i ; 

-3, 

2, 

3 

< 

0 

h 

-2 ; 

1, 

0. 

-(1+i) 


- (1 + 2i), 

-1. 

— 1 -f* 6'i ; 

2-4<i, 

-l + 2i, 

— 2 + 


Denoting this scheme by O, we find at once that namely that the 

* Cf. the author’s AbeVs Theorem, p. 637. It is necessary to take t = + and to solve the 

congruences aJc + ^k'sO, -pfc+a/c'sO (mod. r) ; the case ?'=2 is that mentioned in the text. 
For this elliptic integral the complex multiplication is considered by Abel, CEuvres, i. (1881), 
p. 362, etc. 
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splice of any two rows is zero, and the periods obey the algebraic conditions 
for a set of normal periods. Putting now 

H= /l-l ^ 0-2\, 

/ 0 0 - 1-2 0 -1 \ 

/ 1 -1 0-1 0-2 1 

1 2 -1 1 0 -1 -3 I 

\ 2 0 0-1 0 -3 / 

\o 0 1 2-1 1/ 

a matrix whose determinant is easily seen to be unity, the periods given by 

a'=aH 

are a set in terms of which the periods may conversely be expressed with 
integral coefficients, and they are found to be 



we have then also 11^6611^ = 0, that is nifeefl”!! = 0, but not E[e^H = et, 
and the periods 11' are not a set arising from a canonical dissection of the 
Riemann surface ; in fact we find 



The periods of m/ being written, from the scheme H, in the form 
(1, f)/-l 0 4 -3 2 3\, 

\1 0-1 0 0 oj 

since the determinants from k have unity as greatest common divisor, the 
multiplicity ( ] kejc | is 3 + 3 = 6 ; for ■Mj' we may similarly write the periods 
(l,f)/0 0-210 -1\, 

Vo - 1 0 0 0 -1/ 

and obtain the multiplicity 2 ; and for -jvith the periods 

(1, 2i)/-l -1 -1 2 -1 -2\, 

\- 1 0 3-2 1 2/ 

the multiplicity is 2 + 2— 1 — 2 + 6 = 7. Thus the integral takes each 
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value six times on the Riemann surface, the integral takes each value 

twice, and the integral takes each value seven times. We have 

1 — ^ r 

^7 == I (X + -f 2 z;) dm, 

W 3 ' = ^ / (X + + 2i/ — iv) dm ; 

the two places where U 2 has the same value are obtainable from the remark 
that the integral is unchanged by putting X = — i\\ fjL = v\ v = — fi, a self- 
corresponding point of this transformation being X = 0, P‘{‘ifju = 0, It is not 
obvious what are the six places where has the same value, or the seven 
places where has the same value. More generally we can find an infinite 
number of integrals of the form Pu^ + Qu 2 + ^^» of which the periods are all 
expressible in the form ilf + Wi, where Jf and W are integers. 

75. For another example we take the equation 

+ 2/ + ^ = 0. 

If we put s=^ — X, t — — y^x, which give x=^ — s, y = s®/(l — t), we have 

the two equations, so birationally related, are of deficiency 3, the integrals of 
the first kind being 


r sdt j 

r s^dt 1 

r s^dt 


'<(!-«)’ J 

ta-ty 


We do not attempt to dissect the Riemann surface associated with the 
equation — but consider the integrals on the plane of t The 

values of s represented by the equation s^^t(l--ty have cycles at ^ = 0, 
t = , at each of which all seven values change into one another; 

a closed circuit on the ^-plane is equivalent, so far as giving rise to additive 
increments for the integrals, to a certain number of positive circuits of 
the points ^ = 0, ^ = 1 ; a closed circuit equivalent to f circuits positively round 
^ = 0 and g circuits positively round t—\ will lead back to the same value of 

%dm 

s if /+2^ = 0 (mod. 7), or g = Sf If € = e ^ , where m = l, 2 or 4 according 
as we are considering the first, second or third of the integrals of the first kind 
written above, it is at once seen that the additive increment for the integral, 
by any closed path which leads back to the same value for s, is, save for 
a constant multiplier appropriate to the integral under consideration, a sum 
of integral multiples of the six quantities /Mi, fJht •••> where /aa = 1'-€^ 
For consider a path consisting of f positive circuits of ^ = 0, followed by 
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gy circuits ot t = l, followed by circuits of ^ = 0, followed by g^ circuits 
of t = 1, and so on ; we may denote this by 

(0/' (Oy^ (ly ... (0/'(l^. 

where, for instance, _/i or g^, or both, may be zero ; if the values of the integral 
under consideration, from the initial point of integration with a definite one of 
the seven determinations for s belonging to this value of t, straight to i = 0, be 
called A, and straight to 1, be called B, the closed circuit indicated above 
gives, for the integral, the value 

A -e^^A+ (5 - + £A+2v.(J. _ eAJ.) 


wherein, hy hypothesis, 

yi -f- . . . -^/r 4 - 2 (^1 -f ... + gr} = 0 (mod. 7 ) ; 

it gives then 

(A - 5 ) [1 — €*^1 + e/i+2Pi _ 4- ... — 6/i+ 

or 

(A — B) + H'fi+A+^x — • • • 4 - /^/,+...+/,.+2{fi',+ . +5',..i)] > 

if then the integral under consideration be divided by A — B, and the 
quantities reduced by the rule fjujy = fxji when A' = A (mod. 7 ), /^o = 
additive indeterminatenesses of the integral will be expressible by sums of 
integral multiples, with multipliers the same for all the integrals, of the six 
quantities , . . . , Thus, if 


sdt 

\W^y 



^dt 



s^dt 


so that, Fx denoting the gamma function F 



, we have 


p=-isin^r,r,r„ e=--sinf r,r,r„ p = -^sin^rxr,r4, 

77* 7 TT / TT I 


a scheme of periods for the integrals 


1 

f* sdt 

1 

r 

s^dt 


1 s^dt 

— p 

is given by 

/o^l- 

-0’ 

Jo 


^RJo 


% 

1 

P5, 


; pi. 

P2> 

Pa 



P'5, 

Ps, 

P 6 

; P 2 , 

P^, 

Pi 



Ps, 

Pa, 

P5 

; Pif 

Pi, 

P% 


where /AA = l--e , these being the values of the integrals for contours 
respectively Og, fig, O3, 111, fla, 04, where Xly^ denotes a contour passing 
h times positively round ^=0 and 3 A times positively round t^l. 

We proceed to shew how, by taking suitable linear functions of the 
integrals and suitable combinations of the contours, subject to the condition 
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that all period contours shall be integi’ally expressible by those adopted, the 
period scheme may be reduced* to 



Wi 

1, 

0, 

0, 

T, 

0 . 

0 


W 2 

0, 

1, 

0, 

0, 

2 t, 

0 


Ws 

0, 

0, 

1, 

0, 

0 , 

2 t 

where 

fj -2 

1 

”2 

(t- 

1). T 

H-fV7 

4 * 



It follows that each of the integrals w-i, is an elliptic integral. 

Putting 


so that 


/l^i> pi 

Pi. Pi 
\pi. Pi. P2 

/O, 1, ON 

( 0 , 0 , 1 

A + Br = . 


it can be shewn that 


At = /Me, Ms, Pl\ 

I Pn. Pi. Pe 

\M3, Pe, PsJ 

/ 1, -1, -ly 

T, 1 - T, -t\, 

T, T, 1 -T 1 

T, - T, tJ 


G=^(A + Bt)H; 

this can be established by direct calculation; since 1, 2 and 4 are the 
quadratic residues of 7, being the residues of 3°, 3“, and 3‘, we have, if 

27n 

e = e~ (Gauss, Werke, Bd. ii. ; Kronecker, Crelle, cv. (1889), p. 267) 
e + €!> + e4==^(_l+iV7) = 2T-l, 6» + 6^ + e® = ^(-l -iV7) = -2r; 
but perhaps the simplest mode of verification consists in proving that 
Gff= / 7 , 4-2t, 3 + 2t\, J3’=‘=/3 + 2t, 2 + 6t, 2 + 6t\ , 

I 3 + 2t, 7 , 4 - 2t j I 2 + 6 t, 3 + 2t, 2 + 6t I 

\4 — 2t, 3 + 2t, 7 / \2 + 6t, 2 + 6t, 3 + 2t/ 


* No proof is given in the text that this scheme belongs to a canonical dissection of the 
corresponding Eiemann Surface. In the period scheme given by Hurwitz, Math, Annalen, xxvi. 
(1886), p. 123, the quadratic form corresponding to the matrix of the last three columns 

( T , r-1, -r 

r-1, -r , r 

-r , r , T- 

is not a definite form, the diagonal elements not being of the same sign. For Hurwitz^s form, 
save for an interchange of the last two columns, see also Klein-Fricke, Modulfunctionen, n. (1892), 
p. 695. 
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and then that QH = (-4 + 

the steps being all very easy, the three matrices involved in the last equation 
being symmetrical about the cross-diagonal. The determinant of the matrix 
H is easily found to be 7 (2t — 1), which is not zero. 

Having proved that G = (^ -1- jBt) JET, consider the integrals w = P^, or 


/Pn, Pi2, 
P21> P 22 , 


{Uif Ws) 3 


yPaij -Pssj 

their scheme of periods is, for Wi, 

PilPEn * 4 ' Pi2P^21 4 “ PisP^Sl) P-il ^13 4 " Pi‘2 ^23 4 “ Pis ^ 33 ? 

namely consists of the two matrices 

PH, PG; 

take P=/-l, 0, 

1 , 1 , 0 

1 , 0 , 

the six lines constituting the scheme of periods for Wi, are then formed 

by the juxtaposition of the two matrices 

^-1, 0 , ON, /-I, 0 , 0 \H-^Q; 

1, 1, 0 j ( 

1 , 0 , 1 / \ 1 , 0 , 

now we have remarked above that OH^^ = A+ Br, or 

GH-^=/ T, 1-T, -tN 

T, T, 1 - T 

_ . T, - T, 

so that, from P == P, 0 —G, 

= / T, -T, 

1 - T, T, - T 

~ T, 1 — r, 

hence the scheme of periods for Wi, W2, is 

‘ 1 -f T 
1 -2t 
1 

Now take other loops ; the period columns in the scheme just obtained 
correspond respectively to Hgj H3, Hg, H4, where denotes a loop 
going h times positively round ^ ~ 0 and 3A times positively round ^ = 1, this 



-X 

0, 

0. 

- r, 

T, 

^2 

1, 

1, 

0, 

1. 

0 , 


1, 

0, 

1, 

0 . 

1-2t, 
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being a path which brings back s, and the subject of integration in each 
integral, to its initial value; we take the following loops 

fig = — Og + “h i^3, 'fig = 'fig , 'fig = lis , 

fij = fig — fii , fig = fig 4* 'fig fij — f} 4 , fi/ = fig -|- 'fig — fij (figj 

in terms of which conversely the original loops are expressible, namely by 
Og = — 'fig 4- fig^ 4“ fig , 'fig = 'fig , 'fig = fig , 

'fil = 'fig — fij , fig == fig^ 4" fi/ — fi/, fi4 = — fig 4" fig^ 4" fig^ 4- fi/ — '^2^ ; 

then the period scheme for becomes 

/-I, 0, 0, -T, T , -14-t \ 0, 0, 0, 1, 0\ 

( 1, 1, 0, 1, 0 , 1 - 2t I / 1. 1. 0, 1, 1, 1 \ 

\ 1 , 0 , 1 , 0 , 1 - 2 t . 1 II 0 , 0 , 1 \ 


which is the same as 


0 , 0 , 0 , - 1 , - 1 , - 1 
0 , 0 , 0 , 0 , 0,-1 
0 , 0 , 0 , 0 , - 1 , 0 


1 , 0 , 0 , r, 0 , 0 

Ws 0 , 1 , 0 , 0 , 2 t , 0 

W 3 0 , 0 , 1 , 0 , 0 , 2 t 

where, Ui, Wj, being certain numerical multiples, previously specified, 
respectively of the integrals 

sdt r» ^dt s*dt 

Jot(l-t)’ Jot(l-t)’ Joi(l-ty’ 


and denoting 1 — e ^ , we have 

(Wi, Ws, Ws) = /“ 1 0 

I 1 1 0 


>6 


A^3\ 


/^8 

I 

th 




‘(Wl> '«2. “>)• 


It is thus clear that each of the integrals Wi, W 3 , W 3 is reducible to an 
elliptic integral. The equation + y + aj® = 0 has been much discussed. In 
the homogeneous form iry* + ys^ + = 0 it is transformed into itself by a linear 

group of 168 transformations; see for instance Klein-Fricke, IfodM^/uacimwen, 
I. (1890), p. 692 ff. ; Weber, Algebra, IL (1896), pp. 282, 433 fif., and the 
references there given to original authorities ; also Burnside, Theory of Groups 
(1897), p. 302, and Poincard, Liouville, Series 5, ix. (1903), p. 167. The 
number 168 is the greatest number of ( 1 , 1 ) correspondences possible for a 
Riemann surface of deficiency p = S (Hurwitz, Math. Annal. XLI. (1893), 
p. 424). A rational function t of «, y, z can be given which is unaltered by 
tl>P 1 fiS trfl.Tisformations. and onlv bv these ; if this be taken as independent 
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variable the functions dujdty du^jdty dujdt satisfy a linear differential equation 
of the third order with coefficients rational in t whose monodromy group is 
then that of the 168 transformations (Hurwitz, Math. Annal. xxvi. (1886), 
p. 120). The independent variable being chosen so that the critical points 
are att = 0, t=l,t = Qo, denoting the dependent variable of the differential 
equation by y, and putting 


the differential equation may be replaced by the three 
fdxi dxi 

IW’ Ih’ ~di} 


= [/0, 1. 0\ 1 /O, 0, 0 


0 , 0 , 0 

0. -^7^ 0 


0 . 0 , -1 

M, -3 


0, 0, 0 \ ] (a^i, *2, ajj), 

0, 0, 1 1 


, ,, 5 2 ,, ,, 72.11 

where -^ = 3 + ^. M = Ji 


-I, -2 


It is at once seen that the matrices 


here multiplying ~ and - — ^ both linear invariant factors, and that if 

^1) ^2) ^3 ^od ^1, </>2, <^3 be respectively their roots, we have 

= (1, G), CO% 

where co** = 1, and 

= (1^ ~ 1^ — 1). 

Cf. the author’s paper, Proo. Land. Math. Soc.^ ^xxv. (1902), p. 371, and 
p. 347. 

Note I. It may be enquired how far the preceding is capable of 
generalisation to the case of an equation 

= tf, 

where ^ is a prime number, and a, h are positive integers less than p. The 
integral 

Jt^(i- ty 


will be of the first kind if ya be an integer just greater than Xa/p, which, if 
X<p, is necessarily fractional, say if p = J£^(Xa/p) + l, where denotes 

the greatest integer contained in x; similarly v = E(Xblp) + 1; and also 

p + 1 / - ^ (a + fe) - 1 > 0, or 


— E 

y Vi>/ 
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using Riemann’s formula — n + 1 for the deficiency, we have, for 
sP == (1 — 1 + ^ (Bp — 3 — 2p) = i (p — 1), which then, for any positive 

prime p and a <p, b<p, is the number of integers \ less than p satisfying 
the last written inequality; in fact, if + since Xa/p is not an 

integer, we have 

and 

^ ^ (g + 6) ^ /X^a\ ^ IX'h 

p \pJ Vp/ p \p/ \p 

If we put \a = [Xa] + Mp, X6 = [Xb] 4- J^p, 

where [Xa], [Xb] are the least positive residues, mod. p, the condition is the 

same as 

[Xa] + [Xb] < p. 

Denoting by p a proper (primitive) root of p, and putting b=g^ 

(mod. p), if the inequality is to be satisfied by X = g^^^, whatever fju may be, so 
that the J (p — 1) values of X are to be the quadratic residues of p as in the 
case ^ (1 — tfy the condition will be 

and will be satisfied only by those primes p of which every two quadratic 
residues have a sum less than p. It can be shewn that if p is of the form 
4?i + 3, the only possibility is p •= 7. And no prime of the form 4n + 3 exists 
such that every two quadratic non-residues have a sum less than p. 



I^ote II. We may consider more generally the case 
y'^ = {x- ...{x- 

where n, Ih,..., are positive integers, and each of fh, ..., and 
hi + ... + hfn is prime to n. The deficiency is then given by 


or 


(m + 1) (w — 1) — = 2p — 2, 


A positive circuit r times round Ci and $ times round Cg will lead back to the 
same value of y if h^r 4- h^s = 0 (mod. n)] as Ag is prime to n, this gives a 
value for s corresponding to an arbitrary value of r ; we thus obtain, taking 
circuits round the (m — 1) pairs, (ci, Cs), (Ci, Cg), (Ci, c^), with, in each case, 
r equal in turn to 1, 2, ..., (^ — 1), in all 

2p = (m — 1) {n — 1) 

periods, of the form 

(P 1 — P2) Pi j • • • > (P 1 ““ P2) p?i — 1 j (P 1 ““ P3) Pi> • • • > (P 1 ~ P3) Pn~i 5 • • • > 

(P 1 P m) Pi) • • • > (P 1 P wi) Pn—i) 


%nTc 

where = 1 — e ” and P* is the value of the integral taken from the initial 
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point to the point x = There remain the problems of determining whether 
every period is an aggregate of these, and of determining 2^9 canonical loops 
on the corresponding Eiemann surface; and of extending the results to 
the case where n, Ai, are any integers. The forms of the integrals 

of the first kind are determined by Weierstrass, Werke, iv. (1902), 
pp. 185—145. 

76. Another example of the occurrence of defective integrals of the first 
kind is furnished by the curve of order 8 given in Example 11, at the top of 
p. 155 of this volume. This curve has the properties : (i) it is of deficiency 9, 
the forms of the integrals of the first kind being given in that Example; 
(ii) the coordinates of points of the curve are expressible as single valued 
quadruply-periodic functions of two variables, the variables being connected 
by a fixed relation (the equation of the plane determining the curve as a 
section of the hyperelliptic surface) ; (iii) there are two integrals of the first 
kind for the curve which reduce to hyperelliptic integrals of four columns of 
periods, these being the arguments of the quadruply-periodic functions. This 
case therefore furnishes a very exact example of the general theory considered 
in the previous chapter of this volume, in virtue of the property (ii). 

Note. It may be remarked that if the equation of § 72 be rendered 
homogeneous by writing js^l + ^ {ex +fy), it takes the form 

{; 2 !^ — (f) 2 y = 4ixy (ax + by) (cx H- cZy), 

where </)2 is homogeneous of the second degree in Xy y, representing a quartic 
curve of which four bitangents are concurrent ; that this geometrical property 
is a necessary and suflScient condition, in the case of a plane quartic, for a 
defective elliptic integral of rank 2, is proved directly by Kowalevski from 
the transcendental result here obtained in § 71 ; the curve is a projection of 
the space curve intersection of the quadric surface 

— 4^2 = scfty 

and the cubic cone xt^ = 4^/ (ax + by) (cx -h dy ) ; 

the elliptic integral of a plane section of the latter is the defective integral of 
the text. The equation . 0 ^ = ^ + 3 /^ of § 74 is, geometrically, a particular case. 

See further, Appendix to Part II., Note IV. 
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PROPOSITIONS FOR RATIONAL FUNCTIONS. 

EXPRESSION OF A GENERAL PERIODIC FUNCTION BY THETA FUNCTIONS. 

77. In what follows we have in mind the theorem, formulated by 
Elronecker {Werke, ii. (1897), p. 275 ff.) that the points (^i, •••> 

satisfying any set of polynomial relations 

Gti (^1 j . . . , = 0 , . . . , Qm, (- 3 ^ 1 , . . . , = 0 , 

are those belonging to a certain number of irreducible algebraical constructs, 
each of these constructs being represented by a set of equations of the form 

herein x^,.,.,Xn are independent general linear functions of to 

be used to replace these in the original equations and so eliminate any 
accidental want of parity in the way in which Zi, z^ enter into the 
original equations, the function y* is a rational polynomial in y with 
coefficients rational in Xi^..,,Xr^-k which is irreducible in this form, and 
/' denotes dfjdy, while •••» <f>n are polynomials in y with coefficients 

rational in Xi, x^-k^ Points (xi, ^ x^) for which simultaneously f=0 
and f' = 0 do not arise for all values of x^, Xn^k> only when these are 
connected by relations, and thus are given, in the arrangement here taken, by 
equations of the form above with k changed into ^ + I ; in other words the 
algebraical construct above, until conventions as to its limiting points are 
introduced, is an open aggregate. To place the result in a clearer light we 
reproduce the proof in outline. 

Having introduced the variables in place of .s^i, take 

y = Uj^x^ 4- ^..-^u^Xny 

where are constants, to be retained as explicit indeterminates* in 

* For Kronecker’s insistence on the significance of Gauss’s introduction of such quantities, 
see W'erJce, ii., p. 355. The discussion of the distinction to be made between them and numerical 
quantities is a matter of interest. One striking illustration of their use is in the problem of the 
theory of Groups, of finding a function unaltered by a specified sub-group but altered by any 
transformation of the fundamental group which does not belong to this sub-group ; it may some- 
times be easy to find such a function involving explicit indeterminates while difi&eult to specify 
precise numerical values which may replace these and leave the property of the function unim- 
paired. In the paper referred to, Kronecker gives other illustrations; and in the theory of 
irreducibility a theorem of Hilbert’s, Crelle, ox. (1892), p. 121, may be cited. 


B. 


18 
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the succeeding work. Thereby, after multiplication by a proper power of Un^ 
replace the original equations by polynomials in y, and Wi, Un\ 

each of these may be supposed decomposed by rational processes into a 
product of irreducible polynomials in y, whose coefficients are rational in 
, Xn-ii ; andj of any one of these irreducible factors, entering into 

any one of the polynomial equations, all powers higher than the first may be 
removed. The original equations are then replaced by a set of equations 

-2i (2/j • • • 3 == 0, . . . , (y, Xi, . . . , 1) ~ 

in each of which the left side is a product of first powers of irreducible 
polynomials; all points {z^, satisfying the original equations satisfy 

these, and conversely. 

If now these polynomials ^1, ..., have a common rational irreducible 
factor, let it be i^i(y, ^1, ..., and let HrjFi be Kr] the points satisfying 
the original equations thus satisfy, either, 

^ I (yj 3 • • • 3 ^ 71 — 1) ~ 

or, all the equations 

(F) • • * > = 0, . . . , Kjn (y, Xi, . . . , Xn-i) = 0, 

and conversely. Consider now the latter equations; form from these 
the two 

'KiK’i + . . . + == 0 , 4 “ . . . + = 0 , 

wherein \i, are undetermined multipliers; from these two 

the variable Xn^i can be rationally eliminated, and the result arranged as a 
polynomial in the 2m quantities H'm> whose coefiEicients, say 

Li, L 2 , are rational integral pol3niomials in y, Xi, Any set of 

values of y, x^, which satisfies all the equations = ...,J5r,yi = 0 

gives then a set of values of y, Xi, .,,,Xn -2 which makes every one of these 
coeflScients ii, Zq, ... vanish; conversely every solution of the system 

■^1 (y3 ^i3 • • • 3 2) “ ^3 A2 (y, Xi, . . . , 2) “0, . . , , 

taken with an appropriate value of x^i, independent of Xj, ^wi3 

gives a set of solutions of the equations == 0, . . . , = 0. 

We can then proceed with the equations ii =0, i2 = 0, ... precisely as we 
did with the equations jffi = 0, ..., — 0 ; obtaining first a single equation 

^ 2 iHi 3 ' • • > 2) = 0 , 

and then a set of polynomial equations in y, x^, and so on. 

Eventually the original system of equations is replaced by a set 

^ife(y, (*==1, 2, 

wherein any one or more of the n equations J?* = 0 may be absent; any 
solution of the original equations gives rise to a solution of one of these 
equations, and conversely, any solution of the equation Fjc = 0, coupled with 
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appropriate values of the h variables asn-jn-i, gives a solution of the 
original equations. These appropriate values are determinable at once. For 
let f{y, a-i, be a factor of which is rational in y, and 

irreducible in this form; the equation /=0, wherein the indeterminates 
ih, ...yUn enter, may be written more at length in the form 

y (UiXi + HyiXyfiy Xi, . .. f Uij . . . y “ 5 5 

we seek the solutions x^, .... x,i independent of Un', we may then 

differentiate in regard to and so obtain 

9 / 9 / 

as + 


or say 




(r=l, 2, k). 


The original set of equations is thus replaced by a series of sets of equations 
each set of the form 


^n-k+i 


, . . . , — 


y (jfi J ^n—k) — 0, OCn-^j^+i — y/ j ••• 3 y/ • 

If there are points, independent of the indeterminates -Wj, Un, satisfying 
the equations 

y (.t/> * • • » ^ ^ ■ * * ’ d. 


these will also satisfy an equation, obtainable by elimination of ccn-k from 
these, of the form 

^ {.y> ^1 > • * • > ^n—k—i) “ 

from which as before the appropriate associated values of %_fc, are 

deducible. 

By the foregoing any set of equations connecting 5?i, is replaceable 

by the single equation obtained by setting equal to zero the product of 
a set of factors of the form /(y, For example the three 

equations 

= yz — x = 0y xz--y’^^0y 

which represent a cubic curve in the space {x, y, 5 ), are replaceable by the 
single equation 

f{ty x) = (i — xuf — Svwx (t — xu) •” X (v^x + w^) = 0 , 


where t=-ux + vy + wZy 

from which the appropriate values of y and z are obtainable. It is found 
here that the two equations 

f(t.x)^0, ^ 

are only satisfied when 


dt 


(ty x) = 0 


qft = (WW — V% 


18—2 
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which gives no point independent of u, v, m Or again the two equations 
z + + hy^ + 2gzx = 0, z + a' h'y^ = 0 

are replaceable by the single equation 

/ (t, x) = {(^ — tix) (6 — 6' — 2gh'x) + (ba — b' a) wx^Y 

4- (6 — 6' — 2g¥x) {a — a' — 2ga'x) = 0, 

and here, by eliminating x between the equations 

f{t,x) = 0, = 

we arrive at 

t [^g^cbt —2g{a — a!)U’\-w{a — af] = 0, 

of which the former factor gives the double point x^O, y = 0, z = 0 of the 
curve, and the latter factor the point 


X = 


a — a' 

'W' 


3/ = 0, 2: 


(g - aj 
4ig^a' 


But this replacement, of a set of equations connecting Xi, ,,,y x^^ by a single 
equation such as/(y, , Xn-jc) = 0 , or n/(y, , x^^j,) = 0 , is dependent 

on the retention of the indeterminate quantities Wi, . . . A single irreducible 

algebraic construct of dimension 7i — k, in space of n dimensions ^ 1 , is 

not necessarily representable by k equations connecting ...yXn, without 
indeterminates ; that is, any k such equations may be such that they neces- 
sarily represent other constructs beside that which they are constructed to 
define. For example*, consider in three dimensions a quintic curve having a 
chord which cuts it in four points. It is known that no quadric surface 
contains this curve ; if we seek to define it by the intersection of two surfaces 
these must at lowest be cubics, and will have a farther intersection; if we seek 
to define it by three surfaces of orders fi + B, v + 3, p + 3 passing through it, 
these will have other points common, in fact of number 


fivp + 3 (z/p + /3yt4 + puv) + 4 + z/ + p), 

which number vanishes only when all the surfaces are cubics; but three 
cubics do not define the curve since, being met by the four-point-secant in 
four points, they all contain this secant. It is thus impossible to assign three 
surfaces containing the curve which have no other common point ; and four 
surfaces are necessary. And in general the theorem is stated by Kronecker 
that to define a construct, or system of constructs, of whatever dimension, in 
space of n dimensions, n + \ polynomial equations are sufficient, and may be 
necessaryf, 

78 . Let /(y, x) be an irreducible rational equation of order k in y. 
Consider the aggregate of all rational symmetric functions of n arbitrary 
unconnected pairs (x^, y{), ..., (x^, y^), each function being rational in the 

* Vahlen, Crelle, oviii. (1891), p. 346. 
t For a proof, see Molk, Acta Math,, vi. (1885), p. 159. 



27 ^ 


ART. 77] places on an algehraic construct 

%h quantities yi, and symmetric both in regard io 

and in regard to y^, ,..,yn- Particular cases of such functions are th 
coeflScients of the powers of 6 in the product (0 Xi) (d x^) ... 
namely 

^1 = Xi~]r ... * 4 - X^, ^2 “ X1X2 ” 1 “ ... 4 " Xfi-^jXn j • • • > 

It is known, if a? = c be an arbitrarily taken particular value of x, tha 
rational functions gi(x, y\ gh-^\{x, y) can be chosen, unconnected by an 
equation * 

^0 + 'Wi5^i {x, 2/) 4 - ... +U]c-.xgh-^i {x, y) = 0 

in which Wqj '^1 , ..., are rational functions of x^ becoming infinite for n 
(finite or infinite) value of x other than x=:C, in terms of which all othe 
rational functions of x and y, which become infinite only for the points a 
which x = c, can be expressed, in the standard form 

Po 4- Pi^i (^, ^) 4- . . . + Pk--igic--i {x, y\ 

where Pa denotes an integral polynomial in (^c — c)“^; every function c 
the form 

[A 4- (i», 2/) 4- ... 4- Aj,^^ gj,^j (x, y)y{x - Xi), 

wherein A, Aj, .,,,Ajc-i are constants and Xi is not equal to c, must the] 
become infinite for some one of the (Ic or less) places at which x = Xiy sine 
otherwise, being then only infinite for a; = c, it would be capable of expressioi 
in the previous standard form (see the author’s AheVs Theorerriy Chapter iv.] 
Let jPi, be any such integers that 

{x - cy^g^ {Xy y\...,(x- gio-i {xy y) 

all vanish for every place x = c. Take undetermined constants Xi, 
and put 

y) = ^ (^ - (^y^9i (^5 y) + • • • 4- {x - {x, y) ; 

then 7 )^E{oo^y y^^ {x^, yn) 

is also a rational symmetric function of the n places {osi, 3/1), ... , (%, y^\ 

It is clear that any rational function of ^1, is a rational symmetri 
function of {x-^, y^, ...,(^n?yn); we proceed to shew conversely that an; 
rational symmetric function of {x^, 2^1), ,,,y{Xn, y^ is rationally expressibL 

by 

To any value of x belong h values of y^ which, save for a finite number 0 
values of Xy are different; thus when ^1, ..., are assigned, and thereby th 
set x^y ,,,yX^y there correspond values of 77 , say ... ; the product 0 

the factors 

(0-77W)(^-77<^))... 

is then rational in and there exists an equation 

fn) - 0, 
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of order in 97, rational in fj, 97. We proceed to shew that it is not 
the case that there exist equalities between the values of 97 which are the 
roots of this equation for all values of ^1, and Ai, 

For any two of the values of 97 are of the form 
S 2/1 ^'0 + . . . + yn ^^) ; H (^1, 2/1 ^^0 + 

where, of the n couples, {% /), (J, J), not every one can consist of two 

equal integers ; suppose i / ; the difference of these values of 97 is 

Xi (^1 - cY^ [g^ (^1, y^^^) - gj (^1, + ••• 

+ Xa:_i (^1 - (^1, yY^) - gj,^^ (^1, 2/i^^0] 

+ 

+ Xi {Xn ~ CY^ \3i {^n> yn^^^) “ gi 2/7^^^^)] + . • . 

+ Xfc_i {Xn - cY^~^ [gjc-i (^n, yj^) “ gic-i i 

if these were equal for all values of iCi, they would be so for 

iTg = ^3 = c, . . . , = c, and therefore 

Xi (^1 - cY^ [g^ (^1, 2/1 ^'0 *“^1 (^1. 2/1 ^^0] + • • • 

+ X;fc^i (^1 - cY^^ [gic-i (^1, 2/1 ^^‘0 - 9k--i {coi, 2^1 

would vanish for all values of x^ and all values of Xj, . . . , \]c~i ; for all values of 
{Tj we should then have 

suppose this were so, taking a value of x^ for which the corresponding values 
of yi are all different; denote gr(xi^ y-Y'^) by we can choose Aj^-i 

so that the k—2 expressions 

[>i (^1, 2/1 ^"0 ~ 0^] + . . . + [gk^^ (a?i, 2/1 (^)) - 

for s equal in turn to the values from 1, 2, A; other than i and I, are all 
zero : then the function 

G = [g:, (^, 2/) - Oi] + ... + [gk-i (^, y) - cck-i] 

would vanish for all the k places at which x = x^, and the function OI{x — Xi) 
would not be infinite for x — x^^. We have seen that this is impossible. 

We can therefore give particular numerical values to Xi, ..., X*_i such that 
the integral polynomial in |i, obtained by elimination of 97 between 
J’=0 'and dFjdrj^Q is not identically zero. And if f be any rational 
symmetric function of the n places {x^, 2/iX*-*>(^^) 2/»iX fju be an 

undetermined constant, the function of + satisfies a rational equation 


+ ^1, ^71, /^) = 0, 


for which 

^ 1 ! 


? j 

thus we have 


^ dv dfi ’ 

^r^c' 

II 

1 

?: 

II 

0 

/dF 


' dr, ’ 
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whereby f is expressible rationally in terms of for all values of 

these other than those for which = 0, dF/dv = 0 are both satisfied. It may 
be remarked also that the function F(r}, regarded as an integral 

polynomial in tj with coefi&cients rational in fi, is irreducible; for y-i is 
known ^ to be a monogenic function of Xi ; thus 77 is a monogenic function of 
i2?i,and therefore also of iCi, and therefore also of ^1, thus if there 
be two or more rational factors o^ F {7), ..., they must be identical and 

F must be a perfect power ; we have however seen that the values of y are in 
general different. 

Consider now the correspondence between the set of places (ajj, j/i), . . . , {x^, y^) 
on the Eiemann surface, and the place (fi, of ^1, = 

When (xi, j/i), ..., (x^, are given, the place (^i, ..., is determined 

without ambiguity by means of + . . . + . . . , = x^x^ x^ and 

77 = (^1, 2/1) + • • • + - 2 ^ 2/n). When fi, . . . , are given, the set x^, x^,.,,,x^ 

is determined ; and, if r be any positive integer, the function 

4- . . . + 2/ji, 

which is rational and symmetrical in (ooi, 7/1), is, by what we have 
proved, rational in fi, ..., rj, so that we may write 

+ . • . + ^nVn = Pr (j)) > • • • > ^n) > (t* = 0, 1, . . . , 1)) j 

jfiom these n equations yi is determined rationally in terms oi x^ 

The place (fi, 77) thus determines uniquely a set of places (xj, 7/1), ..., 
yn\ 


79 . Let ^1, In bo independent variables, and 77 an algebraic function 
of these, determined by an irreducible polynomial equation F (77, ^1, . . . , = 0 . 

Consider a certain infinite aggregate of rational functions of •••? ^ot 
including necessarily all rational functions, but such that any rational function 
of two or more of the elements of the aggregate, with constant coefficients 
(belonging to the assumed rationality-domain), also belongs to the aggregate. 

It is then evident that any 72. 4- 1 functions of the aggregate are connected 
by a rational relation, but it may be that a rational relation always connects 
a certain less number of the functions. Let y, be the greatest integer 
such that there are y of the functions unconnected by a rational relation 
and ^1, be y functions of the aggregate not so connected; 

then every 4- 1 functions of the aggregate are connected by one or more 
rational relations; thus if ^ be any function of the aggregate other than 
we have an equation (i/r, ..., ^^) = 0, and, if, in this, for 

i|r, <^i, are substituted their rational values in terms of ^1, 

the equation is either satisfied identically for all values of fi, 'Vr or, if 

not, the result contains 77 and, when arranged as a polynomial in 77, divides 


Of. § 52 above, and Proc, Lond, Math, Soc. iv. (1906), p. 116. 
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by (-j;, ^1, . . . , We can suppose the equation , . . . , = 0 arranged 

as a polynomial in a/t ; if it be not irreducible let it be arranged as a product 
of irreducible polynomials in 'v/r with coefficients rational in two 

such polynomials which are not identical cannot both vanish identically in 
virtue of fn)==0, or there would exist a rational relation con- 
necting 01, 0^ only; contrary to hypothesis. Similarly there cannot be 

any other relation {'0', 0i, 0^} = 0 independent of ('0, 0i, 0^) = 0. 

There is thus one irreducible relation [0^, 0i, 0/*]=O, of which every 

other rational equation connecting 0*, 0i, 0^ is an identical rational 

consequence. 

Consider now the equations 

01 “ J • • • J 0/4 “ ^/4 > F ('7) ?1 > • * • J 

for independent undetermined values of ai, ..., a^. These equations may be 
satisfied by points or constructs which do not vary when Ui, ..., vary, or 
for which one or more of the functions 0i, ..., 0^, F is indeterminate; such 
.solutions we do not consider : we desire to make it clear that the solutions of 
these equations, variable with ai, ..., and holding independently of any 
relation connecting the values of these, which give definite values to each 
of the functions 0i, ..., 0^, jP, consist of constructs of {n — f) (complex) 
dimensions. The first equation 0i = ai, coupled with ^^ = 0, has for solution, 
variable with Uj, one or more constructs of (n— 1) complex dimensions; the 
points of such a construct which give to 02 a determinate value will not, 
unless further conditioned, render 02 equal to for any value of ; thus the 
points to be considered which satisfy both 0i = ai, and 02 = 02, are upon one 
or more constructs of (72. — 2) complex dimensions. And so on*. Let then 
N be the number of irreducible algebraic constructs of {n — fx) dimensions 
satisfying the equations, variable with Any function i/r, rational 

in fi, is capable of taking every complex value upon such a 
construct unless it is constant upon the construct : by hypothesis we are now 
only considering functions 0* such that there exists a unique irreducible 
rational equation [0, 0i, 0J = 0 ; the values of 0, for points (fi, 7y) 

giving definite values (Zi, ..., to 0i, ..., 0^ and variable with these values, 
are therefore finite in number: we infer therefore that the function 0 is 
constant upon each of the N constructs given by 0i = ai, ... , 0 ^ = jP= 0. 
There is thus an upper limit N, independent of 0, for the order in 0 of the 
equation [0, 0i, 0^^] =0, though this limit may not be reached. 

* Or thus : if i?’ be of order h in 97, and denote , y , the product (o' - ... 

(<r - <pj(^)) is manifestly rational in , . . . , , and thus <pj satisfies an equation /(^j , , . . . , = 0. 

If not irreducible this is a power of an irreducible polynomial ; for an equation 

/iC^l (Vf $1) -*• > in)> ••• 5 

satisfied by one root ^ of , |„)=0, is satisfied by all roots. Thus the equations above 

lead to irreducible equations JTi(ai, ... , y = 0, ..., ... , = which, excluding 

rational functional relations connecting a^, , a^, are independent. 
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We may then take for a function, among the aggregate of rational 
functions of 7] under consideration, for which the order in of the 

relation = 0 reaches the highest value, say My which is attained 

for any of these functions : the values of upon the N constructs, if 
M <N, are then repetitions of N different values, which we may denote by 
63, ..., ; we call a set of one or more of these constructs upon which 

has the same value a i/r-range. Now let x ^^7 other rational function 
of the aggregate under consideration ; as before it is constant upon each of 
the N algebraic constructs ; we can prove that its value is the same upon all 
the constructs constituting any '\|r-range. Tor let the different values which 
it takes upon the N constructs be denoted by Oi, 03, ..., and let \ be a 
constant not equal to any one of the finite number of quantities {hi — h^l{cp — Cq)] 
consider the function In virtue of the restriction upon the value 

of X, this function, yfr — Xx> cannot have the same value for two constructs 
not belonging to the same -i/r-range, for upon these constructs the values of 
'[[r are different ; it has then at least M different values upon the N funda- 
mental constructs, and it will have more than M values unless it have the 
same value for all the constructs of every '^-range; but, by hypothesis, there 
is no function of the aggregate considered with more than M different values 
upon the fundamental N constructs. The function therefore 

also %, has thus the same value over every yjr-range. If then 61,0^, •••, 
be the values of for the various ^fr~T8inges, there being, possibly, 

equalities among these values, the function satisfies an equation 

ITj = [y[r -- Xx> >-} = 0, whose roots, when <5^1 — cti, = are 

tiave 

{-f, <I>1, ■■■, <f>n, 0} = bfr, ^1, say. 

Hence we have 

^d^'^dx ^ \axA=o ■ 9^’ 

Thus every rational function of ^1, Vi belonging to the aggregate 

considered, is rationally expressible by ^1, and i/r. This is the result 
we desired to establish. 

80 . We are now in a position to establish clearly the theorem, which was 
one of the main objects of the Second Part of this volume, that the most 
general single-valued multiply-periodic meromorphic function is expressible hy 
theta functions. 

Let <^(C 7 i, ..., Un) he such a function, with period system -nr. As shewn 
in Chapter Yil. (p. 199 ), we can obtain a Eiemann surface, of deficiency p, upon 
which there is a defective system of integrals of the first kind, of number 
p, whose period system at the period loops, 11, is expressible in the form 
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n = 'srA, where A is a matrix of integers of type {2n, 2p); these integrals 
being denoted by the congruences 

, tti _j_ _ ^ _j. II Xn, an = jrj^ ^ 

(Mod. n), 


wherein (uj), . , . , (a^) are arbitrary places upon the Riemann surface, are 
satisfied by a finite number of sets of places (ooi), whose number 

we have found (p. 250). The function Un), considered under the 

form 

(j> “'+...+ + . . . “h 

is a rational function of each of the places (wi ), . . . , (co^), as we have already 
remarked, and is symmetrical in regard to these. It may then, as proved 
in this chapter (p. 279), be regarded as a rational function of + 1 variables 
^n> v> which are connected by a rational equation F('r), ^n) = 0. 

Any single-valued meromorphic function of Ui, ..,,Un with the periods 'sr, 
is similarly rationally expressible by ; and any rational function 

of two such meromorphic functions with these periods is equally a single- 
valued meromorphic function with these periods. The aggregate of single- 
valued meromorphic functions of Uu ..., with the periods ^ is thus such a 
corpus of rational functions of rj as that considered in § 79 (p. 280) j 

and from among them a certain number, /^ + 1, of periodic functions, them- 
selves connected by an irreducible rational equation [yjr, = 0, can be 

selected, in terms of which all others are rationally expressible, the number 
being ^ n. And in particular, a single-valued meromorphic function of 
t/i, ..., Un which is periodic with a system 'utq in terms of which the system 
'UT is expressible in the form tsr = 'stqH, where jET is a matrix of integers, even 
though 'STo may not be similarly expressible by 'ey, is expressible rationally by 
functions with period-system 'ey ; for it too has 'ey as a period-system. 

This result is in itself of great interest. To apply it to the case in 
hand, it will be clearest to use the notations previously employed (p. 225) ; 
we had 

•B7 = 'a'g, = 0), «ri' = /A(l, <r)/, ^ j (?, 

where gr is a unitary matrix of type (2n, 2n), •bti' is a matrix of type (n, 2n) 
and (-ey/, 0) of type (n, 2p) of which the last (2p — 2n) columns consist of 
zeros, / is a matrix of integers and Q a unitary matrix of integers of type 
(2w, 2n); we thus have 



Therefore a function w), of Ui,,.., JJn, with periods 'ey, is a function 

with periods 'ey' and conversely ; it therefore has periods 'ey/, and, by what 
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has been proved above, is expressible rationally in terms of functions 
^ ( [7, 'S3*/), with periods 'ey/, though the converse is probably not the case ; 
putting 





a function •y\r{Uy 'ey/) becomes a function of Fi, . . . , with periods crir) 0, 
and therefore with periods ^/^), since G is unitary; a function 
is thus expressible rationally by functions of Fi, F^j, with periods 
ajr), and therefore by functions %(F; 1, cr/r), with periods (1, ajr), 
though the converse does not hold. We have previously shewn (p. 227) 
that we can form theta functions @ (F; cr/r), with quasi-periods (1, cr/r), and 
from these we can form periodic functions with periods (1, ajr). It appears 
thus that the functions ^ ( ^7’, are expressible rationally in terms of 
functions 


1 . 





which can be formed from theta functions @ 

V r 

the result*. 



And this is 


81. The theorem established in this chapter that any single-valued 
meromorphic function of n variables with 2n sets of periods (obeying the 
necessary relations, see p. 224), can be expressed by means of theta functions, 
may be obtained in other ways. We give some account of two. 

For the firstf it is necessary to prove the following theorems : 

(A) If , . . . , be 71 such functions, whose J acobian 9 (</>i , . . . , 0^^) /0 , . . . , z^n) 

is not identically zero, there exist sets of n constants c&i, ...,0-^, such that the 
solutions of the equations (f>i=ai, = which vary with cti, ..., and 
give definite values to all the functions consist only of isolated 

points, at each of which the Jacobian d(<j)i, ..., </)«,)/9 ...,z/n) has a definite 

finite non-vanishing value. Let the number of these points in any period 
cell be N, 

(B) If then <l>n,+i be another such function, having the periods of the 

functions ^i, ..., as primitive periods, we can form from a single-valued 
meromorphic function with these periods, whose values, at the W solutions 
of ^1 = 0^, cin lyi^g in any period cell, are all different. 

(C) The functions 4*n-^i are connected by a rational relation; 

in terms of them any single-valued meromorphic function with the periods 
in question can be rationally expressed, 

* The steps indicated by Weierstrass {WerJeey m. (1903), p. 113) are different from those 
used here. 

t Wirtinger, MonaUhefu filr Math, u, Physih, 1895 (Jahrgang vi., p. 69). 
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(D) Such a set of (n + 1) functions is furnished by a function ^jr, having 
the periods as primitive periods, and its first partial derivatives. 

(E) A linear aggregate with undetermined coefficients of the second 

partial logarithmic derivatives of a theta function t), has the 

period (1, r) as primitive periods. 

(F) Such a linear aggregate is expressible rationally in terms of theta 
functions. 

The proof of (A) may be carried through on lines similar to those we 
have previously adopted for the equations fi = so, = = 0 (pp. 199 ffi). 

Or may be made to depend on the fact that each of <^i, ..., (f>n and the 
Jacobian A may be regarded as a rational symmetric function of n places 
upon a Riemann surface; there is thus a rational irreducible equation 
(A, (pn) = 0 giving the values of A when pi = ( 2 i, . . p^ = But the 

theorem would seem to be true of any single- valued meromorphic functions, 
whether periodic or not. For (B), if be two incongruent solutions 

of pi = aiy-.->pn — ctn, while we may have pn+i(u^^^) ^ iiot every 

differential coefficient of pn^i can have the same value at and since 
the difference is not a period of the function pn+i- Let p'n+i he a 

differential coefficient for which is not equal to Taking 

another pair of points satisfying pi = Oi, »,,,pn= dn we can similarly find a 
differential coefficient p"n+i having the same value at these points ; and 
so on. A linear aggregate of such differential coefficients is such a function 
as is desired. Denoting it by p, we have then an irreducible rational 
equation (0, pi , ..., = 0 of order N in p, and if % be another function with 

the periods considered, we similarly have {p + Pi> ••npn> = 0 with 
{(f>, <f>n, 0} ; 4>n)- Differentiating + //.%, <f>n, A*} = 0 

in regard to ya we obtain the expression of % in terms of p, pi, ...,pn, 
postulated in (0). The theorem (D) depends on the facts that the Jacobian 
of the first n partial derivatives of 'p' is not identically zero, while the values 
of p for the solutions of dp'jdui = Oi, ..., dp'jdun = cbn are different, if ai, ..,,an 
be suitably taken. Theorem (E) is very easy to prove, and theorem (F) is 
obtained by taking second logarithmic derivatives of such a formula as 
expresses ^ + -y) S- — t;) in terms of theta functions of u and v (for 

example, Abel's Theorem, pp. 457, 516). 

A second method of proof is of an entirely different character. It can be 
proved directly that a single- valued meromorphic function of n variables with 
2n systems of periods is expressible as the quotient of two integral functions, 
having no common zeros save where the given function is indetei’minate ; 
and that these integral functions have the property that their second 
logarithmic partial derivatives are periodic functions with the original 
2n sets of periods. An integral function with this property can be directly 
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proved (as in the next chapter) to he expressible by theta functions. The 
writer may be allowed, for the proof of the first of these statements, to refer 
to his own papers, Proceedings London Mathematical Society, Ser. 2, Vol. i. 
(1903), p* 14 and Cambridge Philosophical Transactions, Yol. xvili. (1899), 
p. 431 ; these are based upon the papers of Foincar6, Acta Math. ii. (1883), 
Acta Math. xxil. (1898), Acta Math. xxvi. (1902), and of Kronecker, Werke, 
I., p. 198 (of date 1869) — Kroneckei'^s paper deals with the problem of 
extending theorems of Cauchy to functions of more than one variable, with 
the use of integrals, and is in close connexion, not only with the theory of 
multiple potential but also with his theory of Characteristics for systems of 
rational equations, dimly foreshadowed by Sylvester^ {Collected Papers, Yol. i., 
p. 528). 


* For the theorem that a meromorphic function is expressible as a quotient of two integral 
functions, the reader should also consult Appell, Liouville, s(§r. 4, vii. (1891), p. 157 ; and an 
important paper by Cousin, Acta Math. xix. (1895). In connexion with the closely connected 
theorem of the necessary relation among the periods of a single-valued meromorphic multiply 
periodic function see also Wirtinger, Acta Math. xxvi. (1902), p. 133, and Poinear6, ibid., p. 43. 



CHAPTER X. 

THE ZEKOS OF JACOBIAN FUNCTIONS. 

82. Consider a single valued integral function f{u) of n variables 
such that its second partial logarithmic derivatives have systems 
of primitive periods, of matrix ; no one of these derivatives being expressible 
by less than n linear functions of the variables, or having therefore (p. 203) 
any column of infinitesimal periods. The periods must, as follows from 
preceding investigations (p. 224), be subject to certain bilinear relations, with 
integral coefficients, and obey certain corresponding inequalities, say of the 
form 

= 0 , — > 0 , 

where JT is a skew symmetrical matrix of integers and co denotes a set of 
n arbitrary quantities, the suffix zero denoting the conjugate complex 
quantity; it is of importance for what follows that we assume the periods 
to allow only one such bilinear relation and corresponding inequality. 

From the periodic derivatives we can as previously (Chap, vil.) deduce a 
Riemann surface, say of deficiency jp, upon which may be regarded 

as integrals of the first kind, forming a defective system if n<p] we use the 
same notation as before, putting 

n = ctA, ghm = Cj w = Txy'g, 'uj'c = (•or/, 0) = Ilm, EL = 'zzr/A;, 

so that in A, which is of type {2n, 2p), the determinants of order are 

coprime, and we denote the matrix by a. Then from 

Xlcgjp ff ^ Et E[q ogq CO ^ 0, 

we have ahe^Tca = 0, — > 0, 

which are the bilinear relations and inequalities in question. 

The periods 'nr/, or a, are sums of integral multiples of the periods -sr, and 
the second partial logarithmic derivatives of the function have the 

quantities a as periods; if then denote one of the fLn columns of the 
matrix a, we have equations of the form 

f{ii + = exp. 2'jri[b^^{u + 
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where denotes a column of n constants, and a definite constant; from 
these equations we infer 

/ (w + + a^^^)jf{u) = exp. ^iri ^ ^chU) 4. 

+ + 1 

and therefore, since the right side must be unaltered by interchange of the 
exponents 1 and 2, the quantity must be an integer; thus 

if h denote the matrix of type {n, 2n) whose j-th column is the skew 
symmetrical matrix ha — ab, of type {2n, 2?^), must consist of integers. We 
shall put 

A = fa\ , so that A = ba — ab = (b, — a) fa\ = (a, h) /O, — 1\ fa\ = Ae^n^, 

[bj [bj U ojU; 

From the fact that ba — ab consists of integers it can be shewn at once^ by 
induction that the separate formulae lead, if m denote any row of 2n integers, 
to 

f(u + am) = 

where R = bm {u + ^am) + cm — -I 2 (i, y = 1, . . ., (2^^)). 

i<3 

It can further be shewn, without recurring to the Eiemann surface, if z 
denote any 2n quantities not all zero, satisfying az = 0, and ^0 their conjugate 
complexes, that 

— iAzzQ > 0 ; 


if ^ ^ + since A is skew symmetrical and A^^ = 0, this is the same as 

^iA[r(-ir)+ir?]=2Arr>o, 

or, as A = 6a — ab, and az = 0, it is the same as 

~ i {az . bzQ — azo . bz) = iazo .bz>0, 
the quantity on the left being in each case real. 


As will be seen, if we assume the determinant of A, or A, not to vanish, 
this inequality is deducible by use of the Eiemann surface. But as, conversely, 
an independent proof enables us to infer | A | =f= 0, a fact important to us, 
we reproduce the following remarkable proof due to Frobenius, Grelle, xcvil. 
(1884). We cannot simultaneously have az—0, azo = 0, since the latter is 


the same as aoZ = 0, and we should have the determinant 


of type 


{2n, 2n), zero, contrary to the hypothesis of the non-existence of infinitesimal 
periods. If v be any set of n arguments, t a single complex quantity, w = c-\-bv, 
and ^ — tzo + t^z^ we have at once, identically, in virtue of az = 0, 


- mt^azQ . hzQ - 2xiC [w - w^) z^ y ^ ^ g" iwttQAzzQ ^id {tw^z^ + t^wz) jr ^ ^ 


* For instance, AbeVs Theorem, p. 582. 
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where L = ; 

consider now i as a function of the 2w real quantities ^ for variable values 
of these, denoting it by i(f) ; we find at once, in virtue of the property of 
f{u), if m denote any 2n integers, that 

£(f4-m) = effX(a 

"wllGr© H == — TTl 

SO that + is of modulus unity; when every element of ^ is 

positive (or zero) and less than unity, the function L (^) is, by its definition 
above, manifestly finite ; thus a real positive quantity G is assignable such 
that, whatever finite values . 2 ^ and t may have, 

I Zjc G; 

recurring to the equation (A) however, and regarding 'v and s as fixed, the 
function of f on the left side, 

^ (^) = (w->Wo)2!c q. taZ^), 

is an integral function ; it must then be capable of becoming infinite when 
t is infinite, and so therefore, if p denote the real quantity -iirAzZo, must 
the quantity eP'^o ; but if p were zero or negative this would be impossible. 
Thus we have as desired 

— lAzZo > 0 . 

This assumes that x(^) independent of t; we have, however, if 

x(«) = x(0), 

g - iTTpaZo . isfo = 0 (w - Wo) 

wherein, since azo cannot be zero, the left side is a function of v, the quantities 
t and z being regarded as constant; on the right however the quantity 
(w — Zq, which is equal to (J>v — &o^o) or bz^.v — &o^o • ^oj if ^ function of 
is a linear function — differentiation of this equation would then shew that 
tazo is a system of periods for the second partial logarithmic derivatives of 
/(-w), and as t can be taken arbitrarily small this is impossible, these functions 
having no column of infinitesimal periods. 

Having then — iAzz^ > 0 or iazo»hz > 0 when az = 0, it follows that we 
cannot simultaneously satisfy the 2n equations a 0 =O, bz = 0 ] thus the 

determinant of A or , and therefore also of A or Ae^A, is other than zero. 

This being so we infer from A = Ae^n^, first A“”^ = — and then 

- 62 ^ = AA’-^A = /a] A-i (a, b) == /aA-^\ (a, b) = /aA-% aA-^b\ , 

\bj V6A“V \bA~~^a, bA'-%) 

and therefore aA~^d = 0, aA^^S = 1, &A”^b = 0, 

while, if cc denote a set of n arbitrary quantities, and we take 2n quantities 
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^ subject to = = or say z=A-~^(0,a)\ and write e for we 

have, in virtue of _ _ 

^-1 = A~‘^A 6, = eAlo, 

- i^zzo = - iAf-'^/^A-^ (0, x) (0, x^) = - {eA^A-^ (0, x) (0, x^) 

= — ieJ.0 A"^jle (0, ir) (0, ^o) 

= iAo^~^A {— X. 0) (— Xq, 0) = — iA^-^A^ (— Xq, 0) (— x, 0) 

= — 2 /aA"^afl, aA”^6o\ (*“ •'^o, 0) (— 0) = — 

V6A”^ao, bA'^%/ 

and the condition — iAzzo > 0 is thus equivalent with 

— mA~^aoXoX > 0 , 

where x denotes a set of n arbitrary quantities not all zero. 

Let It be the positive integer which is the first invariant factor of the 
matrix A, namely the determinant of A divided by the highest common 
factor of the first minors of A, so that J?A“^ is a matrix of integers whose 
elements have no common factor other than unity; comparing then the 
equations 

akeo^lm = 0, ajBA“^a = 0, 

and recalling that the periods are subject only to one set of bilinear relations 
with integral coefficients, we can infer that, if m be the highest common 
positive divisor of the elements of the matrix kefk, we have kefk = + miJA”^ ; 
comparing further the inequalities 

— lake^k^QXoX >0, — mA“^ao^o^ > 0, 

we can infer that the sign is positive, or 

k€2pk — miJA~h 

while, by the way, we see that, save perhaps for a + sign, the relation 
— iAzZo > 0 could in facfc have been inferred from — iaA~~^a^x^x > 0. 

83. In what has preceded we have regarded the Jacobian function as 
given, and the Riemann surface as derived by means of it. But we may take 
another point of view. Suppose we have any Riemann surface of deficiency 
p upon which are n integrals of the first kind forming a defective system, the 
period matrix 11 of these integrals being expressible by a matrix of 2n columns 
a, in the form 11 = ak, where, in k, which is of type (2n, 2p), the determinants 
of order 2n are co-prime; then we may consider integral functions of n 
variables whose second partial logarithmic derivatives have the periods a. 
That such functions always exist is clear from p. 227 ; they can be formed by 
the help of theta functions. The matrix and the number m, which is 

the highest common factor of the elements of the matrix ke^k, will then be 
determined by the Riemann surface; but the matrix A = ha — ab, though 
containing, in the case of all the functions considered, the same matrix a, may 

19 


B. 
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vary from fimction to function, and therewith also the number JS, the first 
invariant factor of A, while RA~‘\ = ^ will be the same for all. 

Taking this point of view, consider n Jacobian functions 
we proceed to prove that the equations 

/i {u - = 0, . . . , == 0 

have a number of sets of simultaneous solutions given by 
]Sr=:R^R^,„Rn (n !)/V| J?A~^ [ , 
and that, if these sets, 

i S = i S e.w + <7., (a = 1, n), 

x-1 ^ /x=l 

where Oa is independent of and vanishes, save for iVth parts of 

periods, when each of the functions is either even or odd. 

Consider, first, one of the Jacobian functions, which we shall denote by 
f(u). If we put fa('i«) = 9log/(u)/9^()t, and regard as integrals of 

the first kind upon the Riemann surface, the number of zeros of f{u--e) upon 
the surface is the value of the integral 

log/(w - e\ = g— . j[^i(u-e)du,+ ... + {u - e) d«„], 

taken round the edges of the period loops. When however the arguments u 
are respectively increased by the elements of one of the columns of the 
matrix 11, =a/;, the functions ^liu — e), ...y are increased by the 

elements of the corresponding column of the matrix ^iribk ; thus, if we put 
U = bky the value of the integral above is 

i [[/■«•?> — ZJo+jp) 


or 

^{un-nu)jj+„ 

3 

that is 

S \k (bet cX/b'^ "^^^3^ 3'\’p 
j 

or 

2 {kAk)jj+p, 


3 


Now, if k be any matrix of type (2n, 2p), and A any skew symmetrical 
matrix of type (2n, 2n), we have 

% (JcAk^j^ ^ S (^Ake^k^a-,a I 

i=l <r=l 

_ p«r 

for (IcAk)^^ kp^fy, Ap^ ak^^p^X Ap^ ^kp^ 1 / = 2 Ap^ ^ (kp ^ v — k^^ pkp ^ „), 

p, <r p, <r p, <r 
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R _ p<cr p 

i=l P,<r i=l 

P<o' _ p<<r _ 

= ~ ^p, O’ ^ ^cr,p <r 

p, <r p, <r 

2 n _ 

= -| S Aa^p(Jc€k)p^a — i 2 (Akek)tr^ay 

Ptcr cr=l 

the identity, for p< a, 

p 

(k^'sp ^)p, or ” 2 (kp^j kff^ 
i=i 

being at once obvious (cf. Appendix to Part II, Note iii). 

In our case we have 

ke^k = 


and the number of zeros is 


2n 


■I 2 (A . mi2A“%^<,.= mi2n. 

o’ = l 

If these zeros be at (^i), (^ 23 : 2)1 • • • ? the sum 

-j- ... 

is (cf. p. 284) the value of 


taken round the period loops, save for a sum of integral multiples of the 
elements of the oth row of the matrix 11, that is, save for a sum of integral 
multiples of the ath row of the matrix a. When the arguments u are 
increased by the elements II of the Jth column of 11, the function log f{u — e) 
is increased, save possibly for integers, by 

27ri {u — e + + 27rick^^^ — iriK 

where is a certain integer; the portion of the integral under considera- 
tion which contains Ci, ..., is thus 


or’’ 


or 


S 2 ^fij+p^a,j\ 

y=l ]8-l 

2 ep(Tl€^ U)a,p} 

n — 

2 {cike^lch^fitfi} 

= jRm S ep (aA~^6)a,j3, 
jS 


* For if n = (IIi, II 2 ), U={Uij U^, where Hi, etc. are of type (n, p), we have 

and the (a, jS)th element of this is 


S [(n2)a, j ( Ui)^, j - (Ili)a, J ( C^2)/3,y3 = Ho, j +P ?7j3, j - Ha, j Cf/3, j+p. 
J 


19—2 
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and, as we have seen that ab.~'^h = 1, this is 

Rmea* 

Thus if (tti), (aa), . . . be the zeros of f{n) and (^ 2 ), ... the zeros of 
/ {u — e) we have 

mBn 

2 = mRca, (a = 1, . . . , n). 

A=1 

It follows in the same way that if f be any function of position on the 
Riemann surface, which is capable of expression about every point of the 
surface by a converging series of positive and negative, but integral^ powers 
of the parameter for the point of the surface ; but has only poles and no 
essential singularities, so that the number of negative powers of the 
parameter is finite in every such series ; and the function be single valued 
on the dissected surface ; and its value /O on the left side of the yth period 
loop (^ = 1, . , . , (2p)) be equal to where / is its value on the right side 

and is of the form 

— O'] + 

where Q is a single number independent of y, q a set of n numbers inde- 
pendent of jy is a quantity independent of w and q, and denotes the 
elements of the yth column of the matrix bk, or U, previously occurring, 
then the difference between the number of zeros ... and of poles 

••• Ibe function is 

QmRriy 

and we have = QmRq + A, 

X ft 

where A is independent of g'. We use this result in what follows. 

Considering s places (x^), (x), we shall denote the value of 

the integral of the first kind at these places, with definite lower limits, by 
Uiy u^y...y Ug^i y u T csp cct i vcly . When we have a set of s equations 

... +%_i-Ci)=0, ...,/y('Ui-h ... -i-UM-e^) = 0, 

/r+i (Wi+ ... -l-'W5^i + W-Cr+i) = 0, ...,/5(Wi -f ... +Us_T, + U-es) = i)y 

in the s variables (^Ti), . . . , (^m), (a?), wherein /j, ...,/s are, as has been 
explained, Jacobian functions, with the same quasi-periods of matrix a, of 
which it will be noticed the first r equations do not contain {x)y we shall say 
that we have the case {s, r). The case (s, 0) is then that in which the 5 
variables enter into each of the s functions ; the case {s, s) would be that in 
which the variable x does not enter at all, and does not arise ; thus we may 
have r = 0, 1, . . . , (5 — 1). For simplicity we write instead of to denote 
a row of n constants. 

This set of equations determines sets of solutions for (xi)y . . . , (x), 
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and hence determines positions for (f). We proceed to shew that the total 
number of positions for (x) is 

W,,, = ... iig ^ - r) (n ^ 5 + r + 1), 

and that the sum of the values of the integral u at these positions is 

>8^,^ = {-(^~ ^)(^i + • • • + ^r) + (n-5+r+ l)(er+i+ . . . + e^)}, 

save for periods and quantities independent of the last equation 

standing of course for n equations. 

In particular for the case {s, 0), where all the s variables enter into all 
the functions, and enter symmetrically, the number of positions for (x) will 
be s times the number of sets of positions of (xj), (X2), . . . , (^) which 

satisfy the equations. The number of such sets will thus be 

and, if (x^), (x's-i), (^') denote such a set, 

2 (u^^' + . . . + + u^') = iJi ,,.Rs _-^yf (^1 + ^2 + . . . + es\ 

save for quantities independent of ..., 

We prove these results by induction, shewing that the formulae for the 
case (s, r) are deducible from those for the cases (s, r + 1) and (s— 1, 0), and 
in particular the formulae for the case ( 5 , 5 — 1) are deducible from those for 
the case (s — 1, 0). As they have been proved for the case (1, 0), they there- 
fore hold in general. 

Consider the 5 — 1 equations 

/i (% + • • • + = 0, . . . (wi -f . . . + — Cr) = 0, 

fr+i + . . . + -h W. — Cr+i) = 0, . . . , /g_i ... + -j-U— — 0, 


obtained from the original equations by omitting the last of these ; regard 
them as equations for (^i), . . . , only, in terms of (^r); this is then a 

case (5 - 1, 0) ; there will be a number of sets of solutions given by 


... 


n\ 

(n — 5 H- i)r 


and, if such a set be denoted by Xj^^^ ..., we shall have 


X (Ml w + . . . + [%e-is-r-l)u] + A, 

\ (^n “ 5 -t- i ; i 

where \ has a number of values equal to the number of sets, 2c denotes 
Cl 4- ... + Oii-iy and A is independent of {x), and of Ci, ..., Cs-i, and of 
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Consider now the function of {x) given by the product 
P = n/g + u - es ] : 

A 

in passing from a position of {x) on the right of the period loop (a^), where 
j == 1, (2p), to the corresponding position on the left of this loop, the 
integrals w are increased by the elements of the Jth column of H, say, u is 
increased by or ak^^\ where denotes the ;th column of h, and the set 
is changed to another set of solutions, say and 

at the same time the sum 

4- ... + say, 

is changed to + II^^, where denotes a set of integers, depending on j 
as well as X; from the equation above (p. 293) giving wherein A does 

A 

not depend upon (x), we then infer that 

2 A . . . A-I (, - r - 1 ) n 0 . ; 

this equation is of the form 

a + Hk^^) = 0, 

where and H is real; an equation = 0, wherein ^ denotes a set 

A 

of (2n) real quantities, involves also (Xof =0, where Uo is the matrix whose 
elements are the conjugate complexes of those of a, and hence = 0, since 

the determinant ^ does not vanish : we therefore have here 
Oo 

yfc^o-) + J3-A(i)=:0, 

and hence- 'Zbgktfj.^^ — ... (5 ~ r- 1) hgk^^^ 

A (^n “ s + i;! 

wherein we shall, as previously, denote by Now we have 

/, -f . . . + + n - CsWs + . . , + + U-es) 

equal to where 

JET^ = (bskt^ + bsk^j ^) + . . . 

and By, is independent of {x) and ^1, ...,6s, but may depend on j\ thus 
the function of {x) denoted by P has at the period loop (a^) the factor 

g27r®^0) ^hep0 

A A 

= ^bMi^ ““ ^s) 4 2 Us^j) (u - 

A A \n — s -t l)i 

which, if we put 

Ty- _ R 
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is the same as 

- N, (s-r- 1) {u - e*) + {N, [2e - (s - r - l)w] +A]+N,nU,o^ (a _ e,), 

or N, Us<J> {[« - 2 (s - r - 1)] M + - [w - (s - r - 1 )] e*} + t/'*w A. 

Consider next the function of («) denoted by the product 

Q = n/,(M,w + ... + M<v.); 

A 

by precisely the same reasoning its factor for the passage of the period loop 
(a.) is where 

A 

and G is independent of (a?) and e^. 

If then finally we consider the function of (oi) denoted by P /Q, its factor 
for the period loop (a^), save for a multiplier independent of (x) and ei, ..*,$8, 
will be 

exp. {[^ — 2 (5 — r — 1 )] 'z/' 4 - Sc — [n — (5 — r — 1 )] ; 

and hence, recalling the remark of p. 292, the difference between the numbers 
of zeros of the functions of {x) denoted by P and Q will be 

[n — 2 (5 - r - 1)] mRsn, 

and, if the zeros of P be and of Q be ... , we shall have 

p = {[?i - (c - r ~ 1)] Cg - te] mBs, 

or p 

save for quantities independent of ei,...,es. 

The product-function of («) 

P = n/s + ...+ A u-e,) 

K 

has for zeros the places (a;) which, with appropriate associated positions of 
satisfy the equations 

f(v>i + ... -1- Mg_i — Si) = 0, ...,/r (Mi + ••• + U'S-I ~~ ^r) = 0, 

/r+i(“l+ ••• + Mg_i + w — 6r+i) = 0, .■.,fs{Ui+ ... + Ug-i + U — 6^) = 0 

consider the zeros of the product 

■Q = n/g(iiiW + ...+w'Vi): 

these are manifestly the places (x) which, with appropriate positions for 
(®i), ,..,(«s_i). satisfy the equation ... -1-Mg_i) = 0 and the (s-1) 

equations which determined the sets ajjW, ..., a;Wg_j from («); we are then 
to consider the s equations 

f(ui + ... + Us-i-ei)-0, ... + M8_i-er) = 0, /«(%+ -f-Mg_i) = 0, 

fr+i (tti + . • • + ««-l + M - Cf+i) = 0, . . . , fa -1 (mi -t- . . . + Mg-I +u- ea-i) = 0 ; 
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these are a case (^, r + 1) ; the number of positions for {x) is therefore 

! 

m® J?i ...Rs (s - r - 1) (% - s + r + 2), 

or NsfiiRs'^ (5 — r — 1) ~ 5 + ?' + 2), 

while, if \ z^\ ... denote these positions, the sum is given by 

p 

2t^2"p=J\r^mjR5{— (5 — ?’- l)(ei+ ... + + — '5 + r -h 2)(e,.4.i+ ... + + E, 

p 

where E is independent of ei, Sg. 

And it is important for the induction to notice, and easier to notice at 
this stage, that this argument in regard to Q holds equally when r is s — 1 ; 
the equations from which we start out are then 

fi {Ui + + Ug^i — € 1 ) = 0, . . (^^l 4* . . . + = 0, 

fs{ui -f ... + + u-eg)=^0; 

the sets are determined in terms of (x) fiom the first 5 - 1 

of these equations, that is they are all independent of (x), and the function 
Q does not depend upon (x ) ; and the formulae for Q both become evanescent. 

Adding now the number of zeros for Q to the number obtained for the 
difference of the numbers of zeros of P and Q, we have, for the number of 
zeros of P, 

NgmEgU {n — 2 (5 — r — 1) 4- (5 — r “ 1) (7^ — s + r + 2)} 

= NgmEgU (5 — r) (w — 5 + r + 1) 

71 I 

= m«Pi . .. Ps j (5 - r ) (ti - s + r 4- 1), 

as originally stated; and, adding the value just found for the sum '1^vF"p to 

p 

the value previously found for the sum , we have 

<r p 

= Ngmlig {(w — 5 4 r + 1) 05 — 2e ~ — r — 1 ) (^1 4- . . . 4- O 

4- (7^ — 0 4- 7* 4" 2) (0r+i 4- ... 4* 1) j 

-NgViIts {- (0 - r)(0i 4 ... 4- 4 (n - 0 + r+ l)(er+i 4 ... 4 0^)! 

= m'JJi ...Bs {- (s - r) (ei + . . . + e^) 

4- (tI — 5 4 7" 4 1) i^r+i 4 . . - + 0§)}, 

also as originally stated. 

The result is then established, and therewith the formulae for a case 
(s, 0), as originally remarked — and therefore finally, for a case (tz, 0), the 
7^ equations 

fi + • . . 4 Un~i 4 — 0i) “ 0, . . ., fn {Ui 4 ... 4 Un^i 4 — 6n) = 0 
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are proved to have a number of sets of solutions given by 

.,.Rn{n 1 ), 

and, if denote one of these sets, we have 

+ . . . + . . . i2n [(n — 1) !] (^1 + . . . + Bn), 

save for quantities independent of 

We have however previously shewn that (p. 250) if f7=(C/i, Un) be n 
arbitrary variables, the n equations represented by 

+ . . . + ^ (mod. 11) 

are satisfied by i? = (jA:e^&|)i sets of positions of {x-^, ,..,{xn) upon the 
Riemann surface. Consider then the n equations 

fi {U-e^) = 0,,,,,fn(U-en) = 0 ; 

to any set of values for U satisfying these, correspond H sets of positions for 
(ij?j), ...,(^i?h) ; the number of sets of values for U is thus 

but we have and | | = | i2A~^ | ; this number can 

therefore also be written 

T=(\BA-^l)-iE,...Iin(n 0, 

where = i ?2 = . . . . And, if denote one of the sets of positions, 

S UW = (I BA-' 1)-^ A . . . i?„ [(« - 1) !] (ex + . . . + e,0, 

\ 

or SCrw = -(ex + ... + e„) + ^, 

A. ^ 

where A is independent of ex, ...,en. 

In 'the case where every one of the functions yj, is even or odd, we 
have A = 0. For considering then the case where ex = 0, ...,en = 0, we have 
if /a(C^) = 0 also /a(— f^) = 0; thus the sets of solutions are in pairs of 
opposite sign, and the sum is zero, and therefore also A, It is therefore zero 
for all values of save of course for a sum of integral multiples of 

the periods U, or a — thesQ forms of the statement being identical in virtue 
of the equations IT = ak, (a, 0) = Elm of pp. 226, 230. 

The foregoing investigation is, in its essential idea, derived from a paper by 
W. Wirtinger, Monatsh. /. Mathematik u. Physik, vii. Jahrg. (1896), pp. 1 — 25. 
The present writer cannot sufficiently express his admiration for it. The 
idea of obtaining the number of simultaneous solutions of a set of theta 
functions of arbitrary orders, and of expressing the sum of the values of the 
solutions, was however first entertained by Poincare ; his method of investiga- 
tion is essentially different from the above : see Poincard, Bulk d. Sc. Math. 
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d. Frame, xi. (1883), p. 132 ; American Journal, viii. (1886), p. 334 ; Compt. 
Rend. 4 Fev. 1895; Liouville, Sen t. i. (1895), p. 222; Acta Math. xxvi. 
(1902), p. 95 : see also Kronecker, Werke, i. (1895), p. 200 {Berlin. Monats. 
1869), 

84. The function f(u) is easily reduced to the theta functions belonging 
to the Riemann surface. We can in fact find a unitary matrix of integers of 
type (2>i, 2n) such that 

jRA'~^j = /O — e\, so that = R / 0 = K say, or A = yKy, 

U oj [-e-^ 0 ) 


where e denotes a diagonal matrix whose diagonal consists of positive integers 
6,, ^ 2 , such that Ca+ilca is an integer; as then every element of the matrix 
iJA"^ is a linear function, with integral coefficients, of the integers ei, 6^ 
and the elements of RA~"^ are co-prime, it follows that Ci = 1. Further each 
of RjCa is an integer. Putting then (cf. p. 286) 

a = (co, co')y, & = (^, yS')^, 

{(o, &)') = fl', (A /3') = H, 


if m denote any row of 2n integers, and p = ym, we have 
bm (li + ^am) = Hfi (u -h 
while Ay Kic^i y ^^ ^ yi ^^ , 

ICfl 

Aijmimj- % Kii,i7k.iyt,j'>nin7j= 2 Kk,i(yic,i'yi,j- yi,iyk,j)m'>nj 
Tc,l h<l 

= S ■K"A;,^( 7 A;,^ 7 ^,J + 7^,^7jb,j)v7^^w^j, (mod. 2) 

k<l 

and 

2 Aijmimj= 2 Kk,i{ S Tifc,i7J,jWim,+ 2 

i<j k<l z<j z<j 

= 2 K’k,i( 2 'yk,iyi,j'nH’>nj+ 2 yijjk.i'mtmj), (mod. 2) 

k<l Kj l>0 

so that 

2 A-ijWim;+ 2 yje^^yi^imi = 2 

i<j k<l i k<l 

or, as (mod. 2), if we put 

S yk,iyi,iEjs^i=^ Fi, 
k 

we have 2 Aijmimj^ 2 — Fm. (mod. 2) 

i<j * k<l 

Thus 

6m(-u + ^am) + cm-| 2 = + + 2 Kk,ifikH-i, 

i<j k<l 

(mod. 1) 


where 

namely 


= cm -f \Fm, 

a=^(o+iF). 
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Now we have 

R ( 0 = 7“^ (ba - ab)y-^ = Ha^ ilH = /^\ (co, «) - (^, ^') 

v-e-^ 0 ; Uv 

= / ySca — &);8 ySw' — 

U'ew - « ^ - a5'/37 

so that /3a> = wjS, = w'yS', == ; 

also 

0 < — iaRhr'^aQX^x = — i^l^R^~^'^Q.QXQX = — i (&>, tw') /O — / a)o\ 

\ e 0/ V^o' / 

= — i (o>'e, — coe) / — —i {peJo^ — ft)eG)oO = — ^ 

W/ 


where ^ = to^c ; thus 6) is of non-vanishing determinant, or we could choose 
ic so that ^=0; if then p — R((oe)~'W, e^=t=^e^x, we have 

0 < — i (coeptoX — (OoepotXo) = — i (ptto - p^t^t) = --i{p— p^) tto, 

and 0 = aRA'^^a = co'ea — coe^' = ^o>e(p — p)eM ; 


thus p is a symmetrical matrix, and for arbitrary if p=p + iq^t=^ u-i-iv, 

0 < “ i (p — po) tto <—i (%iq) (u^ 4* v^) < 2q {u^ + v% 
so that for real the form ipu^ has its real part negative*, while 

iffl + O. 


* If we put, K and \ being any constants, 

5= 


[\e 0\ JZ/ce-i O' 

Vo ij V 0 1 


y. 


where so that J is a matrix of integers belonging to a linear transformation, we find 


5JtA-iJ=KX^0 


'c)' 


Thence, taking (w, w') = (t7, v') 57“^, a= (v, v') 3, we find as before that the determinant formed by 
the first n columns of (w, w') 7^”^, namely, if J"— /a p \-\ ot 

U' iS'j 


(w, w')^ie ^ 

\0 1 / \a' iS'/ \ 0 1 / 


is not zero ; that is the determinant of <aea + /cw'a', and therefore of 

a+cpa'i 

is not zero, c, replacing A ^ being any constant ; in particular | «' [ + 0. The preceding work is 

Jti 

identical in form with that given p. 227. We have in fact 

fRe-'^ 0\yRA-^y fJRe-^ 0\=B/0 -1\ , 

Vox; V 0 \l 0 ) 


and a= 


a=(w, (a')y={p, /) (Re-^ 0\ 7, if v=^ue, v'sw', so that p—v ^v', 

[ 01 ) ^ 
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Take now P ^ — which by the above is a symmetrical matrix, 

of type (n, ?^), and multiply /(w) by e27^^p^f2. 

P [{tt + amy — = P [('« + ^^fly - to^] = 2P£lfjL . u + Q^PSifM% 

and, if fi('u) = f(u), we have fi{u-\- am)/fi(u) = where 

T = 2 PD.fi ilPD^/P + II/ji(u + ^flljL) Gfji — ^ 2 

k<l 

Herein, since 

2P = — « (/S' — (w~^/9cy') = — 

we have, if /x. = (Jf, if'), 

2 P£liJb . + Hfi . z// 

= [(- i8, + (/3, /3') ya] a = (0, /S' - ^ySo)') fjL.u^- . tc 

= — Re~^(o~^u . i/' = — RvM'j 
if V = (0)6)^^ a ; 

while ilP£lfP + i . Hya 

= ^ JP^e-W' . (cyif + cy'if') = - IRe-^co^^ {coM + a>'if') if' 

= -JP6-Wif'-ipif'^ 

since p = R (coe)~''^co = P6“^g)“^ci>' ; 

also, since K^R f 0 , 

0 ; 

we have — i S Kjc ifijcfii == — ^Pe'^^ifii' ; 

Jc<l 

thus on the whole 

T=-RM'(v + ^^ M'^ - Re-^MM' + Gfi ; 

now let G = (q, q'), and take Q = — so that 
Q(u + am) — . Hya = — cd”^ (oif + w'if') 5 = — (if 4 - co~'WM') q ; 

then, as ( 7 ya = (g'if + g'if ')> have 

Q + am) — Qu + (/ya = g'if' — ^ epM'q = gif' — ~ peqM ' ; 


and thus, if 
we have, since 


e =1, 


which, if 


f,(u + am) = 

w = ^ (2 - ^ pe^, = (®e)-' (w + w'eg - 4 , 


is the same as 


/a (u + am) = e (”'+ 2 ^ ^') /a (m) ; 
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we have 

(Jf, + 

putting then /a {u) = F {w), we have 

F{w + e-^M+^ if') = + 1 1 i^') ^ (^) ; 

we have however previously shewn (Part I. p. 21 ) that an integral function 
satisfying this equation is expressible in the form 


{(oeY'^ {u + am) — v-\- 




2 jSa@ 

h 


Rw, p 



where h denotes the n integers /ij , hn in which 0 ^ Ju < — , so that this is a 

sum of functions, namely, as A—Ry / 0 e~^\ 7 , of \/| A | functions. 

0 ) 

And we notice, ^ ^ 





Compare this work with that given on p. 227. We have denoted by 
R the first invariant factor of the matrix A, namely the determinant of A 
divided by the highest common factor of the first minors of A ; denote 
similarly by r the first invariant factor of the matrix ke^pk; we have denoted 
by m the last invariant factor of ke^k, namely the highest common factor 
of the elements of ke^k, taken positive; denote similarly by M the highest 
common factor of the elements of A. The equation 


7jRA“^7 = /O — e\j 

U 0/ 

gives A = 7 ^ 0 Re~~'^\ 7, 

V- Re-^ 0 / 


and therefore, as 7 is unitary, 


M = -, R = - = R- 
en ^1 


but from 
we have 


ke^pk = mRA~^^ 
yke^phy = m /O ~ e\, 

U 0; 


and hence 
thus 


r = menl 
Mr = mR. 
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If then we put, as on p. 227 (cf. Appendix to Part II, Note ll) 
Oke^kG = /O — d\ , 

[d o) 

where G is unitary, we may take y = Gyd = me, and 

a = (ft), ft)') 7 = (fi, fjb) 0\ G 


0 1 


ft) = fjjrd S 


/ N_i / ^ -1 A o- 

i = (ft)€) 'ft) 

= md-' 


and (ft)e)”' = m . 

A Jacobian function in arguments (ft)e)“''W with quasi-periods ^ is 

thus a Jacobian function in arguments m . with quasi-periods m . 

The function upon which the expression of the periodic functions was shewn to 

1 <2^ / cr \ 

depend was (p. 283) a function in arguments - — with quasi-periods id”', - J. 


85. Remark, Considering as before a Jacobian function /(ti) on the Rie- 
mann surface, let (^) denote d log /(t^)/9t^a ; if be regarded as an integral 
of the first kind on the Riemann surface, depending on the place (w), the func- 
tion £x('^) is an integral of the second kind with poles at the mRn zeros of 
f(u)y having for the passage of the period loop (a,) the increment 27nUaj- 
We may consider such a function as 

OL-1 L 

at the ^‘th period loop this function has the increment 

S ( Ua^iTlaJ — IIa,t IT 

a=l 

which is ( J/TI — 11 U)i,j, or {kAk)ij ; 

assuming provisionally that the matrix kAk is not of vanishing determinant, 
the 2p functions 

Y={kAk)-^Z 

are such that all the 2p periods of are zero except that at the loop (o;), 
which is unity. If then '^ 1 ,...,^;^ be the normal integrals of the first kind, 
the function 

Rh ~ d" “f" • • • “1" (Jc = 1, . . ., ^), 

has all its periods zero, namely is a rational function on the Riemann surface. 



APPENDIX TO PAET II. 

NOTE I. 

THE EEDUCTION OE A MATRIX TO ONE HAVING ONLY 
PRINCIPAL DIAGONAL ELEMENTS. 

Let a be a matrix of integers of m rows and n columns ; consider the 
bilinear form 

m n 
a«l /3 = 1 

if we put x — ~gx\ y^hy\ where ^ is a matrix of integers, of type (m, m), 
whose determinant is positive or negative unity, and h a matrix of integers, 
of type (ti, 7i), whose determinant is positive or negative unity, we obtain 

ahy' . gx' = gahy'x\ = a^y'x\ say, 

where a' = gah ; it is to be shewn that the matrices g, h can be chosen so that 
a'yV = + G^x^!y^' + . . . + Oix{y { , 

where Ci, ... , are positive integers, and each of Cr+i/Cr is an integer. 

If in ayx we put Xa, — Xaf, Xa' = x'a, for a particular pair of suffixes a, a', 
every other x being equal to the corresponding x\ the form a'yV obtained 
will have = ofa\^ = namely we shall interchange the rows a 
and a of the matrix. Similarly we can interchange any two columns by a 
similarly simple unitary substitution upon the variables If we 

put Xa=~-x'a, for a particular value of a, we shall change the sign of one 
row, and we can equally change the sign of any one column by a transforma- 
tion for yi, ... , yn- If we put for a particular pair a, a! 

Xa = X'a + TThx'af , X^,' = X^r , 

all other x's being unaltered, we shall have 

namely cb = Cba.,^y cifa.\ ^ ^ ^ , 

so that we thereby add to the row a', the row a, multiplied by m. Similarly, 
by a unitary substitution, we can add any multiple of any column to any 
other column. 
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Reduction of a matrix 

Taking now the matrix a, first divide all its elements by their 
greatest common (positive) divisor; then, by interchange of rows and 
columns, put the (absolutely) smallest element which is not zero, or one of 
these, in the first place of the first row, and by change in the sign of the first 
row, if necessary, take this smallest element positive ; then, by adding suit- 
able multiples of the first row to all other rows, and suitable multiples of the 
first column to all other columns, make all elements of the first row and 
column less in absolute value than the first element. By repeating these 
steps we shall be able to arrive at a matrix in which the first element of the 
first row is positive unity and all other elements in the first row and column 
are zeros. 

After this, deal with the matrix obtained by ignoring the first row and 
column in a similar way, making substitutions only for the variables other 
than the first x and the first y ; and so on. The bilinear form will thus take 
a shape 

3/1 + ^2 [^2 "h ^3 (^3 Vi + • • * )]}) 
or say. -h . . . + Cix{y{, 

where kQ~C2lci, h—Csjcz , ... are positive integers, and the matrix has a form 

/ Cl, 0, 0, 0, 0, 0, 

0 , C2 , 0 , 0 , 0, 0, 

0 , 0 , C3, 0 , 0, 0, 

^ 0 , 0 , 0 , C4, 0, 0, 

there being n - I columns of zeros on the right, and m — Z rows of zeros below. 
Here the greatest common divisor of determinants of order r is C1C2 ... and 
the invariant factors, or elementary divisors, are C3, C2, Cii the form is 
thus unique. The number Z, characterised by the fact that all minors of the 
matrix a of more than I rows and columns have a vanishing determinant, is 
the rank of the matrix. Denoting the inverses of the square unitary matrices 
g, hhy Gj H we may write the result 

(i—Gf 0 0\jEr = GicHj , 

V 0 0 ; 

where Gi, of type (m, Z), is constituted by the first Z columns of (?, and is 
unitary in the sense that the determinants of it of Z rows and columns have 
unity as their greatest common divisor, and jETj, of type (Z, n), is constituted 
by the first Z rows of and is similarly unitary. 

For a simple instance take the matrix 

a = / 1, 2, 3, 4 y 

V 5, 6, 7, 8 ; 
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which can be changed in turn into the following forms : 

/ 1, 0, 0, ON, / 1, 0, 0, ON, /I, 0, 0, 0 N, 

V 5, ^4, -8, -12/ \ 0 , -4, -8, -12/ VO, -4, 0, 0 / 

the bilinear form 


being 

or 

or 

that is 
where 

and 


ayx == + ^x^y^^ + *<^x^y^ + 4iX^y^ + ox^y^ + Qx^y^ + Ix^y^ + Sx^y^ 

{yi + 2^2 4 * + 43/4) 4 - /Tg ( 5^1 + 63/2 + ly ^ + 83/4), 

^lyi + ^2 (““ ^y^ + ^yi)> 

(^1 + Sirs) 3^/ -4^22/2', 

+ 4ir/y2', 

(iTj J ^^2 ) — / 1, ^ \ ^2) 


giving 


(i: J)' 

(2/1'. yl, 2//. 2//) = / 1. 2, 8, 4 (y„ y^, ya, 2/4), 

0 , 1 , 2 , 8 
0 , 0 , 1 , 0 
0 , 0 , 0 , 1 

(y/. yi) = i 2 , 3 , 4 \ (yi, ya, ya, y4). 

VO, 1, 2, 3 y 


We give three applications of the result. 

(a) If a be a matrix of integers of m rows and n columns, with m < n, 
the determinants of oi der m from this not being all zero, we can determine 
n — m other rows of integers which, put with a, give a matrix of n rows 
and columns, with determinant equal to the greatest common divisor of 
the determinants of order m in a: in particular if a be unitary the additional 
n — m rows can be found so that the resulting determinant is unitary. 

For taking the notation as before, we have I =m, and 

a= G(c, 0)H, 

where G is of type (m, m ) ; consider the matrix product 

/ (?, 0 N/ c, 0 N^, 

Vo, 1 A 0, 1 ) 

where each factor is of type (n, n), the unity denoting in each case a diagonal 
matrix whose n- m elements in the diagonal are all unities and other 
elements zero, the zero denoting a matrix whose elements are zero, of type 
(m, n — m), or {n — m, m), according to its position. This is the same as 

/ (?c. 0 N JET. = / GcH. N . = 


a 



306 Reduction to diagonal form, [appendix 

where Hi, as before, is constituted by the first m rows of H, and H^ by the 
remaining n — m rows. The determinant of this matrix is 

j CrC I j H j , = O 1 C 2 * • • 

and this matrix is therefore such a matrix as desired. 

() 8 ) In the same case, m < n, the rank of the matrix a being m, we 
have as before 

a= QcHi, ==fk, say, 

where f = Qc, is of type (m, m), and k, =Hi, is of type (m, n) and is unitary, 
in the sense that its determinants of order m have unity for highest common 
factor. The question arises whether the matrix a is capable of the form 

a '=^fiki, 

in which f is of type (m, m), and ki is of type (m, n) and is unitary, in other 
ways. We prove that this is only possible by the obvious change 

/==/i% k = ry-^ki, 
wherein 7 , of type (m, m), is unitary. 

For, form the matrix of type {n, n), of determinant unity, whose first 
m rows are constituted by the matrix k, as we have just shewn possible 
(under (a)) ; let m denote the inverse of this matrix, so that 

km = ( 1 , 0 ), 

where 1 denotes a diagonal matrix of type (m, m), having unities in the 
diagonal but its other elements zero, and 0 denotes a zero matrix of type 
(m, 71 — m) ; the equation 

then gives /(I, 0 ) = fihm, 

and if we put kim^ ( 7 , X), 

where 7 is of type (m, m) and X of type (m, n — m), this is the same as 

/==/ 3 % with 0=/iX; 
the former gives fyk =fiki, 

which, since by hypothesis the determinant of f is not zero, leads to 

k = 7'"'*!, 

as stated above. 

If instead of the numbers m, n we have respectively the even numbers 
272 ., 2p, as is the case in the applications made in the text of this volume, and 
if, as there, denote a matrix of type {2p, 2p) whose elements are zero save 
the elements {r,p + r), each of which is ~1, and the elements (p + r, 7'), 
each of which is 1 , we have the result that a matrix of integers a, of type 
(271, 2p), and rank 2n, can be written in the form 

a^fk, 
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wherein / is of type (tn, %ri), and k is of type (2?^, 2p), and is %initary, and in 
whatever way this be done, the matrix, of type (2n, 2n), 

k^Qp k 

has the same determinant. The number expressed by this determinant, which 
was called the multipUcity in the text, is thus uniquely determined by the 
matrix a, 

(7) A third simple application is to determine the number of integers 
representable in the form asc, where a is a square matrix type (n, n\ of non- 
vanishing determinant, (m = n = Z), and it? is a row of rational fractions, two 
rows whose difference consists of n integers being counted equivalent. Take, 
as before, 

a^QcH; 

then ax = js, 

where ^ is a row of n integers, is the same as 

where Hx = 

so that when ^ consists of integers, so does and conversely, and when x' — x 
consists of integers, so does — and conversely. The problem 

is then of the number of integers representable by c^, that is by 

(Oifi, C2^2j •••» 

and of these the suitable solutions are manifestly 

Ci^j 0, 1 , * < . , Cj. *“ 1 ^ ^ • • • > ^ f j • • • , 

of which the number is C 1 C 2 equal to the determinant of the matrix a. 


NOTE II. 

THE COGEEDIENT REDUCTION OF A SKEW-SYMMETRIC 
MATRIX OF INTEGERS. 

Consider a bilinear form in the m variables and the m variables 

yi, ... , y^, having the shape 

ayx = 'Zoij {Xiyj - x^y^), 

where the coefficients Oij are integers; we proceed to shew how, by co- 
gredient unitary substitutions 

where y is a matrix of integers of type (m, m) of determinant unity, the form 
can be reduced to the shape 


20—2 
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in which the couplets of variables occurring are of the forms 

^n+iVii ^2Vn+2 ^n+2V2 9 • • • > 

or say (1, n + 1), (2, n + 2), . . . , (n, 2n\ 

in which no two couplets involve the same suffix, and the total number 
of variables ^ is even, ■= 2n, as of variables 77, while d^, are positive 

integers. 

(a) In the first place, we can, by unitary substitutions, change the 
original form to one in which the only couplets such as (i, j) ~ x^yi 

which occur are 

(1,2), (2,3), (3,4), (4,5), ... , (m-l,m), 

in which any two consecutive couplets have a common suffix; we may 
describe such a form as a linked form. 

For consider any two couplets 

a {xiHj - Xjyi) + 1 {sciyt, - xi^yi ) ; 

let m be the greatest common divisor .of a and 6, and p, a-, without common 
factor, be integers chosen so that 

acr — hp ^ 

putting + = + = 

px^ 4- <rxj, = xj!, pyj + ayk = yk , 

the other variables (than x^, Xk) being unchanged, this being a unitary sub- 
stitution, the two couplets become 

m{Xiy/ -x/yi\ 

and instead of two couplets (^, j), (i, k) we have now only one couplet (i, y). 
Thus, considering the aggregate of the couplets involving x^^ and y^ in the 
original form, namely 

^ 1,2 ix^y^ - x^y^ 4 ai ,3 (x^y^ - x^y^ 4 ... 4 (^i^m *- 

we can first replace the two first couplets by a single couplet 

^3,2 (^13/2 ^2 2^i)> 

this requiring a substitution, of x^ and x^ in place of x^ and x^ (and of y^ and 
2 / 3 ' in place of y^ and y^ which does not affect any other of the couplets 
involving Xi and y-^] the number is a divisor of ai,2> being the greatest 
common divisor of ^1,2 and aj, 3 ; taking next the couplets 

Cl, 2 “ ^2' yO + a,, 4 (^12/4 - ^C 42 /i), 

we can by a substitution replacing x^, X4, by xi (and similarly yi, y^ by 
2/2'^ 3/40> ^^place these couplets by a single couplet Oi^^i^iyi' — xi'yi), where 
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Cl, 3 is a divisor of Cj, 2 and therefore a divisor of tZi, 3. Proceeding thus the 
form is reduced to 

a - ?22 /i) + H, 

where jETis a skew-symmetric form in m — 1 pairs of variables fai ?s» ^3 ••• j 
not involving 3/1, and a is a divisor of 01,3. By applying a similar process 
to Hy we can, by a unitary substitution which does not affect or ^2, 

reduce this to a form 

where iT is a form not involving the variables Xi, y^, or I2, And so on. 
The original form is thus reduced, say, to 

61, 2 F2 - X2 FO + 62. 3 {X, F3 - X3 F2) + . . . + bra-^ , m (X^-x Y^,). 

{^) From this it appears at once that integer values of Xi, yi, , x^^, y^^y 
can be chosen which will make the original form equal to the greatest 
common divisor of all the coefficients 01,2, ^^1,3, ••• , <^2,3, ••• , 

For, the linked form just written, with coefficients hijy being obtained 
from the original by unitary substitutions, the greatest common divisor of its 
coefficients bij is necessarily the same as for the original form. Suppose, for 
a time, this factor divided out, so that we may regard 61,2, ^>2,3, 
as having only unity as common divisor. We can then obtain integers 
P2, P3» without common factor, to make 

&i,2i>2 “h62,3i>3 + ... + 1 ; 

take then Xj = Xg = . . . = X^ = 1, 

and . Fi = gi, F2 = g^2, ••• , = 

so that F2 Fi==jP 23 Y^ F2 = jp 3, ..., F^j^ Ym^i^pmi 

which is satisfied, for instance, by 

Fi = 0, Y 2 =P 2 , Ys^^pz+pz) ••• , Ym — P 2 +pz+ +Pml 
then, for these values, the linked form has the value unity. Let the corre- 
sponding values of a?!, ... , and yi, ... y y my obtained from these by the 
unitary substitutions, be denoted respectively by Oi, ... , Om Jind 61, ... , 
for these the original form has also the value unity ; and as the two matrices 


/ Oi, 

Chy 

. . . , dm ^ > 


1 , 

1 \ 

V h, 

b^ , 

. . « j bm J 

V qi, 


... , / 


are obtained from one another by unitary substitutions, and the binary 
determinants from the latter (which are, in part, the numbers jjg? Pzy ••• > Pm) 
have unity as common factor, the same is true of the former matrix. 

The statement is therefore proved in the case when the coefficients of the 
form have unity for common factor. It then follows at once in the case when 
they have a common factor greater than unity. 
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(7) Hence, the original form can be changed to one in which the 
coefficient of the first couplet, (1, 2), is equal to the highest common factor of 
all the coefficients. 

Suppose this highest common factor to be unity, and, as in (^), let 

be values of the variables reducing the original form to unity. We can then, 
as proved in Note I (p. 305), since the binary determinants aibj — ajbi have 
unity for highest common factor, determine a matrix of integers of 
determinant unity whose first two rows are respectively Oi, and 

ii) •••} say 



putting then 

{oCif ^ P ^m)> (2/ii • •• ) ym) ^ P iVi) •••> ^m)j 

we obtain ayx^PaPnr)^, 

wherein the coefficient of the couplet — is 

— w _ 1. .w 

(PaP)ij2== 2 Pi,r (<^P)r, 2~ 2 {P i^r p2,9~“ P l,s P 2,r) 

r=^l r, $ 

~ 2 g bg Q/g 5y) = 1 , 

VjS » 

as was desired. When the coefficients of the original form have a common 
factor greater than unity, the corresponding transformed form is one in 
which the coefficient of the couplet — ^2^1 is this factor. 

(S) Still supposing the coefficients in the form to have unity as comm^wrr 
factor, and the form to have been reduced, as in (7), to a form 

••• 

in which the first couplet has unity as coefficient, let this form be transformed, 
as in (a), to a linked form, 

X, Y, Z2 F. 4 - A, 3 (X. F3 - Za F,) + ••• 4 " i,w (Xr. — 1 Fu Z^ Fi,j_i), 

in which Zi = fi, Yi = 7ji, and the first coefficient, being the common divisor 
of all the coefficients, is unity- Herein put 

as a transformation for Zi, Fi, the other variables being unaltered ; thereby 
we get 

Z/F-ZsF'-f if, 
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where 

M, ~ ^3^ 4 (-2^3 3^4 ~ -24 3 ^ 3 ) + . . • + ^m-l, m (-2 yyir-l ^ »l3^m— l)j 

involves only m — 2 variables X 3 , - 2 ^ and m — 2 variables Fg, ..., F^. 

Let similar reasoning be applied to the form My after division of all its 
coefficients by their highest common factor, and so on. If di denote the 
highest common factor of the coefficients of the form as originally given, 
we thus see that this form can be changed to the shape 

d, {(1, 2) + d, [(3, 4) + d, ((5, 6) + . .. )]}, 

or 

d>i (jXji yi ^2 2^1 ) "i" 2/4 ^ 4 2^.j ) “t . . . *b d^d^i • • • 2»i~i 2 / ^ 2 )i— 1 )> 

wherein cZj, cZg, ..., dn are positive integers, and 2 ? 2 , an even integer, is 
not greater than m\ putting now 

^ ik—i^ 2 / 2 ^— y2k^Vn-^k9 (A; = 1 , 2 , 

this is the same as 

di {^n+iVi ~~ ^iVn+i^ did^ i^n+2Vft ^ 2 ^ji+ 2 ) + . . • + did2 ... dn ($mVn ^nVm)* 

In other words there exist unitary transformations from the original form, say 


such that aycG = gagrj^ = y 0 — ^\v^> 

id 0 ytt ) 

V fjt! 



where 0 denotes a matrix of n rows and columns of which every element 
is zero, d denotes a matrix of n rows and columns having every element 
zero except those in the diagonal which are in turn d^y did^, did^ ... dn, 
while X, fly V, Xy fi are matrices consisting wholly of zeros, of respective types 
{n, m — 2 ?^), {n, m ~ 2 /i), {m — 2 w, m — 2 n), (m — 271. n)y {m—2ny n). Of the 
whole matrix, the minors of 1, 2, 3, 4, 2?^, rows and columns have, for 

the greatest common divisor, respectively, 

di, da% d^^cky d^^diy ...y dr’-^di^-K..dn, dn% 

so that the corresponding invariant factors are 

djy dx, d\dt2, dr^d^j df^d^ ••• dn, d^d^ ••• dn, 
while all determinants of more than 2n rows and columns are zero. In 
particular if the original matrix a is of non-vanishing determinant we 
must have m = 2 ?^, and there is a transformation such that 

doa = /O —d\. 
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(e) In the preceding reduction every step can be at once carried out 
for any given form. But the number of steps can be reduced, and the 
use of the so-called linked form avoided, if we establish in some other 
way that values of the variables can be found to render the original form 
equal to the greatest common divisor of its coefficients, which we have proved 
by the use of the linked form. This result being assumed, the form can be 
reduced, as in ( 7 ), to the shape 

dy [^1% - 4- - ^3%) + ‘ ; 

and then, instead of (S), we may put 


, dF ^ ^ , dF 

^ bl ®2,3 ?3 ”“ • • • ) Vl — ““ *0^ — — 0t2^3% ~ , 

^2 = = g2+ <^l,3?3 + ^2 = ^ — ^2+ ai,3'V3 + ..., 

whereby the form reduces to 

where iV" is a form not containing the four variables x^, y/, yj, for which 
then similar reduction is possible (Frobenius, Grelle, Lxxxvi. and Lxxxviii.). 

(f) Any form 


a + h - x^y^) + c {x^y^ - Xf^y^)-^ 
in which no two couplets have a common variable, can be at once reduced to 


dx (fi% - + dxdi - fiT/s) +didid3 - hvs) + . ■ . , 

as follows. Take the pair of couplets 

A(xyy^- ®22 /i) 4- B (^2/4 - x^y^) 

in which A, B have no common factor ; find n, v so that Afi. + jBv = 1 ; put 


(1 

1 

II 


11 

- Bvx^ , yj = 

yi 

Xs= vxi -f-AiUg' 

. y^ = vyx 

+ Ay^ 

II 

+ Atix^, 2/4 = 

y^ 


- Bvyl , 

+ Aijyl, 


which is a unitary substitution, giving, as we at once find, 


A (x^y^ - x^yi) + £ (x^y^ - x^y^) = x^y^ - + AB (x^yl- x/y^f 


A repetition of this process suffices for the purpose. 

(l) Suppose the skew-symmetric matrix of integers, a, to be of type 
(2nj 2n), and of non-vanishing determinant. Then as has been shewn, 
we can find a unitary matrix g, of integers, such that 


aaa = /O —d\. 
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where cJ is a diagonal matrix of positive integer elements c?2, 
for which each of d^jdi^ ^3/^2, •••, dnjdn-i is integral. Let d~~^ be the inverse 
matrix of d, a diagonal matrix of elements (ir^, df^, dn'~‘'^\ we have, 
if 1 denote the unit matrix of type (?i, n\ 

frd~'^ 0 \ /O — d\ 0 \ = /O — r\ frd~'^ 0\ = /O ~ = r /O — 1 \ ; 

V 0 1; U oA 0 ij U o)[ 0 1) [r 0) [l 0) 

if we take r = dni the first invariant factor of a, being the quotient of 

the determinant (d^d^ ...dnY, of a, by the highest common factor 

did^i ... d'^qfi-.idnj 

of its minors of order 2n — 1, then 

/r(Z“^ On 

V 0 ij 

is a matrix of integers. Conversely, if 7 be any matrix of integers such that 
7/O 7 = 5/0 - 1 ^, 

\d 0) U 0/ 

where 5 is an integer, and »/, of type ( 2 ^, 2 n), given by 

U' /37 

be the most general matrix such that 

//O ~l\e/'=/0 -1\, 

u oj U 0/ 

we have, from rsd~'^ 0 \ /O — d\ fsd’~^ 0 \=s /0 — 1 \ , 

Vo ij U oJ VO ij Vi 0; 

the equation /O — d\ =s /s~^d 0 \ /O — 1 \ fs~^d 0 \ , 

\d 0) Vo lAi oA 0 l) 

and hence 7 /s~'^d ON /O — IN /s~^d ON 7 = /O ~ IN , 

V 0 1; Vi oj V 0 1 ; Vi oJ 

so that /s~’^d On 7 = J, 

V 0 ij 

or 7 = /sd~^ J^] = (sd~’'^0L sd^'^p\ ; 

V 0 1; U' V a' iS' y 


now (i“’a differs from a in that its first row is divided by rfi, its second 
row by and so on ; in order then that all the elements of sd'^^oL and 
sd~^^ should be integers each of the quantities 5c?i“h sdi~^, ..., sd^T^ must be 
integral, or, if these be fractions with denominators ^i, e^, the last 

row of a must, after division by 5^, consist of integers, as must also the last 
row of we have however from the definition of J (cf. p. 314) 


"h ... ^n,n0n,n — 1 j 
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thus e„= 1 and s divides by In other words the most general matrix of 
integers, 7 , for which 

7/0 —c?\ 7 = 5/0 — l'\ 3 

U 0; u 0; 

wherein s is an integer, is of the form 

ry = /sdr'^ 0 \ t/, 

V 0 1; 

where is a matrix for which 

J /0 J '=/0 - 1 \, 

U pj [l 0) 

and s necessarily divides by d,i,, the first invariant factor of the matrix 



The matrix / = 5^7 

is then such that ^/= s /O — 1\ » 

U oj 

and is the most general matrix of integers effecting this transformation, 
while $ is necessarily equal to, or a multiple of, the first invariant factor 
of the matrix a. 

NOTE III. 


ON TWO FORMS OF EXPANSION OF A DETERMINANT. 


If 


tti, Cl2f ^3 <^3 •••3 

^i3 ^23 ^nj ^i3 ^2 3 


be two rows, each of 2n quantities, the quantity 

(flj ip ““ U-j bx “f" CLfih^ ^2 ^2 d" ••• “h OLnin in 

may be called the oomhinant, or the splice of the two rows. For instance 
if we have a matrix of 2n rows and columns such that 

a'\ = /0 


(a a'\ = /0 

W i 8 ' Ai oAy3 \l 0 


where 1 denotes the matrix unity of type (n, n), and each of a, /S, a', /9' is also 
of type (n, n), namely such that 


(^oL^olB i8a'--a^'\ = /0 - I\ , 
KB^a^^'B ;8'a'--a'y97 U 0^ 


then 


4" d" ^ynBs,n ^8,nBr,n — ^3 
1 ^ r, 1 — ® r,i ^r, i 4" ... 4" r, /i ® r, n^r, -/i “ I 3 

and so on, namely the splice of any two rows of the matrix 

B^ 


(a 

U /37 


is zero, except of rows of places r and r + 71 , when the splice is unity. 
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of a determinant. 


(a) If A= (a, a') 

be a matrix of type (2n, 2p), with n^p, so that each of a, a' is of type 


(2n, p), we have, with 


•*“(? -J)’ 


wherein 1 denotes the unit matrix of type (p, p), 

Ae. 2 ^A = (a, a) (0 — 1\ /a \ = (a , — a)fa\= a a — aa', 




a matrix of type (27^, 2n), wherein the (r, 5)th element is 

OC 2 Ctg^ 2 “f" • • • Cl 1 ^ Xj 1 2^CL g p j 

which is the negative of the splice of the two rows 


• •• j ^r,p) r,i> • • • ? ® r,p 
1 ) * • • > ^ 8 ,p ) ^ 8,1} •••} ^ s,p 


of the matrix (a, a') ; denoting this by (r, 5) we thus have 

Ae^A=^ / 0 , ~(1,2), -(1,3), . A . 
/ (1,2), 0 , --(2,3), . . I 

1(1,3), (2,3), 0 , . 


Thus in particular, when w =jp, and J. is a square matrix of type {2n, 2w), 
by taking the square root of the determinant of both sides, we have 
1 .1 1 = the Pfaffian 2 ± (1, 2) (3, 4) ... (2n - 1, 2n), 
whereby any determinant of even order 2n is expressed as a Pfaffian in- 
volving 1.3.5... {2n — 1) terms, each of which is a product of n splices from 
two rows of the determinant. For example, the determinant 

A= di, bi, di, hi , 

Os, 62, Og', V 

U3, 63, Gtj, 63 

0^4, 64, 04, 64 

if (r, s) = drdg - + hrhg - 636/, 

has the form A - (1, 2) (3, 4) -- (1, 3) (2, 4) -h (1, 4) (2, 3). 

(yS) The same determinant of order 2n can be expanded as a sum of 
products of binary determinants. Divide the determinant mentally into 
pairs of columns, say the first and second, the third and fourth, in general the 
(2A— l)th and 2Ath.' From the first pair of columns take the A?2tih and 
ibath rows, and let \ki, h^i denote the binary determinant so obtained; 
from the second pair of columns take similarly the determinant ^4)2 
involving elements from the Jbgth and k^h. rows, and so on; we suppose 
ki<k 2 ,kz<k^} and so on. Then the determinant can be written 

^ i E^sj ••• E^an— 1> 
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where the number of terms is 

(?) CV T •• ® 

iind the sign is ± according as k^, ^4, ... is an order formed from 

the normal order 1, 2, 3, 4, ... by an even or odd number of inversions. For 
instance, for the determinant A we have the ordinary expansion of six terms 

A = 0)2^1) (fig <X4 63 ) 4" ... 4“ ^4^3) (jki ^2 — ^2 )* 

(7) We can easily connect these two methods of expansion. Take 
the second method of expansion to be based upon a subdivision of the 
determinant into pairs of columns of which the first pair ivS constituted 
by the first and {n 4- l)th columns, the second pair by the second and 
(n4~2)th columns, the ??th pair by the nth. and 2nth columns. Then 
the splice of the rth and 5th rows of the determinant is, in the notation 
employed in (a) and (yS), 

(r, s) = [r, s]i 4- [r, s] j + . . . + [r, s] 

where [r, 5];^, denotes a binary determinant formed from the Ath pair of 
columns. Hence the PfafiSan expansion of the determinant, formed as 
in (a), is 

2 ± {[1, 2], + [1, 2]2 + ... + [1, 2]4 P, 4], + ... 4- [3, 4]4 { } 

or 2±[1,2],[3,4]2[5,6]3... 

+ 2±[3, 4], [1,2]2 [5, 6]3... 

4- ... 

4- 2 ±[1,2], [3, 4], [5, 6]3... 


wherein, in each of the first (n !) rows, which are formed from one another 
merely by permutation of the suffixes 1, 2, ..., n, there are no two suffixes 
equal, while in each of the remaining rows two suffixes (at least) are equal. 
Such a row, for example, as 

2 ± [1, 2], [3, 4], [5, 6],..., 

arises, however, associated with others which, together with it, make the 
expansion, in binary determinants, of a determinant in which the second pair 
of columns is the same as the first pair, that is of a vanishing determinant. 
The Pfaffian expansion thus gives the expansion 'in binary determinants; 
and the form of the latter is at once deducible from the form of the former by 
permutation of the factors of the terms. For instance, for n, = 2, the Pfaffian 
expansion is 

(1, 2), (3,4)~(1, 3) (2, 4) + (1,4) (2, 3), 

and the expansion in binary determinants is 

[1, 2], [3, 4]2 - [1, 3], [2, 4]2 + [1, 4], [2, S], 

+ [3, 4], [1, 2], - [2. 4], [1, 3], + [2, 3], [1, 4],. 
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NOTE IV. 


SOME CURVES LYING UPON THE KUMMER SURFACE, IN CONNEXION 
WITH THE THEORY OF DEFECTIVE INTEGRALS. 


1. Upon the hyperelliptic surface {x, y, = 0, expressing the relation 
connecting the functions x = f^ (v), y = (m), | = ^222 (w), the two integrals 

(p. 44) 

f^jsdx-Ai^dy _ [-Ai^dx + A^dy 

i ^dA/dz ‘ ^ J ^dAjdz 

beside being everywhere finite, are single valued save for their additive 
periods, and are thus among the everywhere finite integrals belonging to 
any algebraic curve upon = 0 ; every such curve of deficiency greater than 
2 thus possesses defective integrals. 

But upon the Kummer surface, these integrals, of which the integi'and 
involves rational functions of jt, y, z multiplied by the ambiguous quantity 
though still everywhere finite, are capable of change of sign, and are therefore 
not in general among the ordinary everywhere finite integrals of a curve upon 
this surface. 


Any plane (algebraic) curve possesses, in addition to its ordinary single 
valued integrals of the first kind, everywhere finite integrals similarly capable 
of change of sign. For example, on the curve 

5 

2/2= n {x-ai), 

4=1 


the integral 



dco 

~y 


is everywhere finite ; and, on the curve 


the integral 





dx 


is everywhere finite ; in general if, upon any plane curve of deficiency p, the 
adjoint polynomial of 2jp — 2 zeros associated with an ordinary integral of the 
first kind, be denoted by <f>, and O, denote such adjoint polynomials each 
with the peculiarity of having ^ — 1 repeated zeros, the integral 

/fw* 

is everywhere finite. These integrals are single valued upon the associated 
Riemann surface dissected by the period loops which render the ordinary 
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integrals single valued, but the relation connecting the values of an integral 
at the two sides of any such loop is of the form 

3 yu + O, 

where fl is a constant for that loop, and g, also constant for that loop, is 0 
or 1 ; with each such integral there is thus a set of numbers g, and it can 
be proved that, for each of the 2^ — 1 possible sets of such 2p numbers, the 
number of linearly independent integrals is p — 1*. 

For the case of a plane quartic curve, f= 0, with p = 3, there are, 
associated with any set of 6 numbers p, twelve f bitangents, forming a so- 
called Steiner system, breaking into couples a?i, ^i, ^6, s^ch that, 

for i = 3, . . . , 6, we have 

Va:£fi = VaJi 

where Ai, Bi are constants ; and the corresponding integrals]: are 



On the Kummer surface, the factor under the integral sign, in the 
integrals U 2 , iCi, which is not rational in x, y, 5 , is f ; or, since the ratios 
are rational in x, y, it may be taken to be any linear form 
k^+kv + I li^ve (Ex. 7, p. 152) the identities 

dcf)^ + (6 + <f>)7) -h 2 ^/P0P^Pe<f>y 
+ (d(j> + ^^lr + ^yfr) 7) + {0 + <f> + ^|r) T — 2 

wherein 0, <\>, yjr are roots of the fundamental quintic ; the sign of the square 
root under the integral sign may thus be expressed in terms of any one of 
the 20 radicals of these forms, of which any two have a rational ratio ; these 
20 radicals are all expressible linearly in terms of four of them, for example 
in terms of 

^/Pe<f>Pe\j/P<f>xi/j pBP^Pe4>i ^PeP\j/Pe^} ^P<t>P xf/P 

This suggests at once the relations among the square roots of the products 
of two bitangents of a plane quartic curve. To see how, in the case of a 
plane section of a Kummer surface, these radicals reduce to square roots of 
products of two bitangents, consider any plane passing through the two 
points at infinity 

X y z X y z 

* A proof is given in the author’s AheVs Theorem^ Chap. xiv. See p. 420. 

t loc, cit.i p. 381. 

X A very general case of such factorial integrals, and theta functions formed with them, is 
considered by Wirtinger, Untersuchxmgen Uber Thetafunctionen (Leipzig, 1895), pp. 73 — 125. 
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and defective integrals. 

where 9, <p are not necessarily roots of the fundamental quintic ; the equation 
of the plane may therefore be taken to be 

aj. , /a , j.\ , F{9,<f>)-2@^ 

xe^+y{9+(}>)+z — 

or say m ; if we put 

where like 9 and is any quantity, and 

and put also Z==P^^, F=P^0, 

we have* the identity 

+ {G<fi + + 4^"^) 7) + (6 + (j> "4) f + '^P 

= 4XYZ + + c^Z^ ^2bcYZ^ 2caZX - 2abX 7 ; 

from this identity, taking i/r = oo , we have 

[^9<f>^ + {9 + 4) V + fP = ^P^P^Pft^ 4- — 4)^ (®P<^ 

where -i- 9x -- 9^, and 9, 4 arbitrary ; while, taking i|r to be any 

root of the fundamental quintic, so that c = 0, we have, still vrith 9 and 4 
arbitrary, 

[944'^-^ (^0 + 94 '^44) ^ + (^+^ + '^)?'4't]^ = 4P^^P^^P0^ + {aP^^ — iPe^t^ 
thus when Pq^ = m we have 

944 ^ ^ {^4 + + 44) ^ + (^ + <#) + ''/^)?+T = {4imP0^P^^ + (aP^^ “ bPe^y }^ ; 

now we know that the cubic function in x, y, 2 , obtained by squaring the left 
side, gives, when equated to zero, a surface touching the Kummer surface 
wherever it meets it ; the right side therefore represents the square root of 
the product of two double tangents of the plane quartic obtained by the 
section of the Kummer surface with the plane Pg^—m. For this plane 
quartic the square root under the integral sign, in the two surface integrals 
i«2, tq, is thus reduced, as regards its sign, to any one of the six radicals 
obtained by taking 4 ^q^^l fr> ^11. roots of the fundamental 

sexticf ; and of these radicals all are expressible linearly by any two of 
them, since we have 

2 (4i 4$) {4wP $xifiP4k^i+ (ckP<f»xifi — hP = 0. 

1,2,3 

* We know (p. 152) that the terms of the third order in a;, y, on the two sides, agree ; and 
it is easily found that the cubic surface obtained by equating the right side to zero has nodes at 
(X, r, X} = (0j 0, 0), (0, CO, ab)j (be, 0, ab), (be, ca, 0), as on p. 143; for ^ 

~ putting Zi= - aX+ bY+cZ, Y^—aX-bY-^cZ, Z^=aX-i‘ bY- cZ, 
T^=; ^ahe -aX-bY- cZ, the surface reduces to Xf^ + Y^-^ + Z{~^ + Ti“* = 0. 

t Thus the 28 double tangents of the plane section P 0 ^=m are determined, consisting of the 
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When the plane becomes a tangent plane of the Kummer 

surface we have m = 0, or m — ah, corresponding to the two tangent planes 
through the chord (0, at infinity ; in either case the radical 

{^'mP + (fiP — hP 

becomes rational in y, and the integrals become ordinary integrals 

of the first kind upon the section, which is now a hyperelliptic quartic curve 
of deficiency 2. 

In general, upon any algebraic curve on the Kummer surface, in order 
that the integrals Wa, of the surface should be integrals of the first kind 
for this curve, it is clearly necessary and sufiScient that, upon this curve, 
E = P 222 W, should be expressible rationally by the coordinates x, y, z of the 
point of this curve. Consider, with the Kummer surface, the surface 
^ y, f) = 0 ; we have | = ViJ (^, 2 /, z)^ where JS is a rational function, and, 
to any point y, z) of a curve upon the Kummer surface, correspond two 


16 intersections of the plane with the singular tangent planes, and the 12 determined in the text, 
which form a Steiner system. The pairs of this system intersect in the six points such as 
P 0 ^=m; the plane P 0 ^=O is the polar plane of a;/l= --yl$=:zl$^ — cc in the linear 
complex associated with the root f (whose form is given p. 74; see p. 106), and the six points 
P 6 ^|f—^^ P<fnl,=^f poles of the plane P^^sim in the six linear complexes; they lie 

on a conic, as follows from the identity S (ria:a:')‘-*=0 (p. 174) ; cf. Klein, Math, Annah n. (1870), 

p. 216. 

Conversely, given any plane quartic curve, there can be drawn through it 00 “* Kummer 
surfaces. We have in various ways, in this volume, reduced the equation of a Kummer surface to 
a form containing three explicit constants {e,g. p. 153); adding the 15 constants of ^ general 
projective transformation we have 18 constants; making the surface pass then through 14 
(=4.4-3h-1j points of an arbitrary quartic curve, there remain 4 constants. The theorem is 
proved by Kummer {Berlin. Monatshei'. 1864, p. 256), by identifying the irrational form of the 
quartic curve with the section, by its plane, of the Kummer surface taken in irrational form. The 
quartic curve being regarded as the envelope of the conic \l/^U-\-'ipV+W=0 (Salmon, Higher Plane 
Curves (1879), p. 226), there are six values of ^ for which this conic represents two straight lines; 
the six points of intersection of these pairs are easily shewn to lie upon a conic, S; dividing these 
six points into two triangles in one of the ten possible ways, there exists a unique conic, S, of 
which these are self-polar triangles ; taking two arbitrary non-intersecting straight lines through 
the two points in which this unique conic, S, cuts one side of one of the two triangles, these lines 
and the conic S determine a ruled quadric ; it is then easy to determine six linear complexes, 
every two in involution, in which the poles of the given plane, of the quartic curve, are the 
angular points of the two inscribed triangles of the conic S. Hence the Kummer surface can be 
found as desired (Ciani, Ann, di Mat. 3rd Series, t. ii. (1899), p. 93). The six complexes being 
Ti, Fg (cf. p. 168), the two arbitrarily assumed lines are the directrices rjiiTa, and the quadric 
is Ti r 3 (a;) 2=0 (cf. p. 81) ; the luvolutory transformation {x') 1\ (x) may he defined by 
drawing from (a;) the seoant of FiifFg, and taking the fourth harmonic point (x'); the six linear 
complexes are obtained by the sequence of such a transformation and reciprocation in regard to 
the quadric surface (cf. Hudson, Kurrmer's Q^vmtic Surface^ p. 41). Finally, the construction in 
the text enables us to obtain the Kummer surface, as the locus of nodes of a certain cubic surface 
with four uodes, which touches its tritangent plane at the points of contact, with the given plane 
quartic curve, of one of the bitangents of this curve. The conic \I/^U + yj/V W=iQ lies on this 
cubic surface. 
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points {oo^ y, f ), {oo^ y, — f ) of the associated curve upon 'I' {m, i/, ^) = 0 ; if, 
however, upon this curve, R (x, y,z^^\TJ (x, y, £)f, where {7 is a rational 
function, the associated curve upon {x, y, ^) = 0 breaks up into two curves, 
one satisfying U(w,y,z), the other satisfying f==-- TJ{x,y,z), where, on 
the right, z is to be replaced by its rational expression in x, y and Of this 
the tangent plane section of the Kummer surface forms the handiest example ; 
if in the identity 

[6(i>^ + (0 + ^ [0P^ - ^Pe\\ 

we put (p. 38) 

0 (j) = x' j d<f) = — 2 /j ~ 

T^~^' d-4> e-^ ~ 

we have 

(- + ’ 7 ^' + - (- ^y+v^^+^T 

= 4 [(a; - x') {omf - x'y) -{y- yy\ {xy -cdy-\-z'- z\ 

and thus, upon the tangent plane of the Kummer surface, which, with fixed 
{x', y\ z'\ is expressed by 

xy' — x^y + y — 5 = 0, 

we have* — fy' + + (— ^'y + r^'x + f'), 

or -?y'+’7«' + ?=-(-r27+ V« + r). 

of which the former is the same as 

_ 1 - 2 ^' All + ^'Ai2 + Ai3 

^ 4 + > 

where A^, etc., are the minors in the determinant A (p. 41). 

Besides the tangent planes there is an infinite number of curves upon the 
Kummer surface upon which the integrals of the surface are integrals of the 
first kind; if (7 be the cubic polynomial in x, y, z obtained by squaring any 
function of the form 4*^1 97 + 4 5* +^ 3 *^ PP- 1^9 — ISO), and P, Q be 

any two integral polynomials in x, y, z, any surface = cuts the 
Kummer surface in such a curve ; the surface GQ^ = P^ is one which touches 
the cubic surface (7 = 0 at all their common points. 

If we consider any birational transformation of the Kummer surface 
whereby to a point P corresponds a point P', we may associate with P the 
integrals of the surface belonging to P'; these will be single valued^ as well 
as finite, on an algebraic curve of the surface containing P, if the integrals 
of the surface are single valued on the corresponding curve containing P'* 

* Tliis may be easily obtained also by applying the converse of AbePs Theorem to the eq.uation 
u=:v+u*>^ {oL p. 121). 

B. 


21 
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In particular, the transformation from a point to its satellite point enables 
us to associate with the points of any curve on the surface the integrals (p. 78 ) 


VcrQa 


^ Qid'n + + Q^dr 

Vo-Qs 


which are single valued on a curve upon which is expressible as the 
square of a homogeneous rational function of r), r of effective dimension 
3. For instance the curve of intersection of the Weddle surface with the 
quadric cone 

^0 Qi "b 2/o Q2 “b -2^0 Qs “h 

where {xq, yo> coordinates of any point of the Kummer surface, or 

of the Kummer surface A = 0 with the cubic surface 

aA 0 A aA 0 A . 

*“■^ + 2/0^ + ^.-^+ 9^ = 0, 

this being the locus of the points satellite to those of a tangent section of 
the Kummer surface (p. 76 ), is a curve upon which the above integrals are 
integrals of the first kind. We have considered in this volume a group of 
32 birational transformations ; these are made up however by combining the 
process of passing to the satellite point, just considered, with the process of 
adding a half period to the integrals of the surface. 

2 . We proceed now to consider a particular curve upon the Weddle 
surface, of which the corresponding curve upon the Kummer surface is one 
of the principal asymptotic curves (cf. Exx. 18 — 20, p. 162 ) ; it will be seen 
to be of deficiency 5 and to have five integrals of the first kind reducible to 
elliptic integrals ; it is the curve of contact of a tangent cone from a node, of 
which the points are expressible by single valued periodic functions ; it thus 
furnishes a good example of Chapter vii. ; and, like the plane quartic curves 
of four concurrent bitangents, it lies upon cubic cones, whose elliptic integrals 
give the defective integrals of the curve. 

Let Xy y, z be homogeneous coordinates in a plane, and 

C = yza (yc' — zb') + zxb {za! — xc') + xyc {xb' — yal\ 

Q = box {y — z)-\- cay {z-‘x) + abz {x — y), 

P == ^ (t — c) + y (c — c&) + ^ (a — 6), 

where a' = 1 — a, 6' = 1 — 6, c' = 1 — c ; 

the sextic curve p = (72 _ ^^coyzPQ = 0 

has cusps at the angular points of the triangle of reference and at the points 
( 1 , 1 , 1 ), (a, b, c), and is of deficiency 5 ; it touches the join of every two 
cusps. The five cuspidal tangents, of which two are 

a' (6 “ c) + 6' (c — a) y + c' (a — 6) ^ = 0, 

a'(6-c)^ + &'(c-a)| + c'(a-&)? = 0, 
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meet in one point, 

xa' __ yb' _ JSc' 
a h ^ c ' 

which lies on the curve, and on the conic 

hex (y — ^) + cay (z — x)-\~ ahz — y) = 0, 

which is the conic containing the five cusps, the conic and sextic having the 
same tangent at this point, namely 

a'^(h — c) “ + — a) j (a — 6)~ = 0. 

We have xF^ + yF^ -f zF^ = 0, 

dxF^ + dyF^ + dzF^ = 0 , 

where F^ = dFjdx, etc. ; and hence 

ydz — zdy _ _ x {ydz — zdy) -f y {zdx ~ xdz) + z' (xdy — ydx) 

F, afF, + y^F, + ^F, ^ 

where x, y\ z' are arbitrary, and if this be denoted by dx^ the integrals of 
the first kind are of the form 



where fl = 0 is a cubic curve through the five cusps. In particular a cubic 
curve can be drawn through one cusp to touch, at the remaining four cusps, 
the joining lines of these to the first cusp; and these 5 cubic curves are 
linearly independent ; for instance the curve 

Ho = cayyF — = 0, 

or (c — a) it? (bz^ + cy®) + (6 ~ c) y {ca^ + az^) + 2 (a “• 6) cxyz = 0, 

can easily be seen to be such a cubic for the cusp = 0, y == 0, touching the 
lines x=^0, y = 0, a? — y = 0, xb — ya = 0 at the remaining cusps. Taking 
correspondingly a/ = 0, y' = 0, there is an integral of the first kind 

/■flo {xdy — ydx) 

J dF/^ ’ 

we find however on calculation that there is for points on the sextic the 
identity 

=16(1- a) (1 - 6) xy {x - y) (bx - ay) ; 
the above integral is thus a constant multiple of the elliptic integral 

r dt 

(1 — t){h — aty 

and there are four other linearly independent integrals of the first kind also 
similarly each reducing to an elliptic integral. 
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Curve of Gorvtaet of Weddle surface [appendix 


Take now the equation to a Weddle surface referred to four of its nodes 
as corners of tetrahedron of reference, the other two nodes being (a, 6, c, 1) 
and (1, 1, 1, 1), and regard ^ = 0 as the plane at infinity; this equation is 
(cf. Proc. Pond. Math, Soc. Ser. 2, Vol. i. 1903 — 4, p. 250) 

xyzP -h <7 + Q = 0, 
and the tangent cone from the origin (0, 0, 0) is 

(7® — 4ixyzPQ — 0, 

containing the plane curve considered above. Any point (x, y, z) of the 
surface projects, from the origin, to a point of the surface of coordinates 

(~, {loo, cit. p. 257), where jff is a function capable, in virtue o*f the 

equation of the Weddle surface, of the forms 

jg- y'^') _ ocyzP 

~ ca'z'x — c'azx' aVx'y — a'bxy' Q ’ 

where x —l—x, a'^l — a, etc.; thus the curve of contact of the Weddle 
surface with the sex tic tangent cone from the node (0, 0, 0) is characterised 
bj PT = 1, and lies on the cubic cones 

aVx'y — a'hxy' = xy {x'b' — y'a'\ (i) 

ca'z'x — c'azx' = zx {sf a' — x'c'\ (ii) 

as well as on the surfaces 

xyzP = Qy (7 + 2Q = 0 ; 

supplying a fourth coordinate t (= 1) the two cones (i), (ii) are 

(xa'b — yab') + 2t(a — h) xy + xy {a'y — b'x) = 0, (i') 

{xa'c - zoo') -{-21 {a — c) xz + xz {a'z — c'x) = 0, (ii') 

A 



of which the former, with vertex at (7, has PCB and DC A for tangent planes, 
and the latter, with vertex at P, has DBG and DBA for tangent planes. 
The two cubic 6ones, with a common generator along which they touch, have 
therefore, as residual intersection, a space curve of order If, of which DA is 
the tangent at A, As we see from its projection upon the plane ABC, 
previously considered, its deficiency is 5. In accordance with general con- 
siderations, this may also be seen by drawing a quadric surface (2 = 3 -f 3 — 4) 
to touch the plane DBG along BC ; such a quadric is of the form 
X {Ax 4* By + Gz 4- Di) 4* = 0> 



with tangent cone from a node. 
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fcaining jt>== 5 terms ; as the space curve touches DA at A, and the nodes 
symmetrical, the space curve touches DB at B and DO at C, and hence 
ches the quadric at B and 0\ the Weddle surface contains the line of 
irsection of DBG with the plane yc' — = (b c) t, which joins A to the 

es (a, 6,0, 1), (1, 1, 1, 1), and contains the line BG ; thus DBG is a tangent 
le of the Weddle surface, at the point 0, — 0, yo' = zb', and the space 

7e passes through this point, and has its tangent line in the plane DBG, 
therefore also touches the quadric at this point ; there are thus 
' — 6 = 8 = 2(p — 1) further intersections of the quadric and the space 
7e, as should be the case. Further it may be remarked that not only are 
tangent lines of the space curve at the five nodes, other than D, con- 
rent in D, but the osculating planes at these meet in one line, namely 

= ^ j which is the tangent of the curve at D, 


The integral of the first kind associated with the cubic curve in the plane 
0 which is given by the cone (i') is 


J [cody — ydx)l[t (osa'b — yob') 4- (a — 6) coy]. 


denominator being obtained by differentiation in regard to t, and being 
Fact, when equated to zero, the quadric cone containing the lines which 
L the node G to the other five nodes ; in virtue of (i') this denominator is 
able of the form 

[(a — by x^y^ - xy (xa'h — yab') {a'y — b'xy^, 

[a'b'ayy (x - y) (bx - ay)]t 

}hat we come back to the defective integral previously considered for the 
ne sextic in t = 0 ; the space curve has thus five integrals of the first hind 
h of which reduces to an elliptic integral ; to find any one it is only necessary 
Ira/w the cubic cone joining one of the five nodes, other than D, to the curve, 
I to put down the elliptic integral associated with a plame section of this ; 
previous discussion of the plane sextic, in the plane t = 0, shews that the 
grals so obtained are linearly independent, each being associated with a 
ic cone whose vertex is D having a particular geometrical description. 


In the notation used in this volume the space septic is given by 

<T (2w) = 0, 

2u = 

3 being the consequence of supposing two satellite points, for which 
^v = ^ + u*^ 2 ^(; = ® 


coincide; the homogeneous coordinates of the points of the curve may 
LS be taken to be 
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which are single valued periodic functions of variables whose number is less 
than the deficiency. The reduction of the integrals arises from the fact that 
the curve is on cones whose plane sections are of lower deficiency than the 
curve, each generator of any one of these cones being a multiple secant of 
the curve. The S2 birational transformations of the Weddle surface, 
arising by projections from the nodes, reduce in the case of a point on the 
space-septic to 16, obtained by adding half-periods to the arguments of the 
functions In fact, if (1) denote the node (1, 1, 1, 1) and 

{a) denote the node (a, b, c, 1), any point {pc, y, 1) of the curve gives rise 


to the eight points (Proc. Lond. Math. 80c. 1903, p. 2.5T), also on the curve, 

(oii,y,z)={x,y,z), 


s 

II 




11 


and also to the eight points obtained by writing here throughout, {xi, yx, 
respectively for {x, y, z)y where 

ax' 

Xx- , 

a — x 

by' cz' 

y^ = b-y> = 


h 


the point being that obtained by projection from the node (1). 

The integral of the first kind we have written at length, 

mdy — ydx 

f cca'h ~ yaV + {a — h) xy' 
has thus the same value at the four points 

In the notation used in this volume, the two planes joining the node 
(1, - 1 , - ¥) respectively to (0, 0, 0, 1), (1, - (9, e\ - &>) and to (0, 0, 0, 1), 
(1> - 4 >> - <!*>*) are 

x = bO^ + (b + 0)y + ^=O, y = b<f>^ + (6 + ^) 17 + ? = 0, 

and the quadric cone whose vertex is (1, -b.If,- If) containing the other live 
nodes is 

Qi ~ ^^2 0 ') 

thus the general form of the defective integrals is 

fyd^- ^dr, - b (^d^ - ^dQ + ¥ (Wn - vdS) 




Qi - iQa -P h^Qn 

where b is in turn the five roots of the fundamental quintic. 

It does not appear that the integrals of the surface are single valued upon 
the curve. 



327 


ADDinONAL BIBLIOGRAPHICAL NOTES. 


P. 10. The integral “ and the polynomial z) are given in Weierstrass’s lectures, 
Bd. iv. (1902), pp. 273, 274. They may be obtained directly from a formula given 
by Abel, CEuvres Computes (1881), vol. i. p. 49 ; as in the author’s Abells Theorem (1897), 
p. 195. 

P. 20. The conception of a theta function of order r goes back at least to Hermite ; 
cf. Gompt Rend, t. XL. (1865), and a letter from Brioschi to Hermite, ibid. t. xlyii. (1858), 
and Schottky, Abriss einer Theorie der AheVschen Functionan wn drei Variabeln (Leipzig, 
1880). 

P. 36. This particular deduction of the algebraic form of the zeta functions was given 
in the author’s AheVs Theorem^ p. 320. See also Bolza, Gott Naohr. 1894, p. 268, Am&r, 
Jowm. xvn. (1896). 

P. 38. The equations ^21“ -^’1^2? ^n=etc., are given by Brioschi, 

Ann, di Math. Ser. 2, t. xiv. (1887), p, 298. 

P. 39. .For the forms for the squares of the functions p222> ©fc., see Proc. Comb. Phil, 
80 c. voL IX. part ix, 1898, p. 517 ; also ibid, vol. xii. part iii. 1903, p. 219, and Acta 
Math, t. xxvit. (1903), p. 135. That such expressions should exist follows from the 
general theorem of p. 21. 

Pp. 41-54. See the references of the preceding Hote. The algebraic deduction of the 
differential equations here given is probably the most elementary that can be given ; but 
it would appear that a development is required on the lines that are possible for the 
differential equation of the elliptic function p (u) ; the functions ^>22 (u), etc. are single 
valued meromorphic quadruply periodic functions whose infinity construct is the repetition 
of that expressed by (pp. 34, 96). And there is, besides, an algebraic problem : 

putting down the ’five equations ^2222-6g?22^=Ai^22+AP2i + Cipii+Aj to determine 
directly the possible forms for the 20 coefficients Ai, ..., Dg in order that these five 
equations should be consistent, under the hypothesis that p 2 Z) ^11 the second 
partial derivatives of a single function (cf. § 12, p. 49). 

P. 50. As remarked in Ex. 16, p. 162, the linear transformation for the functions 
^>22, ^21 j Pn is the most general linear homogeneous transformation leaving unaltered the 
form 

P, 77. The formulae 

i ^ ^ C ^ 

- ^2 si'h' - ^2%' ’ 

are cited by Hudson, Kummer^s Quartie Surface^ p. 172, as having been given by Mr 
H. W. Richmond. See also H. Bateman, Proc. Lend. Math. Soc, vol. ill. (1906), p. 229. 

P. 82. For the 32 birational transformations of the Kummer surface and the six 
linear complexes a paper of Klein, Math. Annxd, ii. (1870), p. 213 is fundamental. 
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Pp. 83-97. The results of this chapter were obtained in 1898 ; see the references in the 
Note to p. 39. Linear partial differential equations for the theta functions of two variables, 
involving differentiations in regard to the roots of the fundamental quintic, are given by 
Brioschi, Ann, di Mat. Ser. 2, t. xiv. (1887), p. 300, and applied by him to the expansions 
of the functions. For the case of the even functions he returns to the matter in Gott. 
Nmhr. 1890, p. 236, and his results are developed by Bolza, Amer. Joum. of Math. vol. xxi. 
(1898), where many references will be found. Writing, for an even function, 

(r=l+ , 

Bolza obtains, after Brioschi, the equation 

+ (4^-3) ^ 12 (^ - 1) (2n - 3) 

where i) is a complicated operator in regard to the roots of the two cubic factors of af 
with which the particular function considered is associated. The result obtained is that 
all the coefficients are integral polynomials in 9 covariants of these two cubics. The 
reader may also consult, besides the papers of Klein and Burkhardt on the theory of the 
hyperelliptic sigma functions (Math. Annal. xxvii. xxxii. xxxv.), Wiltheiss, Orelle^ xoix. ; 
Math. Annal, xxix. xxxi. xxxiii. xxxvi. ; Pascal, Ann. di Mat. Ser. 2, t. xvii. xviii. xix. 

The procedure of the text is less simple in theory than that considered by these 
authors, in that it expresses any term in the expansion in terms of all preceding terms, 
and is applicable, in the form given, only to functions of two variables. For these, 
however, it would seem to be in practice much simpler, as not involving differentiations 
in regard to the coefficients of the fundamental sextic. It is much to be desired that the 
differential equations for the hyperelliptic functions of three variables, and the associated 
algebraic constructs, should be studied on the lines here followed for the case of two 
variables ; a beginning is made in the papers given in the note to p. 39. 

P. 100. The formula for <r (u+v) cr (u-v)lcr^ (u)o^ (v) was obtained in the author’s 
AbeVs Theorem.^ p. 333 ; and a method for obtaining the corresponding formula for any 
hyperelliptic case is worked out in detail Amer. Joum. of Math. vol. XX. (1898), p. 384. 
But materials for the formula were already at hand ; it is easy to shew, and it is shewn by 
Humbert, Liomille, Ser. 4, t. ix. (1893), p. 112, that a- (u+v)(r (u — 'o)^0 represents a 
tangent section of the Kummer surface, and it was known (Klein, Math. Annal. ii. (1870)), 
that the tangent section is associated with a linear complex (cf. p. 76 of this volume). 

P. 107. For orthogonal matrices of theta functions cf. Brioschi, Ann. di Mat. xiv. 
(1887), p. 343; Caspary, CrelU, xovi. (1884), pp. 182, 324; Frobenius, ibid. p. 100; 
Weierstrass, Berlin Bitzungsher. 1882, i-xxvi. p. 506. 

P. 108. The identity of Ex, 7, p. 152, gives also, if be the roots of 

the fundamental quintic, 

('^2 — ^ 3 ) 0\f/i P + (*^3 ~ i^l) ^ Pexl/^F<f)xl/^ + (yjri - ylr 2 ) s! P^y^t^ = 0 . 

P. 113. For the geometrical behaviour of the asymptotic lines, see a drawing given by 
Bohn, Math. Annal. xv. (1879), p. 340. 

P. 147. For a similar identity see Humbert, Liouville^ ix, (1893), p. 98. 

P. 173. The simplified forms of the linear complexes are those used by Klein, Math. 
Annal. ii. (1870). 
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P. 181. This proof of the converse of Abel’s Theorem utilises .Biemann’s normal 
elementary integral of the third kind. The proof given in Weierstrass’s Lectures ( Werke^ 
IV. (1902), pp. 417-419) is different in form ; but, I think, not essentially different in 
substance. 


P. 185. Another proof of the inequality is obtainable from the complex integral 
of p. 17. 

P. 187. A proof of Weierstrass’s implicit function theorem derived from Cauchy’s 
complex integral is given in Picard, Traiti d? Analyse^ t. ii. (1893), p. 246, after Simart. 

P. 193. The theorem here proved is quoted by Weierstrass, W&rke^ iii. (1903), p. 79, as 
belonging to the elements of the Theory of Functions ” ; the proof given in the text is 
modified from that which applies to the case of rational functions, given later p 273 ; 
see also Blumenthal, Math. Amial. LVii. (1903), p. 356. 

Pp. 199-204. The reader will naturally consult Weierstrass’s papers on functions of 
several variables {Gesamm. Werke). See also the references given p. 285 of this volume. 

Pp. 205-215. This account is given in Weierstrass’s posthumous paper, Werhe^ IIL 
(1903), pp. 71-104. The reader should compare Wirtinger’s paper, Monatsh. fiir Math. tc. 
Physikj Jahrgang vi, (1895), p. 69, which proceeds on similar lines. The references given 
in this last pai>er seem worth repeating here : (1) Hermite, in the Appendix to Edition 6 
of Lacroix, TraiU des calcul differ, et integ. Paris, 1861 ; Deutseh von Natani, 1863 ; 
(2) Weierstrass, Berlin Monat&ber. 1869, 1876, Crelle^ Lxxxix. (1880) ; (3) Hurwitz, Crdle, 
xciv. (1883) ; (4) Poincar^ et Picard, Corrupt. Bend. (1883), t. xcvii. p. 1284 ; (5) Laurent, 
Traiti d^ Analyse; (6) Appell, LiouviUe, Ser. 4, t. vii. (1891) ; to these may be added also 
the references given p, 285 of this volume. 

P. 217. The argument of § 60 is not given by Weierstrass, and is possibly in need of 
further examination- The conclusion of Weierstrass’s posthumous paper referred to is 
brief, and relies on Hurwitz’s paper quoted on p. 202 of this volume. The argument 
constructed in Chap. ix. of this volume has seemed clearer. 

P. 229 ff. This chapter, as stated in the text, is capable of much further development, 
both on the transcendental side and the geometrical side. As to the former we may 
instance the points referred to in the footnotes of pp. 241, 255 and 267 ; cf. Wirtinger, 
Uraersmhungen icber Tketafunctionen, ii. Teil ; as to the latter, the geometrical properties 
of curves in a plane, and in space, possessing defective integrals, seem worthy of further 
study. Cf. the case considered Appendix to Part IL Note iv. 

P. 245. References as to complex multiplication are given in the author’s Abells 
Theorem^ chap. xxi. 

P. 267. The letter of Gauss to Gibers quoted at the beginning of this volume (p. iv.) 
is said to refer to the general theorem of which a particular case is here used. 

P. 280. The theorem of § 79 suggests the corresponding question for a corpus of 
rational functions of n independent variables ; if an aggregate of rational functions of n 
independent variables be taken, not necessarily all rational functions, but such that any 
rational function of functions of the aggregate also belongs to the aggregate, can a set of n 
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(or less) fanctions of the aggregate be found in terms of which all other functions of the 
aggregate are rationaUy expressible? The theorem has been proved for n = l and ; 
for^=l see Liiroth, Math Annal, ix. (18*76), p. 163 ; for see Castelnuovo et Enriques, 
Math. AnnaZ. XLViii. (1897), p. 313. I have here to make an acknowledgment ; I had 
constructed, as part of this chapter, a proof that the theorem is true for any value of n ; 
Prof. W. Burnside, F.R.S., who was kind enough to read it, pointed out to me that this 
was not in general valid. 

P, 285. See also Hartogs, Uher nmere Untermchungen auf dem Oebiete der 
analytischen FunMionmi mehrarer Variahlen^ Jahresber. d. Dent. Math. Ver. xvi. (1907), 
p. 223, and the references there given. 

P. 303 ff. For the subject matter of Notes i. and ii see Frobenius’s papers, Grelle 
Lxxxvi. Lxxxvm. (1879, 1880). 
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Elementary integral of the third kind, 5, 9 
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Factorial integrals, 318 
GSpel tetrad of nodes, 153 

Group of birational transformations of a Kummer surface, 79 — 82 ; of a Weddle surface, 
131 ; of a septic curve in space, 326 ; of a Riemann surface, 265 

Hyperelliptic surface, 165, 321 

Identical vanishing of theta function, 33, 96 
Implicit-function theorem, Weierstrass's, 187 
Indeterminate parameters, 198, 273 
Indetermination, points of, 200 
Index, the, in case of defective integrals, 232 
Infinitesimal periods, 203 

Infinity-construct, of a meromorphic function, 201 

Inflexional lines of Kummer surface, 113 ; of Weddle surface, 125, 127 ; of BteineFs 
quartic surface and its reciprocal, 151 ; principal asymptotic curves of Kummer 
surface, 162, 322 

Integrals of the first, second or third kind, 2 ; elementary integral of second kind deduced 
by differentiation from elementary integral of third kind, 9 
Integrals of Kummer surface which are integrals of the first kind, 320 
Integral functions of two variables, fundamental properties, 17 
Interchange of argument and parameter for integral of third kind, 8, 11 
Invariant factors of a determinant, 165 

Inversion problem for integrals of the first kind, 29, 246, 260 

Jacobian functions, zeros of a simultaneous system, 293 
Jacobi's inversion problem, 29 ; generalised, 246, 250 

KroneckeFs method for algebraic equations, 273 
Kummer matrix, 56 
Kummer surface : 
parametric expi'ession of, 38, 40 
its equation by a symmetrical determinant, 41, 69 
finite (ambiguously signed) integrals upon, 43 
other finite integrals upon, 115 

finite integrals for the satellite of a point, 78 ^ 

its singular points and planes deduced, 60 — 65 

its equation at length, 41 

correspondence with Weddle surface, 39, 65, 76 

satellite point upon, 75 

birational transformation of, 79 — 82 

the fundamental linear complexes and quadrics, 79 — 82, 320 
irrational equation of, 108, 110, 328 
tangent section of, 78, 110, 321, 328 
asymptotic or inflexional curves, 113, 162, 322 

whose singular planes are tangent planes of original, having a singular conic common 
with this, 136 

referred to a Rosenhain tetrahedron, 153 
referred to a Gopel tetrahedron of nodes, 153 
degenerating into a Pliicker complex surface, 158 
becoming a tetrahedroid, 156 

determined to pass through an arbitrary plane quartic curve, 320 
integrals of first kind of curves of, 320 
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Limiting points of an aggregate, 212 
Linear complexes, 74, 79, 163 

Linear transformation of periods, 252 ; of ^ functions, 103 ; of Kummer surface, 79 
Logarithmic coefficients of an algebraic integral, 4 

Matrix notation, explanation of^ 12 
Matrix, elementary factors and reduction of, 165 
the six fundamental for a Kummer surface, 73, 74, 79 
six in involution, 168, 320 
orthogonal, of bilinear forms, 176 
orthogonal, of sigma functions, 106 
reduction to diagonal form, 303 
skew-symmetric, of integers, 307 
Meromorphic functions, 202 
Monogenic construct, 215 
Multiplication, complex, 245, 263, 329 
Multiplicity, the, in case of defective integrals, 232, 250 

Normal and canonical systems of periods, 2, 263 

Orthogonal matrix of bilinear forms, 175 ,* of sigma functions, 106 

Parameter of a place on a Kiemann surface, 2, 177 
Parametric expression of Kummer and Weddle surface, 39, 77 

Periods of elementary normal integrals, 7 ; relations between periods of integrals of 
jfirst and second kind, 14 ; relations necessary for a general multiply-periodic function, 
224 ; rule for half-periods obtained by integration between branch places on a 
Kiemann surface, 32 

Periodic function in general, 203 ; values assumed by upon a monogenic construct, 219 
Plane section of Kummer surface, 320 ; of a certain hyperelliptic surface, 155 
Plucker’s complex surface, 158 

Power series in two variables, 183 ; a set of simultaneously vanishing, 192 
^ function, expressed algebraically, 38 
expression of squares of its differential coefficients, 39 
differential equations satisfied by, 48, 49, 59 
the fundamental, 97 

formulae for addition of half periods, 102 — 104 
of double arguments, 120 — 124, 129 
of arguments u-\-v^ 132 — 138 

Quadrics, the ten fundamental for a Kummer surface, 81, 320 

Quartic curve of 168 collineations, 265 ; of four concurrent bitangents, 255 ; Kummer 
surface passing through an arbitrary, 320 
Quartic surface, Cayley’s paper referred to, 68 ; Steiner’s, 139 — 150 

Reduction of theory of general multiply-periodic function to theory of algebraic func- 
tions, 199 

Relations connecting periods of integrals of first and second kind, 14; connecting 
periods of general multiply-periodic function, 224 
Riemann surface, with defective integrals, 231 ; with defective elliptic integral is capable 
of birational self-transformation, 255 ; a set of n arbitrary places of birationally 
related to one place of a surface in n dimensions, 279 
Rosenhain tetrahedron, 153 
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Satellite point upon a Kummer, or Weddle surface, 75, 114 
Series for the sigma functions, 83 
Sigma function, the fundamental, 97 
expansion of, 83 

expression of <t iu^-v) oriv, — v)I(t^ (u) cr® (v), 100 ,* of cr^ ^)/cr^ (t^), 101 

See also Theta function 

Tangent section of Kummer surface, 76, 110, 321, 328 

Transformation, birational, of Kummer surface, 79, 154 ; of Weddle surface, 131 ; of 
Riemann surface, 255, 279 ; of Weddle and Kummer surface, 65, 76 
Transformation, of periods, 237, 252 ; principal, or complex multiplication, 245, 263, 329 
Triply-periodic functions, 161 
Tetrahedroid, 157 

Twin points upon a Kummer surface, 114, 117 

Theta function, general, defining equation for, 19 ; of first order, fundamental identities, 
23 ; upon a Riemann surface, number and position of zeros, 27 ; identical vanishing 
of, 33, 96 ; of the second order, 98, 108 ; arising in connexion with multiply-periodic 
function, 228 ; a general, number and sum of zeros, 234, 235. See also Sigma function 

Variability of an analytic function, 218 

Weddle matrix, 65 > 

Weddle surface, parametric expression of, 38, 40, 77 
elementary properties of, 66, 67 
construction for tangent plane of, 68 
its equation at length, 71, 78 

fundamental equation for projection from a node, 72 
asymptotic lines of, 125 
birational transformation of, 131, 326 
correspondence with Kummer surface, 39, 65, 76 
curve of contact of tangent cone from node upon, 322 

Zero construct of meromorphic function, 201 

Zeros of theta function upon a Riemann surface, 27 

Zeros of simultaneous system of vanishing Jacobian functions, 293 

Zeta function expressed by integrals of the second kind, 37 


oambbidoe: peintbu by john oiay, m.a. at the univbksity bbbss. 
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